Levinson’s theorem for dissipative systems,
or how to count the asymptotically disappearing states
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Abstract

We consider dissipative Schrodinger operators of the form H = —A + V(z) on L*(R?), with V(z) a
complex, bounded and decaying potential with a non-positive imaginary part. We prove a topological version
of Levinson’s theorem corresponding to an index theorem for the discrete, complex spectrum of H.
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1 Introduction

Every quantum system is dissipative, to some extent, in the sense that part of its energy may be irreversibly
transferred to the environment. There are various ways to mathematically represent a dissipative quantum sys-
tem. In the theory of open quantum systems, see for example [3, 10], the system of interest is coupled to a
reservoir representing the environment. The latter can be modeled, for instance, by a bosonic field. A celebrated
effective description of the evolution of dissipative quantum systems, obtained by first tracing out the degrees
of freedom of the environment, is given by Lindblad’s master equation [27]. In this setting the mixed states of
the system are associated to density matrices — positive trace class operators of trace 1 — and the generator of the
dynamics, the Lindbladian, acts on the Banach space of trace class operators. Another simple, phenomenologi-
cal way to describe a particular dissipative quantum system, given by a neutron interacting with a fixed nucleus,
was introduced in [17]. It is now called the nuclear optical model. Here the dynamics of the neutron is generated
by a Schrodinger operator

H=Hy+V 1.1

on L2(R3), where Hy = —A corresponds to the free, kinetic energy of the neutron (in suitable units) and V'
is a complex potential with non-positive imaginary part corresponding to the effective interaction between the
neutron and the nucleus. A feature of the model is that it allows for a description of the phenomenon of capture
of the neutron by the nucleus, leading to the formation of a compound nucleus. The form of the potential V" is
deduced from the scattering data obtained from experiments. We refer to [21, 16] for extensions of the model
to more complex situations. In principle, one can similarly represent the dynamics of a dissipative quantum
system, which can be captured by another system, by a semi-group of contractions generated by a dissipative
operator in the Hilbert space corresponding to the pure states of the system.

The spectral and scattering theory of dissipative operators in Hilbert spaces, in relation with the nuclear
optical model, have been studied by many authors. We refer, among others, to the works of Martin [29], Davies
[4, 5] and Neidhardt [31] for general results in an abstract setting, Mochizuki [30], Simon [39], Wang [41, 42],
Wang and Zhu [43] for dissipative Schodinger operators of the form (1.1), and [12, 14, 15] for more recent



developments. Let us also mention [11, 14] for applications to the scattering theory of the Lindblad master
equation, and [13, 18] for extensions to non-dissipative operators still related to complex Schrodinger operators
and to the nuclear optical model.

In dissipative quantum scattering theory, the wave operators are defined by the time-dependent expressions

“H gitHo and Wy = s-limy_, o et e itHo, (1.2)

W_ :=s-lim; €
where H* = Hy + V stands for the adjoint of H, whenever these strong limits exist. In this case, the scattering
operator is defined by the relation

S=S(H,Ho):=WiW_. (1.3)

It will be recalled in the next section that these three operators are contractions. Since S commutes with Hy, it
can be diagonalized in the sense that, for a.e. A > 0 and w € S2,

[Z0SF5 el (A w) = [SN) (V)] (),
where % : H — L2(R,,d); b) is a unitary map satisfying
[ FoHoZ5 e](N)] (w) = Alp(N)](w),

for suitable ¢ € L2(Ry,d\;h), with b := L2(S?). We refer again to the next section for more details. The
scattering matrix S (), as an operator acting on b, is also a contraction. In particular, contrary to the self-adjoint
setting, S(\) may not be invertible. An energy A € [0, 00) such that S()) is not invertible is called a spectral
singularity. In our context, it corresponds to a real resonance for the Schrodinger operator H. In the sequel we
shall assume that all A > 0 are regular points for H, i.e. that S()) is always invertible.

As in the works [14, 15], we introduce two subspaces specific to dissipative systems, namely

Haas(H) = {f € H | lim | f| =0}, Haas(H") = {f € H| lim || | =0}, (14

and call them the spaces of asymprotically disappearing states for H and H*, respectively. For the nuclear
optical model, these spaces play an important role as the normalized vectors in H,q5(H) correspond to the
initial states of the neutron which lead to an absorption by the nucleus, asymptotically as ¢ — co. One can
verify that H,qs(H) contains the discrete spectral subspace Haisc(H ), defined as the closure of the vector
space spanned by the generalized eigenstates of H associated to a complex eigenvalue with negative imaginary
part. However, in general, H,q4s(H ) may contain further states (unless V' is compactly supported, for instance;
see [14, 15]). We refer again to the next section for a more detailed discussion on the spectrum and spectral
subspaces for H and H*.

Back to the self-adjoint setting, it is known that the number of bound states of the perturbed system can be
evaluated on scattering data. This relation bears the name of Levinson’s theorem and was discovered by Levinson
in [26] in the context of a Schrodinger operator with a spherically symmetric potential. Similar investigations
have then been generalized in numerous papers, and we only mention the two review papers [28, 36] which
contain several earlier references. On a very specific example, the self-adjoint setting was extended in [32]
where it is shown that complex eigenvalues can also be counted thanks to Levinson’s theorem. For more general
dissipative systems, it was not known if an analog of Levinson’s theorem holds, and if it does what exactly is
counted ?

As shown in the following sections, not only Levinson’s theorem holds for dissipative systems in R?, but a
precise formula can be exhibited, namely

Y (Tr (S8’ (N) + cx%) = —dim (Haas(H)),

211 0

with ¢ = ﬁ fRS dz V (z), and the integral on the L.h.s. understood as an improper Riemann integral. The precise
statement is given in Theorem 4.9. It means that the dimension of the vector space generated by the asymptoti-
cally disappearing states can be computed based on the scattering matrix only. Note that, in this specific setting,



no correction due to threshold effects appears (also called half-bound states). On the other hand, the factor ATz
is quite common for scattering in R3, even if V is real-valued.

An interesting consequence of the previous equality, which appears to be new for non-compactly supported
potentials, is that under our assumptions we have H,qs(H) = Haisc(H ), namely the asymptotically disappear-
ing states coincide with the linear combinations of generalized eigenstates of H. This follows from the fact
Hads(H) is finite-dimensional, by the previous equality.

The proof of the above equality is provided in Section 4. It relies both on a C*-algebraic framework and
on some deep analysis for the computation of a generalized winding number. The key ingredient is an explicit
formula for the wave operator W_ which is derived in Section 3. Finally, general information on scattering
theory in the dissipative setting and for Schrodinger operators is provided in Section 2. The reader familiar with
some of these topics can easily skip the corresponding section. However, we provide all details, since dissipative
systems have been less studied than their self-adjoint counterpart.

2 Framework and scattering theory
In the Hilbert space H := L2(R®) we consider the dissipative operator H defined by
H = H 0 + V

where H corresponds to the Laplace operator —A and where V' is the multiplication operator by a measurable
and bounded function V : R?® — C satisfying IV < 0. Here IV < 0 means that the imaginary part of V () is
non-positive for almost every = € R3. Additional decay conditions on V' will be imposed on due time. Clearly,
since V' is bounded, the domain of H corresponds to the domain of H, namely the second Sobolev space on
R3.

We recall that an operator A is called dissipative if S((f, Af)) < 0 for all f € D(A), and maximal
dissipative if it is dissipative and has no proper dissipative extension. We denote by C_ := {z € C |3z < 0}
the complex lower-half plane.

We begin with the following two easy lemmas whose proofs are recalled for completeness.

Lemma 2.1. Suppose that V : R? — C_ is a bounded, measurable function. The following properties hold.
(i) H is a maximal dissipative operator on H with domain D(H) = D(H,).
(ii) The operator —iH generates a strongly continuous group {e "}, p which satisfies
|e=™ || <1ift>0, |[e ™| <elVle=ltl jr¢ <o.
In particular, —iH generates the strongly continuous semigroup of contractions {e=""},~,.

(iii) The adjoint of H is -
H* = Hy+V,
with domain D(H*) = D(Hy), where V is the complex conjugate of V. Moreover, iH* generates of a
strongly continuous group {e*" },cg such that {7}~ is a semigroup of contractions.

Proof. (i) Since V is bounded, the operator H is closed with domain D(H) = D(Hy). Moreover, H is dissi-
pative since, for all f € D(H),
SUSLHS) =S,V ) <0,

by assumption. To verify that H is maximal dissipative, it then suffices to show that Ran(H — i\) = H for
some A > 0, see [34, Corol. p. 201]. This easily follows from the identity

H —iX=Hy—iX+V = (Ho —i\) (14 (Ho — iA)"'V).

Indeed, since Hy is self-adjoint, (Ho — i)) is invertible, and we have the estimate |[(Hy — i\)~1V| <
M"YV || L which implies that 1 + (Hy — iX\) =1V is also invertible for A > ||V|| L.



(ii) Since Hy is self-adjoint, —i H generates the strongly continuous unitary group {e~“#o}, . Hence,
since V' is bounded, a perturbation argument (see, e.g., [7, Thm. 11.4.1]) shows that —¢ H generates a strongly
continuous group {e~*#}, p satisfying

HeiitH H S eHVHLoclt"

for all t € R. The fact that e=*# is a contraction for ¢ > 0 is a consequence of the fact that H is maximal
dissipative (see e.g. [7, Thm. 10.4.2]).

(4i1) It easily follows from the definition of H* and direct computations that H* = Hy + V with domain
D(H*) = D(Hy). The same argument as in (i%) then yields (#i4). O

The next lemma concerns the spectrum of H. Since H is dissipative, one easily verifies that its spectrum,
o(H), is contained in the lower half-plane {z € C | 3z < 0}. We now assume that V' vanishes at co and that
SV < 0 on a non-trivial open set. The essential spectrum of H is defined by

Oess(H) := {\ € C | H — X is not Fredholm},
while the discrete spectrum is
odgise(H) := {\ € C | \is an isolated eigenvalue of H and dim Ran(IT(H)) < oo},

where IT\ (H) = (2ir)~! fv(z — H)~'dz stands for the usual Riesz projection associated to \, with v a circle
oriented counterclockwise and centered at A\, with sufficiently small radius.

Lemma 2.2. Suppose that V : R® — C_ is a bounded, measurable function such that V (z) — 0 as || — oo
and IV < 0 on a non-trivial open set. The following properties hold:

(i) 0ess(H) = o(Hp) = [0,00).

(ii) oaisc(H) = 0(H)\ 0ess(H ). Moreover cqisc(H) consists of isolated eigenvalues with non-positive imag-
inary parts, of finite algebraic multiplicities, and that may only accumulate at o oss(H ).

(iii) H does not have real eigenvalues.

Proof. Since V is bounded and V' () — 0 as |z| — oo, V is a relatively compact perturbation of the self-adjoint
operator Hy. This implies that ooss(H) = 0ess(Hp) and hence (i) since Hy = —A.

For (i), by using [35, Cor. 2 of Thm. XIII.14] and [8, Thms IX.1.6 and IX.2.1], it follows that the dif-
ferent definitions of essential spectra for non self-adjoint operators considered in [8, Chap. IX] all coincide. In
particular we have cgisc(H) = 0(H) \ 0ess(H) and oqgisc(H) is at most countable and can only accumulate
at points of oess(H). It remains to show that any eigenvalue in oqisc(H) has a finite algebraic multiplicity.
Let A € oqisc(H). Since the range of the Riesz projection ITy(H) is finite, [35, Thm. XIL5 (d)] yields that
Ran(II,(H)) is spanned by the generalized eigenvectors of H associated to ), i.e., by the vectors ¢ € D(H¥)
such that (H — \)*¢ = 0 for some integer &, which in turn implies that dim Ran(II(H)) coincides with the
algebraic multiplicity of \.

For (iii), suppose that A € R is an eigenvalue of H and let ¢ € D(H), ¢ # 0, be such that (H — \)p = 0.
Taking the scalar product with ¢ and then the imaginary part, we obtain

[ @ @v@le@P =0,
RS

and hence, since SV < 0, ¢ = 0 on supp(SV). Since supp(3V') contains a non-trivial open set, by the unique
continuation principle (see e.g. [35, Thm. XIII1.63]), this yields (o = 0, which is a contradiction. O

Several spectral subspaces can be naturally introduced for dissipative operators in Hilbert spaces. We refer
to [13] for a thorough discussion in the more general context of non-self-adjoint operators. Here we only mention
the discrete spectral subspace

cl

Haise(H) :=span {¢ € Ran(II\(H)) | A € oaisc(H)} ",



where for a set 2, Q¢! stands for the closure of 2. Recalling that the space of asymptotically disappearing states
Haas(H) has been introduced in (1.4), we have the following easy lemma which follows directly from [13,
Prop. 5.6].

Lemma 2.3. Suppose that V : R® — C_ is a bounded, measurable function such that V (z) — 0 as || — oo
and SV < 0 on a non-trivial open set. Then

HdiSC(H) C Hads<H)~

It is also proved in [14, Thm. 6.1] that the equality Haisc(H) = Haas(H) holds when V' is compactly
supported and 0 is neither an eigenvalue nor a resonance of —A + RV. Our main result provides different
conditions ensuring that Hgisc(H) = Haas(H ), using the following easy lemma.

Lemma 2.4. Under the conditions of Lemma 2.3 and if Haas(H) is finite dimensional, then
Hdisc(H) = Hads(H)'

Proof. Clearly, H.qs(H) is an invariant subspace for H. Denote by H the restriction of H to Haas(H). For
all ¢ € Hags(H), we have || e ®H || = ||e=®H || — 0 ast — o0o. Since Haqs(H) is finite dimensional, it
follows from Liapunov’s Theorem, see e.g. [9, Thm. 2.10], that all eigenvalues of H have a negative imaginary
part. Therefore, any o in H,qs(H) is a finite linear combination of generalized eigenstates of H, and hence of
H, associated to eigenvalues with negative imaginary parts. In other words, Haqs(H) C Haisec(H ). Together

with Lemma 2.3, this gives the desired equality. O

Our aim is to study the wave operator and the scattering operators for the pair (H, Hy). Recall that for
dissipative operators they are defined by the time-dependent expressions (1.2) and (1.3). By Lemma 2.1, when
they exist, these operators are contractions. For subsequent investigations it will be necessary to have stationary
expressions for these operators. For that purpose and for z € C \ R let us denote by Ry(z) the resolvent
(Ho — z)~! of Hy. For A € R and ¢ > 0 we also set R(\ + i) for (H — A\ — ie)~! and R*(\ — ig) for
(H* — X\ +ig)~L. The proof of the next lemma is fairly standard for self-adjoint operators. It is not difficult to
adapt it to the setting studied in this paper. For the convenience of the reader, we provide the details.

Lemma 2.5. If the wave operators Wy exist, then for any f, g € H the following equalities hold:

Wif,g) = gl\f% % /]R dAN(Ro(A + ie) f, R(A + ig)g)

and
(W f.g) = lim = | ANRo(A i), B (A~ ie)g).

Proof. We give the proof for W, the proof for W_ is similar. Since {e~*'},> is a contraction semigroup
and {e~#Ho}, p is a unitary group, we have

R()\—i—izs)f:i/ dt e=st e HH=A) £ Ro(\ +ie) f :i/ dt e=st et (Ho=A) ¢
0 0

foralle > 0and f € H with || f|| =1, and
€ ) 9 € ) 9
— [ dA||R(A +ie) f]|* < 1, — [ dA\||Ro(A +ie) f]|” = 1.
™ JR T JRrR

Lete > 0 and f, g € H. Using Lebesgue’s dominated convergence Theorem, we write

< / AMBo(A + i) f, RO+ ie)g) = S 1im [ dhe= (Ro(A+ i) f, RO +i2)g),  (2.1)
™ Jr T ON\O0 R



and then compute, for all § > 0,

/ e (Ro(A + i2) f, RO\ + i)g)

R

:/d)\/ dt/ dt/e—a/\2 e—e(t+t’)ez‘,\(t’—t)<e—z'tH0 f)e—z't/Hg>
/d)\/ dt/ ds e —2£t e—€s 1)\5< —thof e—z(t-i—s)H g>7

where we used the change of variables ' = ¢ + s in the last equality. Using Fubini’s Theorem and computing
the integral in A\, we obtain

/ dAe Y (Ro(A +ie) f, RO\ + ig)g)
R
%/ dt/ ds e—* 2/(46) e~ 2¢t o —as< e~ itHo 1, e~ i(t+s)H >

/ dt/ . - e—25te—(45)1/257—<e—itH0 1, o—itH e—¢(45)1/2TH 9,
(46)—1/2¢

1/2

m\»-‘

= (27

w\»—
(NI

2

where we used the change of variables 7 = (49)~'/?s. Applying again Lebesgue’s dominated convergence
Theorem and then computing the integral in 7, we obtain

lim [ d\e " (Ro(A+ie)f, R(A +ie)g) = 2 / dte et (e~ itHo f o=itH o)
dN\0 R 0
Inserting this into (2.1) yields

2 / AMRo(A+ i) f, ROA + i2)g) = 22 / At =2t (oitHo f o=itH o)
R 0
— 2/ dsef2s<efis’lsHo f7 efis’lsH g>
0

o0
_ 2/ ds e—23<eis’lsH* e—is’lsHo f7 g>7
0

by the change of variables s = ¢t. A last application of Lebesgue’s dominated convergence Theorem gives the
result. =

Let us now use a convenient decomposition of the potential V', namely
V =u?

with v(x) := |V (x)|'/? for all 2 € R?, and u(z) := (); if v(z) # 0 while u(xz) = Lif v(x) = 0. If we set

o(
C_o:={2€C|3(2) <0}

then our condition on V' imposes that u(z) € C_ for any x € R3.
In the sequel, the following equalities will be constantly used, namely for any z € C \ o(H)

R(2) = Ro(z) — Ro(2)v(u — uwvR(z)vu)vRy(z)
= Ro(z) — Ro(2)v(u+ vRo(z)v)_lvRo(z), (2.2)

where @ denotes the complex conjugation of the function u. These equalities can be easily deduced from the
resolvent equations. For the following statement we need to be more precise about the decay of the potential at
infinity. For that purpose, we assume that

[V (z)] < c{x)™“ (2.3)

for some ¢ > 0, & > 0 and a.e. z € R3.
As usual, #(H) stands for the set of bounded operators on the Hilbert space H.



Lemma 2.6. Suppose that V : R? — C_ is a bounded, measurable function satisfying (2.3) with o > 1 and
SV < 0 on a non-trivial open set. For any \ > 0 the limits

vRo(A £i0)v := limvRg(A Lt ic)v and vR(A+i0)v:= limvR(\+ ic)v
e\0 eN\0

exist in the norm topology of (M) and the maps
(0,00) 2 A = vRy(A £ i0)v € B(H) and (0,00) > A — vR(A+i0)v € B(H)
are continuous. Moreover U + vRo (A + i0)v and u — wvR(A 4 i0)vu are invertible in (H) and the maps
(0,00) 2 A= (u+vRo(A+ iO)v)_1 € BM) and (0,00) 2 X (u—uwwR(\+ iO)Uu)_l € B(H)

are continuous.
If a > 2in (2.3), then

vRo(+i0)v := lim vRy(ic)v and vR(+i0)v := lim vR(ie)v
eN0 eNo

also exist in the norm topology of B(H), @+ vRy(+i0)v and u — uv R(+i0)vu are invertible in Z8(H) and the
maps

[0,00) 2 A = vRo(A+i0)v € B(H) and [0,00) > A~ vR(A+i0)v € B(H), 2.4
[0,00) 3 A= (u+vRo(A + iO)U)_1 € B(H) and [0,00) > A (u—uwvR(A+ Z'O)Uu)_1 € B(H)
(2.5)

are continuous and bounded.

In the next proof and in the sequel, we use the standard notation (X ) for the multiplication operator by the
function =+ (1 4 22)1/2.

Proof. Since v(x) — 0 as |z| — oo by (2.3), the operators v R (A + i€ )v are compact for all € > 0. Moreover
it follows from (2.3) that

It is then well-known that the limit

vRo(A +i0)v := lim v Ry (X + ie)v
N0

exists in Z(H). It is in addition a compact operator, as a norm-limit of compact operators.

In order to prove that @+ vRy(A+0)v is invertible in B(H), it suffices to show that 1 4+ v R (A +i0)vu is
invertible in Z(H ), i.e. that X is not an outgoing spectral singularity, in the terminology of [13]. All statements
of the lemma then follow from [13, Prop. 3.7], except for the boundedness of the maps in (2.4)—(2.5). To verify
this it suffices to verify boundedness in a neighborhood of oco. This easily follows from the resolvent equation
and the well-known fact that

[N

[{(X) " Ro(A +i0)(X)™°[ = O(A72), A — o0,
foranys>%. O

The following properties of the wave operators have been derived in [14, Prop. 3.4 and 3.5] in an abstract
setting, using assumptions that are not necessarily satisfied in our context. It is however straightforward to adapt
the proof, we only emphasize the differences here.

Lemma 2.7. Suppose that V : R3 — C_ is a bounded, measurable function satisfying (2.3) with o > 2 and
SV < 0 on a non-trivial open set. Then the wave operators Wy exist, are injective contractions, and satisfy

Ran(Wy ) = Haas(H)*, Ran(W_) = Hoas (H*):.



Proof. We prove the lemma for W, the proof for W_ is identical. Writing
. * . t . * .
eth e—tho o= +Z/ dr elTH ﬂ'[}Q e—z‘r‘Ho ©,
0

for any ¢ € H, one sees that it suffices to show that the integral converges as t — oco. For 0 < 1 < 5 < o0,
we have

t2 t2
H /t dr e H gu2eimHo QOH <  sup / dr|(v e TH 4 T e Ho o)
1

YEH, |Ipl=1Jt;
to . 9 % to . 9 %
< sup (/ dTHve_”HdJH ) (/ dTHve”HO cpH ) , (2.6)
YEH,||IYl=1 t1 t1

where we used the Cauchy-Schwarz inequality in the second inequality. Since o > 1 in (2.3), it is well-known,
using the explicit expression of the kernel of Ry (A + i0), that there exists C,, > 0 such that

[eS) i 1 ‘
| drleet ol = 2 [ axors(F 06l < Cullol. e
0 R

Moreover, using the resolvent equation, we also have

/ dT||ue*”H1/f||2 = f/dAHvR()\—FiOWHz
0 ™ JR

2 2
;/dA|\vRO()\+z’0)w||2+;/d)\||vR()\—|—iO)vuvRo(A+i0)¢\|2.
R R

IN

Since [0,00) 3 A — vR(A +i0)v € HB(H) is bounded by Lemma 2.6, the estimate (2.7) implies that

/ dr e g2 < O] 2.8)
0

for some C), > 0. From (2.6), (2.7) and (2_.8), we deduce the existence of W_..

Since e**H” is a contraction and e~***0 is unitary, W is clearly a contraction. To prove the injectivity,
one can proceed as in [14, Prop. 3.4]. Likewise, the equality Ran(W)! = H,qs(H)* follows as in [14, Prop.
3.5]. O

For the study of the scattering operator, defined by (1.3), let us introduce the diagonalization of H. For
this, let . be the Schwartz space on R?, let R := (0, 00), and let

b= L%(S?).

We denote by .% the usual Fourier transform in R3 (which is unitary on L2(R3)), and set for f € ., A > 0 and
weS?

([ ZofIN] (@) = ()12 f1(Vw).

It is known that .%o : H — L2(R,, d\; b) extends to a unitary map satisfying
[(FoHo F5 ¢](V)] (w) = Alp(N)](w)

for suitable ¢ € L%(R4,dA;b). Let us also recall from [23, Sec. 3] that the operator Z()) : . — b given
by Fo(N)f = (Fof)(N) extends to an element of Z(H;,h) for each s € R and ¢ > 1/2, and the map
Ry 2 A= F()\) € B(H;,b) is continuous. Here we have used H; for the weighted Sobolev spaces over R3
with index s € R associated to derivatives and index ¢ € R associated to decay at infinity, with the convention
that H* := H§ and H, == HY.

The next statement can be directly inferred from [37, Lem. 2.1 & Lem. 2.2]. We denote by %(H, ) and
(M, h) the set of bounded and compact operators from # to b, respectively.



Lemma 2.8. Let s > 3/2. Then, the functions
(0,00) 3 X = AEVAZ(N)(X) ™% € B(H,b)
are continuous and bounded. In addition, the map
Ry 3 A= A VAZ0(\ (X)) ™% € (1, h)
is continuous, admits a limit as \ \, 0 and vanishes as A — oc.

With the notation introduced above, let us prove a stationary representation of the scattering matrix, which
extends the result provided in [15, Eq. (2.18)]. Indeed, it is known, by usual intertwining properties, that the
scattering operator .S defined in (1.3) commute with Hy, and therefore satisfies for a.e. A > 0

[ZoSF5 el (A w) = [S(Ne(V)] (w),

where S()) is an operator acting on b. In the sequel, we denote by £!(h) the set of trace-class operator on the
Hilbert space b.

Lemma 2.9. Suppose that V : R® — C_ is a bounded, measurable function satisfying (2.3) with o > 2 and
SV < 0 on a non-trivial open set. Then the following equality holds for all A > 0:

S(A) = 1 — 2w Zo(\)o (T + vRo(A +i0)v) " v.Fo(N)*. 2.9)

Moreover, for all X > 0, S(X) is a contraction such that ||[S(\)||z@) = 1, S(A) — 1 is compact, and the map
(0,00) 3 A = S(N\) € A(b) is continuous.

If the decay condition is strengthened to « > 3 in (2.3), then [0,00) > A — S(X\) € B(h) is continuous
and we have

S5(0)=1,  lim [[S() = Lz =0.

If o > 4in (2.3), then S(\) — 1 € LY(h) for all X € [0,00) and the map X\ — S(\) — 1 is continuously
differentiable in L*(B).

Proof. Assuming that o > 2 in (2.3), one can mimic the proof of [15, Thm. 2.6], using (2.7) and (2.8) instead of
Eqgs. (4.1) and (4.2) in [15]. This leads to the statement of the lemma concerning the map (0, 00) 3 A — S(A).

If « > 3 in (2.3), then combining Lemma 2.6 and Lemma 2.8, we deduce that A — S()) is also con-
tinuous at A = 0 and satisfies S(0) = 1. Combining moreover Lemmas 2.6 and 2.8, one easily verifies that
limy o0 [|S(A) — 1| (5 = 0.

Assume now « > 4 in (2.3). We refer to [45, Prop. 8.1.9] for a proof, in the self-adjoint case, that S(\)—1 €
£1(h) and [0,00) 3 A+ S(\) — 1 is continuously differentiable. This can be straightforwardly adapted in our
setting. O

An important difference between the usual unitary scattering theory and the dissipative scattering theory
that we consider here is that the scattering matrix S(\) is only a contraction (not a unitary operator) and hence
it may not be invertible on h. An energy A > 0 such that S(\) is not invertible is called a spectral singularity.
The reader is referred to [14, 15, 13], where the notion of spectral singularity plays a central role, for various
characterizations of this notion in an abstract context. Note that the previous lemma shows that the threshold
energy 0 cannot be a spectral singularity if V' decays fast enough; see also [41, Thm. 1.1] or [13, Prop. 3.7]. A
characterization of spectral singularity in terms of real resonance is also possible, see for example [13, Thm. 3.6].

In the next statement we provide sufficient conditions for the invertibility of the scattering matrix.

Lemma 2.10. Suppose that V : R? — C_ is a bounded, measurable function satisfying (2.3) with o > 3 and
SV < 0 on a non-trivial open set. Let A > 0 be such that the operator @+ vRo(\ — i0)v is invertible in B(H).
Then the operator S(\) is invertible in B(h), and the map

[0,00) 2 A= S(A) ! € B(b)

is continuous. Moreover, if © + vRo(A — i0)v is invertible in B(H) for all X > 0, then S is invertible in SB(H)
and Wy have closed ranges.



Proof. We firstly recall the relation 27i.%4(\)*.%¢(A) = Ro(A +40) — Ro(A — i0) and make the computation

SO (1 + 2780 (Ao (T + vRo(A — i0)v) " 0.Fo(A)*)

— 1 — 2w Fo (Mo (T + vRo(A +i0)0) " 0.F0(A\)* + 2mi.Fo(M (T + vRo (A — i0)v)  v.Z0(N)*

— (270)2Zo(Av (T + vRo(A + i0)v) " 0.Fo(\)* Fo (N (T + vRo(A — i0)0) ~ v.Fo(N)*

— 1 — 2miZo(M\)o((W+ vRo (A +i0)v) " — (T + vRo(A — i0)v) " u.Fo(N)*

— 278 (A)v (T + vRo(A + i0)v) " v (Ro(A 4 i0) — Ro(A — i0))v (T + vRo(A — i0)v) " v.Fo(A)*
= 1’

so that 1 + 27i.%o(A)v(u + vRo(A — i0)v) _11190(/\)* is a right inverse for S(\). A similar calculation shows
that it is a left inverse and so S(A) is invertible with inverse given by

S =1+ 2miFo (A (@ + vR(A — i0)v) " v.Fo(A)*.
If & + vRo (X — i0)v is invertible for all A > 0, then it follows from Lemma 2.6 that the map
[0,00) 3 A (W+ vRo(A—i0)0) " € B(H)

is continuous. Together with Lemma 2.8, this proves the continuity of A — S(X\)~! on [0, 00). Arguing as in
the proof of Lemma 2.9, we have ||S(A)™" — 1|5 — 0 as A\ — oo. Therefore A — S(X)~" is bounded on
[0, 00), which implies that S is invertible in Z(H ).

Finally, to prove that W_ has a closed range, it suffices to write, for any ¢ € H

IW_ell > [[WiW_ell = [[Sell = S~ el

where we used that 1 is a contraction. The proof for W__ is similar. O

3 About the wave operator 11/_

In this section, we deduce new formulas for the wave operator W_. Note that similar work could be performed
on W, but for simplicity we concentrate only on one of the wave operators.

By using the content of Lemma 2.5 and the resolvent identities (2.2), one easily infers on suitable f,g € ‘H
that

(W-f.g) = lim ° /]R dA\(Ro(A — i) f, R* (A — i2)g)

. € . .
= sh{% p Rd)\<Ro(/\ —ie) f, Ro(A —ig)g)

- lim S [ AMRo(A + ig)v (T + vRo(A + i)v) " wRo(A + ie) Ro(A — i) £, g)
5 ™ R

_(fg)— lim/dA(RO(A+is)v(ﬂ+vRo(/\+z's)v)_lv55(Ho—A)f,g)
eNo JRr

with 6. (Ho — ) := £ Ro(\ F i) Ro(\ % ie).

T

We now look at this expression in the spectral representation of Hy. For this we set

H = L2(R+a d>\7 h)
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and write L for the self-adjoint operator on .7# corresponding to the multiplication by the variable A. Then for
v, € F one has

(FoW_ = 1) F50,9)

= — lim d/\<90R0()\ + i€)’U(ﬂ + ’UR()(/\ + is)v)_lvég(Ho — /\)95(,0, ¢>%ﬂ

E\O R

=— 1{% dM(Fov(u + vRo(A + is)v)_lvﬁg‘(Sg(L — N, (L= X +ie) ")
N0 Jr

=— h\l% d/\/ dp( Fo(p)v(u + vRo(X + ie)v)_lvfgég(L — N, (p— X+ ie)_lw(u»h
NOJr o

A—1/4 174

. > _ R B
= — lim d)\/o du A4 (@ + vRo(\ +ie)v) v FGo(L — N, s

lim |, w0 Fo () o (u)), -

3.1

Motivated by the last expression, let us recall a few useful results. From now on, assume that & > 3 in
(2.3). Let us also use the notation C.(R; G) for the set of compactly supported and continuous functions from
R, to some Hilbert space G. With this notation and what precedes, we note that the multiplication operator
M(L) : C.(Ry; H) — o given for § € Co(R4;H) and A € Ry by

(M(L)E)(A) = MVEW) = A7V AF(AwE(N)

extends to an element of Z(L?(Ry; H), 7).
The following statement will also be useful. It directly follows from [37, Lem. 2.3].

Lemma 3.1. Let o > 3in (2.3), A € Ry and ¢ € Co(Ry; h). Then, we have
lim ||v35{)k 0e(L— Ny — vﬁo()\)*gp()\)n = 0.
eN0

We introduce one more multiplication operator. The following statement can be inferred from Lemma 2.6
together with Lemma 2.8.

Lemma 3.2. Suppose that V : R3 — C_ is a bounded, measurable function satisfying (2.3) with o > 3 and
SV < 0 on a non-trivial open set. Then the function

Ry 3 A= A4 (@ + vRo(A +0)v) " 0.F0(N)* € B(h, H)

is continuous and bounded, and the multiplication operator Bo(L) : Ce(Ry;h) — L*(Ry;H) given for ¢ €
C’C(R+; [j) and A € Ry by

(Bo(L)9)(A) = Bo(A)gp(A) := A4 (@ + vRo(A+i0)0) ~ v.Fo(A)*p(\) (3.2)
extends to an element of B( A, 2(Ry; H)).

Fore > 0and A, i € Ry let us finally set

1 A1/
Ap) = T
©:(A 1) 27t — A + e

and denote by ©. the corresponding integral operator in L?(IR | ). By using the notations introduced in the above
lemma, one can rewrite (3.1) in the following form

(Fo(W- = 1)F5 0, ) = —2mi lim /]R dA /0 dp(Be(N)p, O\ )M (1) (1)) B:3)

where )
B:(A) == A (@4 vRo(A +i0)v) 0. Fg0(L — N).

We can now finally state and prove the main result of this section.
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Theorem 3.3. Suppose that V : R? — C_ is a bounded, measurable function satisfying (2.3) with o > 7 and
SV < 0 on a non-trivial open set. Then the following equalities hold:

Fo(W_ —1).7; = —2ni M(L) {3 (1 — tanh(27 A} ) — i cosh(2rA4) ") ® 1y } Bo(L) (3.4)
with A the generator of dilations in L2(R.), and
W_ =1+ 3(1+tanh(rA) —icosh(rA)"')(S—1)+ K
with A the generator of dilations in H and K € 7 (H).

Proof. (i) The proof of the first statement can be borrowed from the proof of Theorem 2.6 in [37], with only
minor modifications. It consists in showing that the expression

[ax [ (BN, 0\ )M ()" (1)) (35)

is well-defined for ¢ and ¢ in dense subsets of .7 and equal to ( .Fo(W4 — 1) Z5¢,¥) > Once the constant
2me is added. Second, we show the equality (3.4).

Take ¢ € Ce(Ry;h) and o € C(Ry) ® C(S?), then we have for each e > 0, A € R, and pu € R, the
inclusions

g-(A) == M (@ + vRo(N + is)v)flvﬁg‘ds(lj —NeeH and f(p):=p YVPo(u) () € H.

The fact that f(u) € H follows from Lemma 2.8. With these notations the expression (3.5) is equal to

oo AL/ 1/
— | ari du{g.(n), 2—H :
/R+ {n/ a0, 2 1)

1

Now, using the formula (1 — A + i) ™! = —i [° dz e(*=Y* =% and then applying Fubini’s theorem,

one obtains that
—1/4 1/4
1 du{ g >
lm/ u 9e( Jypen Aerf(u)

> - v+ A 1/4
=~ilm | T s e <ge(A),[Adye ( : ) f(u+)\)>. (3.6)

Furthermore, the integrant in (3.6) can be bounded independently of ¢ € (0,1). Indeed, one has

e * <gs(>\)7/_0; dv e? <V—;>\>1/4 flv+ )\)>‘

et [ (52) o]

and we know from Lemmas 2.6 and 3.1 that g. (\) converges to Bo(A\)p(A) in H as € N\, 0, with By(A) defined
in (3.2). Therefore, the family ||g-(\)|| (and thus the r.h.s. of (3.7)) is bounded by a constant independent of
€ (0,1).

In order to exchange the integral over z and the limit € \, 0 in (3.6), it remains to show that the second
factor in (3.7) belongs to L' (R, dz). For that purpose, we denote by h the trivial extension of the function
(=X, 00) v (452) /4f(u+/\) € H to all of R, and then note that the second factor in (3.7) can be rewritten
as (2m)'2(|(Fha) ()],
if D denotes the self-adjoint operator —:V on R, then

[(Z7ha) (2)]| = ()72 (| (7 (D1)*ha) (2)

(3.7)

5 Z€R+.
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Consequently, one would have that [|(:#; ) (2)|| € L' (R4, dz) if the norm || (Z; (D1)2hy) (2)|| were bounded
independently of z. Now, if 1) = n ® £ withn € C°(R,) and £ € C(S?), then one has for any z € R?

(104 0) (@) = ol + o) [ 75 g(0),

Therefore, one has

(m@))(x):{%im (42) " 0w + Nu(@) fom dw VTR () o

o

which in turns implies that
{(F; <D1>2h>\)(2)}(x)| < Const.v(x) (x)?,
with a constant independent of z € R® and 2z € R,. Since the r.h.s. belongs to H, one concludes that
| (Z1(D1)%hx)(2)|,, is bounded independently of z for each ¢ = 7 © &, and thus for each ¢ € C°(Ry) ©
(SQ) by linearity. As a consequence, one can apply Lebesgue dominated convergence theorem and obtain that

(3.6) is equal to
—1 <go<)\),/ dZ/ dv eiuz h,\(y)>
0 R

With this equality, one can conclude the first part of the proof for the first statement. Indeed, one has shown
that (3.5) is well defined on the dense set of vectors introduced at the beginning of the proof. Then, its equality
with (3.3) (modulo the constant) follows by a standard argument as presented for example in [44, Lem. 5.2.2].

(i4) Let us now show that { .#o(W4 —1) Z ¢, 1/1>jf is equal to { —2mi M (L){0(A4) @14 } B(L)p, 1/J>%p
with )

I(v) == B (1 —tanh(27v) —icosh(2rv)™"), veR. (3.8)
For that purpose, we write x4 for the characteristic function for R . Since ) has compact support, we obtain
the following equalities in the sense of distributions (with values in H):

/ dz/due“’zh,\ W/du (Zix+) W) ha(v)
:\/ﬂ/ du(ﬂfm)(u)(VT)Mf(vH)
_W/du (Fixs+)(N(e! —1))Xe™ flet N)  (eF X :=v+]\)

= VaE [ A (FEx) (N D) A (U @ 1) 11O

Then, by using the fact that Zx; = /3 do + \/% Pv(fl) with &y the Dirac delta distribution and Pv the
principal value, one gets that

/Oocdz/Rdz/ei”hA(V)/ (7r50(e“ 1)+sz o /4> {(UF®13)f}(N)

So, by considering the identity

e3r/t ] 1 1
eh—1 4 (sinh(,u/él) * cosh(,u/4)>
and the equality [22, Table 20.1]

Z- 9 = — e’ — ! v . 1
()] =300 =) + 752 P @mmwa+cwMW®>’
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with ¢ defined in (3.8), one infers that

(Fo(W- = 1) F5p,0),,

= i/ﬂh dx <go(A),/Rdu {W(So(e“ -1) + %Pv <sinh(1u/4) + Coshzu/ll)) }{(U; ® 1H)f}(A)>
=2 [ ar{mO, [ an(#0)0 {(UF 107100

Ry

Finally, by recalling that {J(A,) ® 13} f = \/% Je du (Z19) (1) (UF @ 1) £, that go(A) = (B(L)@)(N)
and that f = M (L)*1), one obtains

(Fo(W_ = 1)F o), = 2mi / A ((BL)g)(N), {(0(A4)" © 1) M(L) ¥} (V)

R
= (—2mi M(L) {9(A1) @ 1y} B(L) o, ¥) -

This concludes the proof, since the sets of vectors ¢ € C.(R4;h) and ¢ € CZ(Ry) ® C(S?) are dense in 7.
(i) The proof of the second statement can mimicked from the same proof in [37]. The main arguments
are:

(i) The fact that {9(A;) ® 15} M (L) — M(L){9(A+) ® 13} belongs to 2 (L2(Ry; M), #), as shown in
[37, Lem. 2.7],

(i) The equality %o (1 + tanh(rA) — icosh(rA)~!) F; = 9(A4) ® ly,, which can be checked by a
direct computation,

(iii) The equality —2miM (A\)Bo(A) = S(A) — 1 which can be inferred from (2.9).

By using successively these three arguments, one directly deduces the second statement from the first one. [

4 Levinson’s theorem

Motivated by the expressions obtained in the previous section, let us introduce a C'*-algebraic framework. Note
that since Theorem 3.3 holds under the conditions o > 7 in (2.3) and SV < 0 on a non-trivial open set, we
shall assume these assumptions throughout this section. Clearly, some of the statements could be obtained under
weaker conditions.

Recall that A denotes the generator of dilations in H while Hy stands for the Laplace operator. If we set
B := $In(Hy), then the operators A and B satisfy the important relation [i B, A] = 1, or more precisely

eitB Ae—itB — A4t eisABe—isA — B—gs.
We also recall that the spectrum of A is R, and that the spectrum of Hy is [0, c0). We then set
+
& = C* (n(A)b(Ho) | n € C([—o0,00];C) and ¥ € C([0,00); # (b))

where the exponent + means that C times the identity has been added to the algebra. In the context of Schro-
dinger operators in R? this C'*-algebra has already been introduced and studied in [25, Sec. 4].

Let us state a few results about this algebra. It is known that # (H) C &, and since .# (H) is an ideal in
& the quotient algebra can be computed. One has

~ +
&) A (H) = C (0,2 (h)) ",
where [J denotes the edges of a square. More precisely, if we set

q: &= C(O2 ()"
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for the quotient map, and if we consider a typical element of & of the form 7(A)y(Hj) one has

a(n(A)0(Ho)) = (n(-)6(0), n(+00)b(),n(Jo(+00), m(=00 )i ()

where (by convention) we started by the edge on the left of the square and list the elements clockwise. Note also
that continuity holds at the four corners, as it can easily be checked.
Since the three algebras can be fitted in the short-exact sequence

0= H(H) =& —C(O;2 1) =0,

the index map in K-theory maps the K1-group of C'(CJ; 2 ()) " to the Ky-group of J# (H). It is well-known
that both groups can be identified with Z, with the usual trace for the former. For the latter, the winding number
of the pointwise determinant induces the isomorphism. However, a careful use of this functional is necessary,
as it will appear later in the application.

Our interest in the algebra & is that the wave operator W_ belongs to it, as a consequence of Theorem 3.3.
Indeed, the scattering operator can be thought as an operator of the form S(Hy) with a function

[0,00) 3 A — S(A) € Z(h)

continuous and having limits at 0 and at 4+-oco. It then follows that the image of W_ in the quotient algebra can
be computed and one infers that
q(W-) = (1,8(),1,1) .

where the facts that S(0) = 1 and limy_, o, S(A) = 1 (see Lemma 2.9) have been taken into account. If in
addition S(-) is invertible, we can deduce two complementary sets of information:

(i) Since the element ¢(TW_) computed in (4.1) is invertible, it follows that the operator W_ is a Fredholm
operator (Atkinson’s theorem, see for example [33, Prop. 3.3.11]) and that its range is closed. Let us then
define the orthogonal projection P_ by

P_H = Ran(W_)=*. 4.2)
Under our current set of assumptions (recalled below) this projection is finite dimensional.

(ii) The element g(W_) defines an element [¢(W_)]; of the ;-group of the C*-algebra C(IJ; ¢ (p)) .
Consequently, it follows that this element is related to the Fredholm index of WW_ by the relation

—dim(P-) = Index(W_) = (Ko(Tr) 0 61) ([g(W-)]1), (4.3)

where the first equality follows from the injectivity of W_ given by Lemma 2.7, and where §; stands for
the index map in K -theory. We refer to [38, Prop. 9.4.2] for the second equality and for more explanations.

Our final aim is to get an analytic formula for the computation of (4.3). This will be evaluated with an
expression of the form
1

> —1q/ -1
3 . (T& (SO)TLS'(N) + ex )
for a suitable constant ¢, and whenever S(\)~! makes sense. Here and in the sequel, any integrals of this type
should be understood as improper Riemann integrals. Note that previous investigations of this type made use of
the spectral shift function for the pair (H, Hy). Since H is not self-adjoint, this tool seems no longer available
to us. Nevertheless, enough of the elements of the proof can still be used to construct an integral formula for the
index.

First we analyze some properties of the determinant of the scattering matrix. Recall from Lemma 2.9 that
S(A) — 1 € L£1(p) forall A € [0, 00) and that the map A — S(\) — 1 is continuously differentiable in £1(b),
with £1(h) the set of trace-class operator on the Hilbert space h. Thus we infer from [19, Equation IV.1.14] that

d —1¢q
o Indet (S(A)) = Tr (S(A)~'S"(N))
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for all A € (0, c0), whenever S()) is invertible.
The following is another straightforward adaptation of [45, Prop. 9.1.1, 9.1.2 and 9.1.3]. For its statement
we use the notation
Dy (2) := detq (1 + uvRo(z)v).

Proposition 4.1. Suppose that V : R® — C_ is a bounded, measurable function satisfying (2.3) with o > 7
and SV < 0 on a non-trivial open set. Assume also that the operator @ + vRy(A — i0)v is invertible in B(H)
for any X > 0. Then the function z — Ds(z) is analytic in C \ [0, 00). In addition, this function is continuous
for z € C\ [0,00) up to the cut along [0,0), with the point z = 0 possibly excluded. For \ € (0,00) the
Sunction A\ — Do (X £ i0) does not have any zeros. Furthermore, we have

lim Ds(z) =1

|z| =00
uniformly in arg(z).
Since we suppose that o > 7 in (2.3), V is clearly integrable. We then define the constant

27 Vol(S?) i

Our first task is to show the integrability of the map A — % In det (S (/\)) + ¢A~2. Since V is not real-
valued, this result is not available in the literature.

Lemma 4.2. Suppose that V : R® — C_ is a bounded, measurable function satisfying (2.3) with o > 7 and
SV < 0 on a non-trivial open set. Assume also that the operator @ + vRo(A — i0)v is invertible in B(H) for
any A > 0. Then the function (0,00) > A — Indet (S(X)) is in C*((0,00)) and

: 1 1
)\hﬁn;o o (ln det (S(\)) + 20)\2) =m 4.5)

for some m € Z.

Proof. The proof of the differentiability claim can be directly copied from the proof of [45, Thm. 9.1.18], using
Lemmas 2.9 and 2.10. For the second statement, consider z,Z € C \ o(H), and observe that the following
identity holds:

(1 +uwwRo(2)v) (1 + uwvRo(Z)v) = (@ + vRo(2)v) " (@ + vRo(Z)v)

=1—(u+vRo(2)v) "v(Ro(z) — Ro(Z))v.
By Lemma 2.6 we have that the above function is continuous and can be extended to z = A £ 40 for A > 0.
Recall the relation 2mi.%(A)*Zo(\) = (Ro(X + i0) — Ro(A — 40)). Then we find, using also the relation
det(1+ AB) = det(1 + BA), that
det (S(A)) = det (1 — 2wiZo( Ao (T + vRo(A + i0)v) ~ v.%5(A)¥)
= det ((1 + uvRo(A + i0)v) " (1 + uwwvRo (A — i0)v))

(A +140
_ det(1 + uvRo(A — i0)v) o= Tr(uv(Ro(A+i0)— Ro(A=i0))0)
deta (1 + uvRo(A + i0)v) ’

where in the last line we have used [20, Lem. IIL.4]. Since Dy(A + i0) — 1 as A — oo by Proposition 4.1,

the high-energy behavior of det (S ()\)) is fully determined by the term e~ T"(#0(Fo(A+i0)=Fo(A=i0))v) We can
compute this trace explicitly, namely
Tr (uv(R (A +1i0) — Ro(\ — iO))v) = M dzV(z) = 2cA? (4.6)
0 0 T 2203 R B ’ '
leading easily to the statement. O
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Remark 4.3. We can fix a branch of the meromorphic function In det, (1 + uvRo(z)v) by the condition

lim arg (detg (1+ uvRo(z)v)) =0.

|z| =00
Fixing this branch gives m = 0 in Lemma 4.2 and we take this convention for the rest of this paper.

Lemma 4.4. Under the assumptions of Lemma 4.2, for any A > 0 the map \ — O%\ In det (S ()\)) + A2 s
integrable on (0, A) and fOA dA (- Indet (S(N)) + c)\_%), with ¢ defined in (4.4), converges as A — oc.

The following proof is an analogue of [1, Lem. 4.12] valid for usual self-ajdoint Schrodinger operators.

Proof. We first check integrability in a neighbourhood of zero. Recall that we have the equality

% Indet (S(\)) = Tr (S(A) 1" (\))

for A € (0, 00). Recall also that
S(A) = 1 —27iF6 (Ao (T + vRo(A+i0)0) " v.Fo(A)".

The operator .%y(\)v € Z(H, h) has Hilbert-Schmidt norm
| Z0(A)o]|3 = (2m) 7323 / v(2)|? dwdz = CAT,
R3S Js?

with the same calculation applying to the adjoint also, from which we obtain
| Fo(M\)v]l2 < CAT,  and  |[v.Zo(N)*||]s < CAG.
A similar calculation shows that
175 (Moll3

1

< ~(2m)73A / |u(x)|2dwdm+1(2w)*3x%/ / (W) Jo(@)|? dw da
4 R3 52 4 R3 SQ

— O\ 2 4 O3,

e

Thus for sufficiently small A we have the estimates
1 Z5(Mvlla < CATF, and  [o.Zg(A) ]2 < CA™E,
Then we can compute that
S'(\) = —2mi (%(A)v(u +vRo(A+i0)v) " v.Fo(A)* + Fo(N)o (T + vRo(A+i0)0)  v.F(N)*
+ Fo(\)o(T + vRo(A + i0)v) " wRo(A + i0)2v (T + vRe(A + 2'0)@)‘17}90(»*).

For sufficiently small )\, the operators

(@+vRo(A+i0)v) " and (@ +vRo(A +i0)0) " wRo(A + i0)%v(@ + vRo(A +i0)v)

are uniformly bounded (see Lemma 2.6 for the resolvents, and use the well-known fact that v Ry (\ + i0)?v is
bounded if > 2 in (2.3) which follows from the explicit expression of the kernel of Ry (A 4 40)). Then we can
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use Holder’s inequality for Schatten norms to make the estimate
15"V
< 21| ZH (Ao (@ + vRo(A +i0)0) v Fo(A)* ||, + 27| Fo (Ao (@ + vRo(A +i0)0) " vV,
+ 27 || Fo(M)v (T + vRo (A + i0)v )711)R0()\ +0)?v (T + vRo(X + iO)v)flvﬁo(/\)* I,

(N)

< 27| Fg(Mollo|| (@ + vRo(X +i0)v) HJW)HU%(A)*IIz

+ 21| Fo (Ml || (@ + vRo (A + i0)v) - II@(H [0-Z5(N)" |2
+27TH90()\)11H2H(U+vRo()\—HO)v)_ "Ro(A+i0)%0 (T + vRo(A + i0)0) || _[[v-Fo(A\)* 2
< CIATZ 4 Co)3,

for some positive constant C, Cs. It remains to recall that A — S(\)~! is bounded on [0, 00) in the operator
norm by Lemma 2.10. Thus we find using again Holder’s inequality for Schatten norms that for sufficiently
small A we have the estimate

[Te (SO O] < 1SS W)l < IS sz 18Nl < CA2

for some C' > 0, which is integrable near zero.
By Lemma 4.2, for any A > 0 the map (0, A) > A > & Indet (S()\)) + ¢\~ 7 is continuous (and in fact
the derivative of a continuous function) and so by the Fundamental Theorem of Calculus,

A
/ dA (d Indet (S(\)) + cAé> < 0. “.7)
0 A

The limit of Equation (4.5) shows that the integral in Equation (4.7) converges as A — oc. O

Since the map A — det (S ()\)) does not necessarily converge as A — 0o, some regularisation is required.
For \ € [0, 00), define A(\) € B(h) by

A(N) = dtan~ ' (A2)Fo(\) V. Fo (V)"

This operator is trace class, by assuming « > 3 in (2.3). Indeed, based on the definition of .%,(\), we can write
explicitly the integral kernel of A(\) as

A(/\a 0, 9/) = Qtanfl()\%))\%(Qﬂ)*i’)/ de e7i>‘§<9*9/,x) V(m)
R3

Integrating along the diagonal we find

an~—! 3)\2 ol(S? 1 1
1 (a) = 2T [ dovie) = Zean bl

In addition, by the properties of the map A — %(\) already mentioned in Lemma 2.8 we infer that the map
A — A(X) € Z(b) is continuous and has norm limits

u-limy 0 A(N\) = u-limy o0 A(A) = 0.

As a consequence, we also see that the map A — Tr (A())) is continuous with limy_,o Tr (A(X)) = 0 and

lim (iTr (A(N) %MVOI(SQ)/R de(x)) = lim (iTr (A(N) fch%) —0.  (48)

A—00 2(271’)3 A—00
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Based on these observations, we now define for A € [0, 0o) the operator
B = e e 2(b),
which satisfies det (8(\)) = ¢! T(AM) for all X € [0, 00). By construction we have the norm limits
u-limy—0 S(A) = u-limy, o B(N) = 1.

The operator 3()\) is invertible for all A with S(\)~! = e~*4(})_ Such results are not true in the trace norm. We
also define the operator Wy € Z(7) by the equality

Ws =1+ {3(1—tanh(2rA}) —icosh(2mA;)™") ® 13 }(B(L) — 1).

Lemma 4.5. Under the assumptions of Lemma 4.2, the operator W is a Fredholm operator in 2(h) satisfying
Index(W3) = 0.

A similar statement has been proved in [2, Lem. 5.7] to which we refer for the details. For the next state-
ment, we define the operator Wg € () by

Ws =14 {3(1 —tanh(2mAy) —icosh(2rA;) ") ® 13 }(S(L) — 1).

Since S(0) = limy_,« S(A) = 1, the operator W is also a Fredholm operator, as shown in [2, Lem. 5.4]. We
can then deduce the following statement:

Lemma 4.6. Under the assumptions of Lemma 4.2, the Fredholm operators Wg and Wy satisfy WsWg —
ng S %(%) and
Index(Wg) = Index(Wgp).

Proof. The equality WsWg = Wgg up to compact operators follows from the proof of [1, Lem. 3.4], see
also [2, Lem. 5.8] for a similar statement. The index claim follows from the fact that Index(7W3) = 0 and the
composition rule for the Fredholm index. O

The next statement shows that the operator 3 provides the correct regularisation for the operator S, and
consequently Wg will provide the correct regularisation to the operator Wg.

Lemma 4.7. Under the assumptions of Lemma 4.2, the map X — det (S(X)) det (3(X)) satisfies

lim det (S(3) det (5() = 1

and

lim det (S(A)) det (B(\)) = 1.

A—o0

Proof. The result follows essentially from Lemma 4.2. Using Equations (4.6) and (4.8) we find

/\h_}n;o det (S(X)) det (B(N))

— lim deta(1 + uvRo(A —i0)v) o= Tr (wo(Ro (A+i0) ~ Ro(A—i0))v) i Tr(A(N)
A—o0 detg(l + U’UR()(A + ZO)’U)

=1

Since S(0) = 8(0) = 1 we finally infer that det (S(0)) det (3(0)) = 1. O

We can thus state the main result of this section.
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Proposition 4.8. Suppose that V : R* — C_ is a bounded, measurable function satisfying (2.3) with o > 7
and SV < 0 on a non-trivial open set. Assume also that the operator @ + vRy(A — i0)v is invertible in B(H)
for any A > 0. Then the following equality holds:

Index(W_) /000 dX (Tr (S(N)TLS'(N) + c)f%)

" 2mi
where c is defined in (4.4).

Proof. By Theorem 3.3 and Lemma 4.6 one has
Index(W_) = Index(Wg) = Index(Wsg).

Note that by [40, Thm. 3.5(a)] we have det (S(A\)B(A)) = det (S(\)) det (8(A)). By Lemma 4.7, the map
A — det (S(X)B(X)) defines a loop, and using Gohberg-Krein theory we can compute the index of Wgp as

Index(Wsz) = Wind (A s det (S(A)ﬁ(A)))

1 A det (SOV) det (B(V)]
37 o det (S(V)) det (B())
1

- = OOO (T (SO) ST + z% T (A)).

By Lemma 4.4, fOA dX (% Indet (S(\)) + c)\_%) is finite for all A > 0 and converges as A — oo. Noting
also that

/OOO dA <idd)\ Tr (A(N) —cA%) =0,

we have the desired result. O

To strengthen the previous result, we can use the description of Ran(T¥_) given by Lemma 2.7. Thus,
coming back to the definition of the projection P_ given in (4.2) one has

P_H = Haas(H").
In addition, it is easily observed from the definition of these spaces in (1.4), by complex conjugation, that
dim (Haas(H*)) = dim(Haas(H)).
Thus, collecting the content of Proposition 4.8 together with (4.2), we finally deduce our main result:

Theorem 4.9. Suppose that V : R® — C_ is a bounded, measurable function satisfying (2.3) with o > 7 and
SV < 0 on a non-trivial open set. Assume also that the operator @ + vRy(A — i0)v is invertible in B(H) for
any A > 0. Then one has

e dX (Tr (S)ES(N) + cx%) = —#0aas(H),

211 0
where c is defined in (4.4) and #0,4s(H) = dim (’Hads(H)).

Recalling from Lemma 2.4 that H,qs(H) = Haisc(H ) if Hags(H) is finite-dimensional, we directly de-
duce from Theorem 4.9 the following statement:

Corollary 4.10. Under the conditions of Theorem 4.9, we have

Hads(H) = Haise(H).
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