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Abstract

We realise the number of bound states of a Schrödinger operator on Rn as an index
pairing in all dimensions. Expanding on ideas of Guillopé and others, we use high-energy
corrections to find representatives of the K-theory class of the scattering operator. These
representatives allow us to compute the number of bound states using an integral formula
involving heat kernel coefficients.

1 Introduction

In this paper we use the known form of the wave operator to construct an index pairing and
prove Levinson’s theorem for Schrödinger operators on Rn in each dimension via the index of
the wave operator.

In dimension n ≤ 4 there are correction terms required due to resonances and the low-energy
behaviour of the scattering operator, whilst in dimensions n ≥ 2 there are corrections required
to account for the high-energy behaviour of the scattering operator. These correction terms
are constructed explicitly using a pseudodifferential expansion of the resolvent and used to
compute the index of the wave operator as a winding number, from which Levinson’s theorem
follows.

As a consequence, we obtain the value of the spectral shift function at zero in all dimensions
in the presence of any resonant behaviour. To the best of our knowledge, no such statement
regarding the behaviour of the spectral shift function at zero in dimension n = 4 has appeared
in the literature.

Levinson’s original theorem [51] states that in dimension n = 1 the number of eigenvalues
(counted with multiplicity) of the Schrödinger operator H = H0 + V (with H0 = −∆) for a
potential V decaying sufficiently fast at infinity satisfies

N =
1

π
(δ(0)− δ(∞)) +

1

2
ν,

where δ is the scattering phase and ν ∈ {0, 1} depends on the existence of a resonance (a
distributional solution to Hψ = 0 with ψ /∈ L2(R)). In higher dimensions, such a relation
holds in each angular momentum mode as shown by Newton [54] in dimension n = 3 (see also
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[22] for higher dimensions). In addition, the work of Jensen [38, 39, 41], Klaus and Simon [48]
and Bollé et al. [12, 14] shows that resonant behaviour can occur in dimension n ≤ 4 only.
The resonant contributions in dimension n = 2, 4 to Levinson type results differ from those in
dimension n = 1, 3 in that resonances contribute integer values rather than half-integers. The
differing behaviour in dimension n = 2, 4 is due to the logarithmic singularity near z = 0 of
the resolvent (H − z)−1 as first observed by Klaus and Simon [48] and Jensen [41] (see also
[12, 14, 42] for additional detail).

In Section 4 we follow techniques of Colin de Verdière [20] and Guillopé [31, 32] to construct
a function Pn : [0,∞)→ C given by

Pn(λ) = 2πiβn(V ) +

bn−1
2
c∑

j=1

Cj(n, V )λ
n
2
−j ,

where the Cj(n, V ), βn(V ) are heat-kernel type coefficients. In addition we show that the
spectral shift function ξ = ξ(·, H,H0) associated to the pair (H,H0) satisfies

lim
λ→∞

(−2πiξ(λ)− Pn(λ)) = 0. (1.1)

Equation (1.1) is proved by computing a resolvent expansion and using the limiting absorption
principle to analyse the high-energy behaviour of the spectral shift function. As a result of
Equation (1.1) we can construct a different representative of the K-theory class [S] of the
scattering operator which converges to the identity at infinity in the trace norm.

Taking into account the relation Tr(S(λ)∗S′(λ)) = −2πiξ′(λ), the general Levinson’s theorem
for the number of eigenvalues N of H = H0 + V (counted with multiplicity) is obtained by
computing the index of the wave operator W− as a winding number and reads

−N =
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S′(λ))− P ′n(λ)

)
dλ− βn(V ) +Nres, (1.2)

where Nres is a contribution related to the existence of resonances in dimension n ≤ 4. The
term Nres is either 0 or 1

2 in dimension n = 1, 3, either 0, 1 or 2 in dimension n = 2 and either
0 or 1 in dimension n = 4. Levinson’s theorem in the form of Equation (1.2) was first proved
in dimension n = 3 by Bollé and Osborn [11] and Newton [55] and in dimension n = 2 by Bollé
et al. in [12, 14]. In higher odd dimensions, Equation (1.2) is due to Guillopé [31, 32] and for
all other dimensions to Jia, Nicoleau and Wang [43].

The computation of the index as a winding number relies on the wave operator W− having a
particular form. In [46, Theorem 5] in dimension n = 1, [62, Theorem 1.3] in dimension n = 2,
[47, Theorem 1.1] in dimension n = 3 and [4, Theorem 3.1] in dimension n ≥ 4 it is shown
that generically the wave operator W− is given by

W− = Id + ϕ(Dn)(S − Id) +K, (1.3)

where K is a compact operator, S denotes the scattering operator, Dn denotes the generator
of the dilation group on L2(Rn) and

ϕ(Dn) =
1

2

(
Id + tanh (πDn)− iA cosh (πDn)−1

)
,
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where A is a self-adjoint involution commuting with D1 if n = 1 and A = Id otherwise. In
dimension n = 2 in the presence of p-resonances and dimension n = 4 in the presence of
s-resonances (see Definition 2.4) it has been shown recently ([3, Lemma 4.3 and Proposition
5.5] and [5, Lemma 4.3]) that Equation (1.3) needs to be modified by an additional Fredholm
operator, see Theorem 2.16.

Much work has been done in recent years in developing similar formulae to Equation (1.3) in
various scattering contexts. These include Schrödinger scattering [3, 4, 5, 45, 46, 59, 60, 62],
rank-one perturbations [58], the Friedrichs-Faddeev model [37], Aharanov-Bohm operators [44],
lattice scattering [9], half-line scattering [36], discrete scattering [34], scattering for inverse
square potentials [21, 35] and for Dirac operators with zero-range interactions [56].

In [4, Theorem 4.7] it was shown that if S(0) = Id and the wave operator W− is of the
form of Equation (1.3), then there is a pairing between the K-theory class [S] ∈ K1(C0(R+)⊗
K(L2(Sn−1))) and theK-homology class [D+] ∈ K1(C0(R+)⊗K(L2(Sn−1))), whereD+ denotes
the generator of the dilation group on L2(R+)⊗L2(Sn−1). In addition, [4, Theorem 4.7] shows
that this index pairing is computed via

〈[S], [D+]〉 = −Index(W−).

The proof of [4, Theorem 4.7] generalises to a class of ‘admissable’ unitary operators U on
L2(Rn) commuting with H0 which, when considered in the spectral representation of H0,
satisfy U(0) = lim

λ→∞
U(λ) = Id. In this case we show in Section 3 that we can construct the

Fredholm operator

WU = Id + ϕ(Dn)(U − Id)

and as a consequence we have the pairing

〈[U ], [D+]〉 = −Index(WU ).

In dimension n = 1, 3 it is not always the case that S(0) = Id and thus we introduce an
additional unitary σ so that Sσ∗ defines an admissable unitary.

Even for an admissable unitary, the limit lim
λ→∞

U(λ) = Id holds only in operator norm and not

necessarily in trace norm. The pairing gives us the flexibility to choose different representatives
of the class [S] with better trace norm behaviour at infinity. The remainder of the paper uses
this flexibility to find a representative of [S] that converges to the identity at infinity in trace
norm.

The paper is organised as follows. In Section 2 we fix notation and recall a number of results
from scattering theory. In particular the definition of resonances, the high and low energy
behaviour of the scattering operator, the spectral shift function and the form of the wave
operator. In Section 3 we define a class of Fredholm operators (WU ) ⊂ B(H) parametrised by
particular admissable unitaries U ∈ B(H) and show that the pairing between the class [U ] ∈
K1(C0(R+)⊗K(L2(Sn−1))) and [D+] is computed by the Fredholm index of WU . Generically,
S is an admissable unitary and the class [S] can be paired with [D+] to compute the Fredholm
index of W−. When S(0) 6= Id, an additional unitary is required to account for this low-energy
behaviour.

In Section 4 we use the limiting absorption principle to compute the high-energy behaviour of
the spectral shift function in terms of particular traces of resolvents. The high-energy behaviour
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of the spectral shift function is given by a polynomial in the energy, whose coefficients we show
are related to the coefficients of a heat-type expansion. Finally, in Section 5 we construct
explicit low-energy corrections to the scattering operator in dimension n = 1, 3 and high-
energy corrections to the scattering operator in dimensions n ≥ 2, and thus prove Levinson’s
theorem in all dimensions by computing the Fredholm index of W− as a winding number.
As a consequence, we determine the behaviour of the spectral shift function at zero in each
dimension, accounting for the presence of resonances.

Acknowledgements: I would like to thank Adam Rennie for his consistent insight and
guidance during the thesis from which this work originated, as well as for his careful reading of
earlier versions of this work. I would also like to gratefully acknowledge numerous enlightening
conversations with Alan Carey, Galina Levitina and Serge Richard on the topic of scattering
theory. This work was completed with the support of an Australian Government Research
Training Program (RTP) Scholarship and the ARC Discovery grant DP220101196.

2 Preliminaries on scattering theory

Throughout this document we will consider the scattering theory on Rn associated to the
operators

H0 = −
n∑
j=1

∂2

∂x2
j

= −∆ and H = −
n∑
j=1

∂2

∂x2
j

+ V

where the (multiplication operator by the) potential V is real-valued, smooth and compactly
supported. This assumption could be relaxed to precise decay rates and regularity of the
potential determined by the dimension, however for the ease of exposition we deal only with
V ∈ C∞c (Rn).

We denote the Schwartz space S(Rn) and its dual S′(Rn) and recall the weighted Sobolev spaces

Hs,t(Rn) =
{
f ∈ S′(Rn) : ||f ||Hs,t :=

∣∣∣∣∣∣(1 + |x|2)
t
2 (Id−∆)

s
2 f
∣∣∣∣∣∣ <∞}

with index s ∈ R indicating derivatives and t ∈ R associated to decay at infinity [6, Section
4.1]. With 〈·, ·〉 the Euclidean inner product on Rn, we denote the Fourier transform by

F : L2(Rn)→ L2(Rn), [Ff ](ξ) = (2π)−
n
2

∫
Rn
e−i〈x,ξ〉f(x) dx.

Note that the Fourier transform F is an isomorphism from Hs,t to Ht,s for any s, t ∈ R. We
will frequently drop the reference to the space Rn for simplicity of notation.

For Hilbert spaces H1,H2 we denote by B(H1,H2) and K(H1,H2) the bounded and compact
operators from H1 to H2 and for p ∈ N we write Lp(H1,H2) for the p-th Schatten classes.
In particular we have the trace class operators L1(H1,H2) and the Hilbert-Schmidt operators
L2(H1,H2). For p ∈ N and T ∈ Lp(H1) we write Detp(Id + T ) for the p-th regularised
determinant of Id+T (see [64] for more details). For p = 1 we obtain the Fredholm determinant.
For z ∈ C \ R, we let

R0(z) = (H0 − z)−1, R(z) = (H − z)−1

and the boundary values of the resolvent are defined as

R0(λ± i0) = lim
ε→0

R0(λ± iε) and R(λ± i0) = lim
ε→0

R(λ± iε). (2.1)
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The limiting absorption principle [1, Theorems 4.1 and 4.2] tells us that these boundary values
exist in B(H0,t, H2,−t) for any t > 1

2 and λ ∈ (0,∞). The operator H0 has purely absolutely
continuous spectrum, and in particular no kernel. The operator H can have eigenvalues and
for V ∈ C∞c (Rn) we have that these eigenvalues are negative, or zero [67, Theorem 6.1.1].

The one-parameter unitary group of dilations on L2(Rn) is given on f ∈ L2(Rn) by

[Un(t)f ](x) = e
nt
2 f(etx), t ∈ R. (2.2)

We denote the self-adjoint generator of Un by Dn. The generator of the group (U+(t)) of
dilations on the half-line R+ is denoted D+ (which is D1 restricted to the positive half-line).
The generators of the dilation groups are given by

D+ =
y

i

d

dy
+

1

2i
Id, Dn =

n∑
j=1

xj
i

∂

∂xj
+
n

2i
Id. (2.3)

Since each of D+, Dn generate one-parameter groups, we can recognise functions of these
operators. For Dn and ϕ : R → C a bounded function whose Fourier transform has rapid
decay and g ∈ C∞c (Rn), we have

[ϕ(Dn)g](ρ) = (2π)−
1
2

∫
R

[F∗ϕ](t)e
nt
2 g(etρ) dt,

with a similar formula for D+.

Several Hilbert spaces recur, and we adopt the notation (following [40, Section 2] which contains
more detail on the relations between the spaces and operators we introduce here)

H = L2(Rn), P = L2(Sn−1), Hspec = L2(R+,P) ∼= L2(R+)⊗ P.

Here Hspec provides the Hilbert space on which we can diagonalise the free Hamiltonian H0.

Since V is bounded, H = H0+V is self-adjoint with Dom(H) = Dom(H0). The wave operators

W± = s-lim
t→±∞

eitHe−itH0

exist and are asymptotically complete if ρ > 1 [67, Theorem 1.6.2]. The wave operators are
partial isometries satisfying W ∗±W± = Id and W±W

∗
± = Pac, the projection onto the absolutely

continuous subspace for H. In addition, the wave operators are Fredholm operators and their
index can be determined directly in terms of the eigenvalues of H.

Proposition 2.1. Suppose that V ∈ C∞c (Rn). Let N be the total number of eigenvalues of
H = H0 + V , counted with multiplicity. Then

Index(W±) = −N.

Proof. That the number of eigenvalues N is finite follows from [64, Theorem 7.5] for n = 1,
from [64, Theorem 7.3] for n ≥ 3 and from [65, Theorem 2.1] for n = 2. The index equality
then follows from the relations W ∗±W± = Id and W±W

∗
± = Id−Pp, where Pp is the projection

onto the point spectrum of H.
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The scattering operator is the unitary operator

S = W ∗+W−, (2.4)

which commutes strongly with the free Hamiltonian H0. For our analysis of the scattering
operator, we introduce the unitary which diagonalise the free Hamiltonian.

Definition 2.2. For λ ∈ R+, s ∈ R and t > 1
2 we define the operator

Γ0(λ) : Hs,t → P by [Γ0(λ)f ](ω) = 2−
1
2λ

n−2
4 [Ff ](λ

1
2ω)

and the operator which diagonalises the free Hamiltonian H0 as

F0 : H→ Hspec by [F0f ](λ, ω) = [Γ0(λ)f ](ω).

By [50, Theorem 2.4.3] the operator Γ0(λ) extends to a bounded operator on Hs,t for all s ∈ R
and t > 1

2 . We recall from [4, Equation (3.5)] that for λ > 0, t > n
2 and f ∈ H0,t we have the

estimate

||Γ0(λ)f ||P ≤ Cλ
− 1

4 ||f ||H0,t (2.5)

for some constant C > 0.

Lemma 2.3 ([40, p. 439]). The operator F0 is unitary. Moreover for λ ∈ [0,∞), ω ∈ Sn−1

and f ∈ Hspec we have
[F0H0F

∗
0 f ](λ, ω) = λf(λ, ω).

As a consequence of the relation SH0 = H0S, there exists a family {S(λ)}λ∈R+ of unitary
operators on P = L2(Sn−1) such that for all λ ∈ R+, ω ∈ Sn−1 and f ∈ H we have

[F0Sf ](λ, ω) = S(λ)[F0f ](λ, ω).

For historical reasons, we refer to S(λ) as the scattering matrix at energy λ ∈ R+.

We now define zero-energy resonances, a low-energy phenomena known to provide obstructions
to generic behaviour in scattering theory in low dimensions.

Definition 2.4. Suppose that V ∈ C∞c (Rn). If n 6= 2 we say there is an s-resonance if
there exists a non-zero bounded distributional solution to Hψ = 0. If n = 2 we say there
is a p-resonance if there exists a non-zero distributional solution ψ to Hψ = 0 with ψ ∈
Lq(R2)∩L∞(R2) for some q > 2. We say that there is an s-resonance if there exists a non-zero
bounded distributional solution ψ to Hψ = 0 with ψ /∈ Lq(R2) for all q <∞.

General bounds on the resolvent of H [39] show that there can be no resonances for dimension
n ≥ 5 (see also the analysis in [29, 30]). The naming convention for the types of resonances
is due to the fact that for spherically symmetric potentials, s-resonances can only occur with
angular momentum zero and p-resonances with angular momentum one (see [12, 14, 27, 48]).
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2.1 The scattering matrix and the spectral shift function

The following result describes the low energy behaviour of the scattering matrix in the norm
of B(P). The low energy behaviour of the scattering operator has been obtained in dimension
n = 1 in [13, Theorem 4.1] (see also [46, Proposition 9] and [25, Theorem 2.15]), in dimension
n = 2 in [14, Theorem 4.3] and [62, Theorem 1.1], in dimension n = 3 in [38, Section 5] and in
dimension n ≥ 4 in [4, Theorem 2.15].

Theorem 2.5. Suppose that V ∈ C∞c (Rn). Then for n 6= 1, 3 we have S(0) = Id. For n = 3
we have S(0) = Id− 2Ps, where Ps is the projection onto spherical harmonics of order zero in
L2(S2) if there exists a resonance and Ps = 0 otherwise. For n = 1 we have

S(0) =

(
0 −1
−1 0

)
if there does not exist a resonance and if there does exist a resonance, there exists c+, c− ∈
R \ {0} with c2

+ + c2
− = 1 and

S(0) =

(
2c+c− c2

+ − c2
−

c2
− − c2

+ 2c+c−

)
.

Remark 2.6. The values c± present in dimension n = 1 correspond to the values lim
x→±∞

ψ(x) of

an appropriately normalised resonance ψ. See [25, Theorem 2.15] and [42, Section 3] for more
details. The value of S(0) in dimension n = 1 is also dependent on a choice of basis for M2(C),
with a different choice of basis used to compute S(0) in [46, Proposition 9].

We summarise below some additional useful properties of the scattering matrix [67, Proposition
1.8.1 and Proposition 8.1.9].

Theorem 2.7. Suppose that V ∈ C∞c (Rn). The scattering matrix S(λ) is given for all λ ∈ R+

by the equation

S(λ) = Id− 2πiΓ0(λ)(V − V R(λ+ i0)V )Γ0(λ)∗. (2.6)

For each λ ∈ R+, the operator S(λ) is unitary in P = L2(Sn−1) and depends norm continuously
on λ ∈ R+. Furthermore, S(λ)− Id ∈ L1(P) and is differentiable in the norm of L1(P).

We now describe the high energy behaviour of the scattering matrix in B(P), which has been
determined in dimension n = 1 in [13], in dimension n = 2 in [62, Theorem 1.3], in n = 3 in
[59, Lemmas 2.2 and 2.4] and in [4, Corollary 3.10] for n ≥ 4.

Lemma 2.8. Suppose that V ∈ C∞c (Rn). Then lim
λ→∞

S(λ) = Id, with the limit taken in the

norm of B(P).

The result of Lemma 2.8 is not true when taken in more refined topologies. Since for all λ ∈ R+

we have S(λ) − Id ∈ L1(P) the determinant of S(λ) is well-defined. We have the following
more precise statement regarding the properties of Det(S(λ)) due to Guillopé [31, Theorem
III.1].
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Lemma 2.9. Suppose that V = q1q2 with q1, q2 ∈ C∞c (Rn). Then for all λ > 0 and p ≥ bn2 c
we have

Det (S(λ))

=
Detp (Id + q1R0(λ− i0)q2)

Detp (Id + q1R0(λ+ i0)q2)
exp

(
p−1∑
`=1

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
))

.

Remark 2.10. For n = 1 and p = 1 or n = 2, 3 and p = 2 the smoothness of q1, q2 is not
necessary in Lemma 2.9, since the traces can be computed directly as we do in Lemma 4.1.

We also recall the following [67, Proposition 9.1.3].

Lemma 2.11. Suppose that V = q1q2 with q1, q2 ∈ C∞c (Rn). If n = 1, let p ≥ 1, if n = 2, 3
let p ≥ 2 and if n ≥ 4 let p ≥ n. Define for z ∈ C \ R the function

Dp(z) = Detp(Id + q1R0(z)q2).

Then we have

lim
|z|→∞

Dp(z) = 1

uniformly in Arg(z). By the limiting absorption principle this limit extends to the positive real
axis also.

We now recall the spectral shift function [10, 49] for the pair (H,H0) and some of its defining
properties (see [67, Proposition 0.9.2 and Theorem 0.9.7]).

Theorem 2.12. Suppose that V ∈ C∞c (Rn) and let S be the corresponding scattering opera-
tor. Then there exists a unique (up to an additive constant) real-valued piecewise C1 function
ξ(·, H,H0) : R→ R such that

Tr(f(H)− f(H0)) =

∫
R
ξ(λ,H,H0)f ′(λ) dλ (2.7)

for all f : R→ C with two locally bounded derivatives and satisfying(
λm+1f ′(λ)

)′
= O

(
λ−1−ε) (2.8)

as λ → ∞ for some ε > 0 and any integer m > n
2 . We specify ξ(·, H,H0) uniquely by the

convention ξ(λ,H,H0) = 0 for λ sufficiently negative and thus ξ(·, H,H0) satisfies for λ < 0
the relation

ξ(λ,H,H0) = −
K∑
k=1

M(λk)χ[λk,∞)(λ),

where we have indexed the distinct eigenvalues of H as λ1 < · · · < λK ≤ 0 and each λj has
multiplicity M(λj). Furthermore, we have ξ(·, H,H0)|(0,∞) ∈ C1(0,∞) and for λ > 0 the
relations

Det(S(λ)) = e−2πiξ(λ) and Tr
(
S(λ)∗S′(λ)

)
= −2πiξ′(λ)

hold.
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We call ξ(·, H,H0) the spectral shift function for the pair (H,H0) and will often just write
ξ = ξ(·, H,H0). Using integration by parts we can rewrite the definining property (2.7),
obtaining the Birman-Krĕın trace formula (see [31, Theorem III.4]).

Lemma 2.13. Suppose that V ∈ C∞c (Rn) and let S, ξ be the corresponding scattering operator
and spectral shift function. Then for all f : R → C with two locally bounded derivatives
satisfying (2.8) we have

Tr(f(H)− f(H0)) =
1

2πi

∫ ∞
0

f(λ)Tr
(
S(λ)∗S′(λ)

)
dλ+

K∑
k=1

f(λk)M(λk)

+ f(0) (ξ(0−)− ξ(0+)−M(0)) ,

where we have defined ξ(0±) = lim
ε→0+

ξ(±ε).

In fact by Theorem 2.12 we have, with N the total number of eigenvalues of H counted with
multiplicity, the relation ξ(0−) = −N + M(0). We can then rewrite the Birman-Krĕın trace
formula as

Tr(f(H)− f(H0)) =
1

2πi

∫ ∞
0

f(λ)Tr
(
S(λ)∗S′(λ)

)
dλ+

K∑
k=1

f(λk)M(λk) + f(0) (−N − ξ(0+)) .

Combining the results of Lemmas 2.9 and 2.11 with Theorem 2.12 we can determine the high-
energy behaviour of the spectral shift function.

Lemma 2.14. Suppose that V = q1q2 with q1, q2 ∈ C∞c (Rn). If n = 1, let p ≥ 1, if n = 2, 3
let p ≥ 2 and if n ≥ 4 let p ≥ n. Then we have the limit

lim
λ→∞

(
−2πiξ(λ) +

p−1∑
`=1

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
))

= 2πim

for some m ∈ Z.

Proof. Using Lemma 2.9 and Theorem 2.12 we have

Detp (Id + q1R0(λ− i0)q2)

Detp (Id + q1R0(λ+ i0)q2)

= Det(S(λ)) exp

(
p−1∑
`=1

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
))

= exp

(
−2πiξ(λ) +

p−1∑
`=1

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
))

.

By Lemma 2.11 we have

lim
λ→∞

Detp (Id + q1R0(λ− i0)q2)

Detp (Id + q1R0(λ+ i0)q2)
= 1,

from which the result follows.
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Remark 2.15. We can fix a branch of the meromorphic function ln Detp(Id + q1R0(z)q2) by the
condition

lim
|z|→∞

Arg Detp(Id + q1R0(z)q2) = 0.

Fixing this branch gives m = 0 in Lemma 2.14 and we take this convention for the rest of this
article.

In Section 4 we will determine a more explicit expression for the high-energy behaviour of
the spectral shift function using the traces in Lemma 2.14. The fact that the spectral shift
function does not converge as λ→∞ was known in dimension n = 3 as early as Buslaev [15]
(see also Newton [55], Bollé and Osborn [11] and Dreyfus [23, 24]) and in higher dimensions in
the work of Guillopé [31, 32]. Precise high-energy asymptotics for the spectral shift function
and its derivatives are well-known in the literature, see for example [31, 57, 63].

2.2 The form of the wave operator

Define the operator

ϕ(Dn) =
1

2

(
Id + tanh (πDn)− iA cosh (πDn)−1

)
, (2.9)

where A = Id if n ≥ 2 and A is a self-adjoint involution which commutes with D1 if n = 1.

The following result is the culmination of a number of works, [46, Theorem 5] in dimension
n = 1, [62, Theorem 1.3] and [3, Lemma 4.3 and Proposition 5.5] in dimension n = 2, [59,
Theorem 1.1] in dimension n = 3, [4, Theorem 3.1] and [5, Lemma 4.3] in dimension n = 4
and [4, Theorem 3.1] in dimension n ≥ 5.

Theorem 2.16. Suppose that V ∈ C∞c (Rn). Then the wave operator W− satisfies

W− = (Id + ϕ(Dn)(S − Id))Wres +K, (2.10)

where K is a compact operator, Wres = Id for n 6= 2, 4 and Wres is a Fredholm operator
depending on the existence of s-resonances in dimension n = 4 and on the existence of p-
resonances in dimension n = 2. In particular, for n = 4 we have Index(Wres) is equal to
the number of s-resonances and for n = 2 we have Index(Wres) is equal to the number of
p-resonances.

The explicit form of Wres is not important for the analysis we present, and has been discussed
thoroughly in dimension n = 2 in [3] and in dimension n = 4 in [5]. We note that in dimension
n = 2, the statement of [3, Lemma 4.3] differs from Theorem 2.16 in that the resonant contri-
bution is additive, however the proof of [3, Proposition 5.5] demonstrates the construction of
the operator Wres and the relation between the two statements.

3 Generalised wave operators and index pairings

Motivated by the form of the wave operator in Theorem 2.16 we define a class of Fredholm
operators, parametrised by particular unitaries, which allow us to reinterpret Levinson’s theo-
rem as an index pairing, as well as accounting for the contribution of resonances in dimensions
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n = 1, 3. Let Dn be as in Equation (2.3) and let A ∈ B(H) be a self-adjoint involution which
commutes with Dn. Define the operator ϕ(Dn) by Equation (2.9).

If T ∈ B(H) commutes with H0, there exists a family {T (λ)}λ∈R+ of operators in B(P) such
that [F0TF

∗
0 f ](λ, ω) = T (λ)f(λ, ω) for all f ∈ Hspec, λ ∈ R+ and ω ∈ Sn−1. We call T (·) the

matrix of T .

Definition 3.1. We say that a unitary U ∈ B(H) is admissable if [U,H0] = 0, the matrix of
U is norm continuous in λ ∈ R+ and U(λ) − Id ∈ L1(P) for all λ ∈ R+. We say that U is
properly admissable if in addition we have U(0) = lim

λ→∞
U(λ) = Id, where the limit is taken in

the norm of B(P).

Lemma 3.2. Let U ∈ B(H) be a properly admissable unitary. Then U defines a K-theory
class [U ] ∈ K1 ((C0(R+)⊗K(P))

∼
).

Proof. Since U − Id ∈ C0(R+) ⊗ K(P), U ∈ (C0(R+)⊗K(P))
∼

and thus defines a K-theory
class [U ] ∈ K1 ((C0(R+)⊗K(P))

∼
).

Lemma 3.3. Let U ∈ B(H) be a properly admissable unitary. Then the operator WU ∈ B(H)
defined by

WU = Id + ϕ(Dn)(U − Id) (3.1)

is a Fredholm operator.

Proof. We show that W ∗U is an inverse for WU up to compacts. We compute that

WUW
∗
U = (Id + ϕ(Dn)(U − Id)) (Id + (U∗ − Id)ϕ(Dn)∗)

= Id + ϕ(Dn)(U − Id) + (U∗ − Id)ϕ(Dn)∗ + ϕ(Dn)(U − Id)(U∗ − Id)ϕ(Dn)∗.

By [6, Theorem 4.1.10] the commutators [U∗, ϕ(Dn)∗] and [U + U∗, ϕ(Dn)∗] are compact and
thus we can write

WUW
∗
U = Id + ϕ(Dn)(U − Id) + ϕ(Dn)∗(U∗ − Id) + ϕ(Dn)ϕ(Dn)∗(U − Id)(U∗ − Id) +K1,

where K1 is compact. By [4, Lemma 3.3] the operator (ϕ(Dn)∗ −ϕ(Dn))(U∗ − Id) is compact
and so we have

WUW
∗
U = Id + ϕ(Dn)(U − Id) + ϕ(Dn)(U∗ − Id) + ϕ(Dn)ϕ(Dn)∗(U − Id)(U∗ − Id) +K2,

where K2 is compact. Using the identity cosh (·)−2 + tanh (·)2 = 1 and the fact that A is a
self-adjoint involution commuting with all functions of Dn we find

ϕ(Dn)ϕ(Dn)∗ =
1

2
(Id + tanh (πDn)) .

A further application of [4, Lemma 3.3] then gives that (ϕ(Dn)ϕ(Dn)∗ − ϕ(Dn)) (U − Id) is a
compact operator and so we have

WUW
∗
U = Id + ϕ(Dn)(U − Id) + ϕ(Dn)(U∗ − Id) + ϕ(Dn)(U − Id)(U∗ − Id) +K3

= Id +K3,

where K3 is a compact operator. A similar calculation shows that W ∗U is a right inverse for
WU up to compacts and so WU defines a Fredholm operator.

11



Since the composition of properly admissable unitaries is itself a properly admissable unitary,
we have a natural product rule for operators of the form WU .

Lemma 3.4. Let U1, U2 ∈ B(H) be properly admissable unitaries. For j = 1, 2, define opera-
tors WUj by Equation (3.1). Then we have WU1WU2 = WU1U2, up to a compact operator.

Proof. We compute the product

WU1WU2 = Id + ϕ(Dn)(U1 + U2 − 2Id) + ϕ(Dn)(U1 − Id)ϕ(Dn)(U2 − Id).

Noting by [6, Theorem 4.1.10] that the commutator [U1, ϕ(Dn)] is compact we have

WU1WU2 = Id + ϕ(Dn)(U1 + U2 − 2Id) + ϕ(Dn)2(U1 − Id)(U2 − Id) +K1

for a compact operator K1. Using, as in the proof of Lemma 3.3, that the operator given by
(ϕ(Dn)ϕ(Dn)∗ − ϕ(Dn)) (U1 − Id) is compact, we find

WU1WU2 = Id + ϕ(Dn)(U1 + U2 − 2Id) + ϕ(Dn)(U1 − Id)(U2 − Id) +K2

= Id + ϕ(Dn) (U1U2 − Id) +K2

= WU1U2 +K2,

for a compact operator K2.

In fact Lemma 3.4 can be extended to show that we have a partially defined product rule.

Lemma 3.5. Let U1, U2 ∈ B(H) be admissable unitary operators with U1(0) = U2(0) and
lim
λ→∞

U1(λ) = lim
λ→∞

U2(λ), where the limits are taken in the norm of B(P). For j = 1, 2, define

operators WUj by Equation (3.1). Then we have WU1 = WU1U∗2
WU2, up to a compact operator.

Proof. Note that U1U
∗
2 is a properly admissable unitary by construction. Hence we can apply

(the proof of) Lemma 3.4 to see that

WU1U∗2
WU2 = WU1 +K

for some compact operator K.

The following useful property shows that even if neither of the unitaries U1 and U2 are properly
admissable, we may still deduce the Fredholm property of WU2 given that of WU1 and that
both are close enough in some sense.

Corollary 3.6. Let U1, U2 ∈ B(H) be admissable unitary operators with U1(0) = U2(0) and
lim
λ→∞

U1(λ) = lim
λ→∞

U2(λ), where the limits are taken in the norm of B(P). For j = 1, 2, define

operators WUj by Equation (3.1). Then if one of the operators WUj is Fredholm, so is the
other.

Proof. Suppose, without loss of generality, that WU2 is Fredholm. Then since the unitary U1U
∗
2

is properly admissable, we have WU1U∗2
is Fredholm by Lemma 3.3. Since the composition of

Fredholm operators is also Fredholm, Lemma 3.5 shows that WU1 is Fredholm also.
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3.1 The index pairing

We now show how the form of the wave operator implies, generically, that the number of bound
states can be computed as an index pairing between K-theory and K-homology, see [16, 33].

We begin by recalling the definition of a spectral triple.

Definition 3.7. An odd spectral triple (A,H,D) is given by a Hilbert space H, a dense
∗-subalgebra A ⊂ B(H) acting on H, and a densely defined unbounded self-adjoint operator
D such that

1. a · Dom(D) ⊂ Dom(D) for all a ∈ A, so that da := [D, a] is densely defined. Moreover
da extends to a bounded operator for all a ∈ A;

2. a(Id + D2)−
1
2 ∈ K(H) for all a ∈ A.

The following is [4, Corollary 4.4], providing the spectral triple of interest to us for scattering
purposes.

Lemma 3.8. The data
(
C∞c (R+)⊗K(P), L2(R+)⊗ P, D+ ⊗ Id

)
defines an odd spectral triple,

and so a class [D+] in odd K-homology.

Lemma 3.2 and Lemma 3.8 tell us that for a properly admissable unitary U we can pair the
classes [D+] and [U ] to obtain an integer (see [33, Section 8.7] for details). The following can
be proved in an identical manner to [4, Theorem 4.7].

Theorem 3.9. Let U ∈ B(H) be a properly admissable unitary and define WU as in Equation
(3.1). Let [D+] be defined by Lemma 3.8. Then

〈[U ], [D+]〉 = −Index(WU ).

Generically, we have that S(0) = Id and thus we obtain, as in [4, Theorem 4.7] the following
pairing for scattering operators.

Lemma 3.10. Let H = H0 +V be such that the wave operators exist, are complete and are of
the form of Equation (3.1). Let S be the corresponding scattering operator. If S(0) = Id then
we have the pairing

〈[S], [D+]〉 = −Index(W−) = N,

the number of bound states for H.

We note that the S(0) 6= Id case cannot immediately be handled by the simple pairing described
in Lemma 3.10 and we address this in Section 5. In the presence of p-resonances in dimension
n = 2 and s-resonances in dimension n = 4 the wave operator is not of the form of Equation
(3.1) and thus requires some modification, resulting in the following.

Lemma 3.11. Suppose that V ∈ C∞c (Rn), n = 2, 4 and let S be the corresponding scattering
operator. Let Wres be as in Theorem 2.16. Then we have the pairing

〈[D+], [S]〉 = −Index(W−W
∗
res) = N + Index(Wres),

where Index(Wres) is the number of p-resonances if n = 2 and the number of s-resonances if
n = 4.

13



4 Trace class properties of the scattering matrix

In this section we describe the high-energy behaviour of the scattering operator in the trace
norm using the expression for Det(S(λ)) of Lemma 2.9. As a result we determine, using
pseudodifferential expansions of the resolvent and the limiting absorption principle, the leading
order high-energy asymptotics of the spectral shift function ξ and its derivative. These leading
order asymptotics are related to the heat kernel expansion as t → 0+ of the trace of the
difference e−tH − e−tH0 .

Lemma 4.1. Suppose that g1, g2 : Rn → C are compactly supported with g = g1g2. For
λ > 0 define the operator B(λ) ∈ B(H) by B(λ) = g1 (R0(λ+ i0)−R0(λ− i0)) g2. Then
B(λ) ∈ L1(H) and

Tr (B(λ)) =
(2πi)λ

n−2
2 Vol(Sn−1)

2(2π)n

∫
Rn
g(x) dx.

Furthermore, for t > 1
2 and λ > 0 we have the equality R0(λ+i0)−R0(λ−i0) = 2πiΓ0(λ)∗Γ0(λ)

as operators in B(H0,t, H0,−t).

Proof. Fix t > 1
2 and λ > 0. As an operator in B(H0,t, H0,−t) we have (see [1, Equation 4.3]

and [7, Equation 15]) that A(λ) = R0(λ+ i0)−R0(λ− i0) is an integral operator with integral
kernel

A(λ, x, y) =
(2πi)

2(2π)n
λ
n−2
2

∫
Sn−1

eiλ
1
2 〈ω,x−y〉 dω,

for x, y ∈ Rn. Direct computation shows that the integral kernel of (2πi)Γ0(λ)∗Γ0(λ) is the
same as that of A(λ).

That B(λ) is trace class is proved in [31, Lemma III.2] (see also the comments on the bottom
of page 32 of [31]), however we provide a simple alternative proof. Direct computation shows
that g1Γ0(λ)∗ ∈ L2(P,H) and Γ0(λ)g2 ∈ L2(H,P) and thus B(λ) ∈ L1(H).

We can then compute the trace of B(λ) by integrating along the diagonal, which completes
the proof.

The computation of the trace of B(λ) was first done in dimension n = 3 by Buslaev [15] (see
also Newton [55] and Bollé and Osborn [11]).

In fact we can differentiate B(λ) arbitrarily in λ in the trace norm.

Lemma 4.2. Suppose that g1, g2 are compactly supported and g = g1g2. For λ > 0 define the
operator B(λ) ∈ L1(H) by B(λ) = g1 (R0(λ+ i0)−R0(λ− i0)) g2. Then B(λ) is differentiable
in λ in the norm of L1(H) and for all ` ∈ N we have

d`−1

dλ`−1
B(λ) = (`− 1)!g1

(
R0(λ+ i0)` −R0(λ− i0)`

)
g2. (4.1)

In particular for λ > 0 and ` ∈ N we have that g1

(
R0(λ+ i0)` −R0(λ− i0)`

)
g2 has for

x, y ∈ Rn the integral kernel

(2πi)Γ
(
n
2

)
λ
n
2
−`

2(`− 1)!Γ
(
n
2 + 1− `

)
(2π)n

g1(x)g2(y)

∫
Sn−1

e−iλ
1
2 〈ω,y−x〉 dω + Ã(λ, x, y)
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where Ã(λ, ·, ·) vanishes on the diagonal and thus

Tr
(
g1

(
R0(λ+ i0)` −R0(λ− i0)`

)
g2

)
=

(2πi)Γ
(
n
2

)
λ
n
2
−`Vol(Sn−1)

2(`− 1)!Γ
(
n
2 + 1− `

)
(2π)n

∫
Rn
g(x) dx. (4.2)

Proof. That B(λ) is differentiable is proved in [67, Lemma 8.1.8] and so we obtain Equation
(4.1). Differentiating (`− 1) times the integral kernel for B(λ) we obtain

d`−1

dλ`−1
B(λ, x, y) =

(2πi)

2(2π)n
g1(x)g2(y)

`−1∑
j=0

(
`− 1

j

)(
dj

dλj
λ
n−2
2

)
d`−1−j

dλ`−1−j

∫
Sn−1

eiλ
1
2 〈ω,x−y〉 dω.

By factoring as the product of two Hilbert-Schmidt operators as in Lemma 4.1, each term in
the sum is individually trace class. All terms except the j = `− 1 term vanish on the diagonal
since they contain an 〈ω, x − y〉`−1−j term, so integrating over the diagonal gives Equation
(4.2).

To evaluate some further traces, we need to be able to integrate polynomials over Sn−1. We
use the following result [26].

Lemma 4.3. Let α be a multi-index of length n and let Pα : Rn → C be given by Pα(x) =
xα = xα1

1 · · ·xαnn . Then

∫
Sn−1

Pα(ω) dω =


0, if some αj is odd,

2Γ
(
α1+1

2

)
···Γ(αn+1

2 )

Γ
(
n+|α|

2

) , if all αj are even.

Lemma 4.4. Suppose that α is a multi-index of length n, g ∈ Cc(Rn) and let X = g∂α, a
differential operator of order |α|. Then for t > 0 we have

Tr
(
Xe−tH0

)
=

(−i)|α|Γ
(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
t−

n+|α|
2

(2π)n

(∫
Rn
g(x) dx

)
if all αj are even and Tr

(
Xe−tH0

)
= 0 otherwise.

Proof. We compute the trace as

Tr
(
Xe−tH0

)
=

(−i)|α|

(2π)n

(∫
Rn
g(x) dx

)(∫
Rn
yαe−t|y|

2
dy

)
.

If any of the components αj is odd, then by changing to hyperspherical coordinates we find
that Tr

(
Xe−tH0

)
= 0 by Lemma 4.3. If all of the αj are even we obtain

Tr
(
Xe−tH0

)
=

2(−i)|α|Γ
(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
(2π)nΓ

(
n+|α|

2

) (∫
Rn
g(x) dx

)(∫ ∞
0

r|α|+n−1e−tr
2

dr

)

=
(−i)|α|Γ

(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
t−

n+|α|
2

(2π)n

(∫
Rn
g(x) dx

)
,

where we have used hyperspherical coordinates and Lemma 4.3 to compute the spherical inte-
gral.
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Lemma 4.5. Suppose that α is a multi-index of length n, g1, g2 ∈ Cc(Rn) and let g = g1g2.

Let X = g2∂
α be a differential operator of order |α|. Fix ` ∈ N with ` ≤ n+|α|

2 if n is even.
Then for λ > 0 we have

Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
=

(−i)|α|(2πi)Γ
(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
λ
n+|α|

2
−`

(`− 1)!Γ
(
n
2 + 1− `+ |α|

2

)
(2π)n

(∫
Rn
g(x) dx

)

if all αj are even and Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
= 0 otherwise. If n is even and

` > n+|α|
2 then Tr

(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
= 0 also.

Proof. Fix λ > 0. The integral kernel of B(λ) = (R0(λ+ i0)−R0(λ− i0)) g1 is given by

B(λ, x, y) =
(2πi)λ

n
2
−1

2(2π)n
g1(y)

∫
Sn−1

e−iλ
1
2 〈ω,y−x〉 dω.

Letting A(λ) = X (R0(λ+ i0)−R0(λ− i0)) g1 we see by Lemma 4.1 that A(λ) has integral
kernel

A(λ, x, y) =
(−i)|α|(2πi)λ

n+|α|
2
−1

2(2π)n
g2(x)g1(y)

∫
Sn−1

ωα1
1 · · ·ω

αn
n e−iλ

1
2 〈ω,y−x〉 dω.

Applying now the techniques of Lemma 4.2 we differentiate (` − 1) times to find that the
operator A`(λ) = X(R0(λ+ i0)` −R0(λ− i0)`)g1 has integral kernel

A`(λ, x, y) =
(−i)|α|(2πi)Γ

(
n+|α|

2

)
λ
n+|α|

2
−1

2Γ
(
n
2 + 1− `+ |α|

2

)
(2π)n

g2(x)g1(y)

∫
Sn−1

ωα1
1 · · ·ω

αn
n e−iλ

1
2 〈ω,y−x〉 dω

+ Ã(λ, x, y),

where Ã(λ, ·, ·) has vanishing trace. Integrating over the diagonal gives that

Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
=

(−i)|α|(2πi)Γ
(
n+|α|

2

)
λ
n+|α|

2
−`

2(`− 1)!Γ
(
n
2 + 1− `+ |α|

2

)
(2π)n

(∫
Rn
g(x) dx

)(∫
Sn−1

ωα1
1 · · ·ω

αn
n dω

)
.

If some αj is odd we find Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
= 0 by Lemma 4.3. If all αj

are even we have

Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
=

(−i)|α|(2πi)Γ
(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
λ
n+|α|

2
−`

(`− 1)!Γ
(
n
2 + 1− `+ |α|

2

)
(2π)n

(∫
Rn
g(x) dx

)
,

again by Lemma 4.3.
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For the next statement, we introduce for m ∈ N ∪ {0} and f ∈ C∞c (Rn) the notation f (m) =
[H0, [H0, [· · · , [H0, f ] · · · ]]] (where the expression has m commutators). Note that f (m) is a
differential operator of order m.

Lemma 4.6. Suppose that q1, q2 ∈ C∞c (Rn) with V = q1q2. Then for all z ∈ C \R, ` ∈ N and
K ∈ N ∪ {0} we have

(q1R0(z)q2)` = q1

 K∑
|k|=0

(−1)|k|+1C`−1(k)V (k1) · · ·V (k`−1)R0(z)`+|k|

 q2 + q1PK,`(z)q2, (4.3)

where PK,`(z) is of order at most −2`−K − 1, k is a multi-index of length (`− 1) and

C`(k) =
(|k|+ `)!

k1!k2! · · · k`!(k1 + 1)(k1 + k2 + 2) · · · (|k|+ `)
.

When ` = 1 we have no remainder term. For all z ∈ C \ R, M ∈ N and K ∈ N ∪ {0} we have

R(z)−R0(z) =
M∑
m=1

 K∑
|k|=0

(−1)m+|k|Cm(k)V (k1) · · ·V (km)R0(z)m+|k|+1 + PK,m(z)

 (4.4)

+ (−1)M+1(R0(z)V )M+1R(z),

where PK,m(z) has order (at most) −2m−K − 3 and k is a multi-index of length m.

Proof. Equation (4.3) follows from the pseudodifferential calculus of [18, Lemma 6.11]. For
Equation (4.4), we write

R(z)−R0(z) =

M∑
m=1

(−1)m(R0(z)V )mR0(z) + (−1)M+1(R0(z)V )M+1R(z).

Applying again [18, Lemma 6.11] we have

R(z)−R0(z) =

M∑
m=1

 K∑
|k|=0

(−1)m+|k|Cm(k)V (k1) · · ·V (km)R0(z)m+|k|+1 + PK,m(z)


+ (−1)M+1(R0(z)V )M+1R(z),

where PK,m(z) has order (at most) −2m−K − 3.

Since V ∈ C∞c (Rn) and for ` ∈ N and k a multi-index of length ` we have V (k1) · · ·V (k`) is a
differential operator of order |k| with smooth compactly supported coefficients, we can write

V (k1) · · ·V (k`) =

|k|∑
|r|=0

gk,r∂
r, (4.5)

with r a multi-index with n components and gk,r ∈ C∞c (Rn). With this notation, we obtain
the following heat kernel expansion due to Colin de Verdière [20] in odd dimensions (see also
[25, Theorem 3.64] for a general proof and [8] for explicit computations of some coefficients).
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We provide a detailed proof using the pseudodifferential expansion of Lemma 4.6 and the trace
formulae of Lemma 4.4. As a result we obtain an expression for the coefficients which differs
from [25, Theorem 3.64] or [8], although is equivalent. This new expression is necessary for a
comparison with the high-energy behaviour of the scattering operator, as we show in Theorem
4.13.

Proposition 4.7. Suppose that q1, q2 ∈ C∞c (Rn) and V = q1q2. Then for any J ∈ N we have
the expansion

Tr
(
e−tH − e−tH0

)
=

J∑
j=1

aj(n, V )tj−
n
2 + EJ(t),

where EJ(t) = O
(
tJ+1−n

2

)
as t→ 0+. For j ∈ N we define the set

QM,K(j) =

{
(m, k, r) ∈ {0, 1, . . . ,M} × {0, 1, . . . ,K}m × {0, 1, . . . ,K}n : |r| ≤ |k|,

all rj are even and m+ |k|+ 1− |r|
2

= j

}
.

The constants aj(n, V ) are given by

aj(n, V ) =
∑

(m,k,r)∈QM,K(j)

(−i)|r|Cm(k)(−1)m+|k|+1Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
(2π)n(m+ 1)(m+ |k|)!

(∫
Rn
V (x)gk,r(x) dx

)
,

where we have used the notation of Equation (4.5).

Proof. Fix t > 0. By [25, Theorem 3.64] we have e−tH − e−tH0 ∈ L1(H). Choose a > 0 such
that a > |λ| for all λ ∈ σp(H) and define the vertical line γt = {−a− 1

t + iv : v ∈ R}. We write

Tr
(
e−tH − e−tH0

)
= Tr

(∫ 1

0

d

ds
e−t(H0+sV ) ds

)
= −t

∫ 1

0
Tr
(
V e−t(H0+sV )

)
ds.

Cauchy’s integral theorem tells us that for all s ∈ [0, 1] we have

e−t(H0+sV ) =
1

2πi

∫
γt

e−tz(z −H0 − sV )−1 dz = − 1

2πi

∫
γt

e−tzRs(z) dz,

where we have introduced the notation Rs(z) = (H0 + sV − z)−1. An application of Lemma
4.6 gives us for all M,K ∈ N ∪ {0} the expansion

Rs(z) =
M∑
m=0

 K∑
|k|=0

(−1)m+|k|smCm(k)V (k1) · · ·V (km)R0(z)m+|k|+1 + smPK,m(z)


+ (−1)M+1sM+1(R0(z)V )M+1Rs(z).
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Thus we write

Tr
(
V e−t(H0+sV )

)
= −Tr

(
1

2πi

∫
γt

e−tzRs(z) dz

)

= −Tr

(
1

2πi

∫
γt

e−tz
M∑
m=0

K∑
|k|=0

(−1)m+|k|smCm(k)V V (k1) · · ·V (km)R0(z)m+|k|+1 dz

)

− Tr

(
1

2πi

∫
γt

e−tz
M∑
m=0

smV PK,m(z)dz − 1

2πi

∫
γt

e−tz(−1)M+1sM+1V (R0(z)V )M+1Rs(z)dz

)

:= −Tr

(
1

2πi

∫
γt

e−tz
M∑
m=0

K∑
|k|=0

(−1)m+|k|smCm(k)V V (k1) · · ·V (km)R0(z)m+|k|+1 dz

)
+ eM,K(t, s).

We now apply Cauchy’s integral formula again to obtain

1

2πi

∫
γt

e−tzR0(z)m+|k|+1 dz = (−1)m+|k|+1 1

2πi

∫
γt

e−tz(z −H0)−m−|k|−1 dz

=
(−1)m+|k|+1

(m+ |k|)!
dm+|k|

dzm+|k|

(
e−tz

)
|z=H0 = − tm+|k|

(m+ |k|)!
e−tH0 .

Hence we find

Tr
(
V e−t(H0+sV )

)
=

M∑
m=0

K∑
|k|=0

(−1)m+|k|sm
Cm(k)

(m+ |k|)!
tm+|k|Tr

(
V V (k1) · · ·V (km)e−tH0

)
+ eM,K(t, s).

Integrating out the s variable we have

Tr
(
e−tH − e−tH0

)
= −t

∫ 1

0
Tr
(
V e−t(H0+sV )

)
ds

=

M∑
m=0

K∑
|k|=0

(−1)m+|k|+1Cm(k)

(m+ 1)(m+ |k|)!
tm+|k|+1Tr

(
V V (k1) · · ·V (km)e−tH0

)
− t
∫ 1

0
eM,K(t, s) ds.

We now use Lemma 4.4 to write

M∑
m=0

K∑
|k|=0

(−1)m+|k|+1Cm(k)

(m+ 1)(m+ |k|)!
tm+|k|+1Tr

(
V V (k1) · · ·V (km)e−tH0

)

=

M∑
m=0

K∑
|k|=0

|k|∑
|r|=0
r even

(−i)|r|(−1)`+m+|k|Cm(k)Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
tm+|k|+1−n+|r|

2

(m+ 1)(m+ |k|)!(2π)n

×
(∫

Rn
V (x)gk,r(x) dx

)
,

19



where the sum is over all multi-indices r of length n such that all rj are even. We now collect
together powers of t. For j ∈ N we define the set

QM,K(j) =

{
(m, k, r) ∈ {0, 1, . . . ,M} × {0, 1, . . . ,K}m × {0, 1, . . . ,K}n : |r| ≤ |k|,

all rj are even and m+ |k|+ 1− |r|
2

= j

}
and the coefficients

aj(n, V ) =
∑

(m,k,r)∈QM,K(j)

(−i)|r|(−1)m+|k|+1Cm(k)Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
(m+ 1)(m+ |k|)!(2π)n

(∫
Rn
V (x)gk,r(x) dx

)
.

The aj(n, V ) allow us to write

M∑
m=0

K∑
|k|=0

(−1)m+|k|+1Cm(k)

(m+ 1)(m+ |k|)!
tm+|k|+1Tr

(
V V {k1} · · ·V {km}e−tH0

)
=

M+1∑
j=1

aj(n, V )t−
n
2

+j +G(t),

where G(t) = O(tM+2−n
2 ) as t→ 0+. Thus we have the expansion

Tr
(
e−tH − e−tH0

)
=

M+1∑
j=1

aj(n, V )t−
n
2

+j +G(t)− t
∫ 1

0
eM,K(t, s).

It remains to check the behaviour of the final remainder term, which consists of two types of
terms. Recall that the operator PK,m(z) has order (at most) −2m −K − 3. By [18, Lemma
6.12] there exists a constant C (depending on V , m and K but not z) such that∣∣∣∣∣∣R0(z)−m−

K
2
− 1

2 q2PK,m(z)
∣∣∣∣∣∣ ≤ C.

Choose K ≥ n −m, large enough so that q1R0(z)m+K
2

+ 1
2 defines a trace-class operator. We

use Hölder’s inequality for Schatten classes to find

||V PK,m(z)||1 ≤ C
∣∣∣∣∣∣q1R0(z)m+K

2
+ 1

2

∣∣∣∣∣∣
1
.

We can now estimate the remainder term via∣∣∣∣∣∣∣∣∫ 1

0
sm
∫
γt

e−tzPK,m(z) dz ds

∣∣∣∣∣∣∣∣
1

≤ C

m+ 1

∫
R

eat+1
∣∣∣∣∣∣q1R0(z)m+K

2
+ 1

2

∣∣∣∣∣∣
1

dv

≤ C̃eat+1

∫
R

((
a+

1

t

)2

+ v2

)−m
2
−K

4
− 1

4
+n+1

4

dv.

Make the substitution v =
(
a+ 1

t

)
w to find∣∣∣∣∣∣∣∣∫ 1

0
sm
∫
γt

e−tzPK,m(z) dz ds

∣∣∣∣∣∣∣∣
1

≤ C̃eat+1

∫
R

((
a+

1

t

)2

+ v2

)−m
2
−K

4
− 1

4
+n+1

4

dv

= C̃eat
(
a+

1

t

)−m−K
2
− 1

2
+n+1

2
∫
R

(1 + w2)−
m
2
−K

4
− 1

4
+n+1

4 dw

≤ Ceattm+K
2

+ 1
2
−n+1

2

∫
R

(1 + w2)−
m
2
−K

4
− 1

4
+n+1

4
−1 dw

= O
(
tm+K

2
−n

2

)
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as t→ 0+. A similar estimate shows that∣∣∣∣∣∣∣∣∫ 1

0
sM+1

∫
γt

V (R0(z)V )M+1Rs(z)e
−tz dz ds

∣∣∣∣∣∣∣∣
1

= O
(
tM+2−n+1

2

)
as t→ 0+. Taking J = M + 1 completes the proof.

Remark 4.8. The heat kernel coefficients aj(n, V ) are well-known and have been computed for
small j by many authors, see for example [8] and [20] in this context. The first few are

a1(n, V ) = −
Γ
(
n
2

)
Vol(Sn−1)

2(2π)n

∫
Rn
V (x) dx,

a2(n, V ) =
Γ
(
n
2

)
Vol(Sn−1)

4(2π)n

∫
Rn
V (x)2 dx,

a3(n, V ) = −
Γ
(
n
2

)
Vol(Sn−1)

6(2π)n

∫
Rn

(
V (x)3 +

1

2
|[∇V ](x)|2

)
dx.

The expression for the aj(n, V ) provided by Proposition 4.7 provides a systematic way of
computing these coefficients.

Truncating the heat kernel expansion of Proposition 4.7 at J = bn2 c we can write for t > 0 the
expression

Tr
(
e−tH − e−tH0

)
=

bn
2
c∑

j=1

aj(n, V )tj−
n
2 + Ebn

2
c(t) (4.6)

=

bn−1
2
c∑

j=1

aj(n, V )

Γ
(
n
2 − j

) ∫ ∞
0

λ
n
2
−j−1e−tλ dλ+

(−1)n + 1

2
abn

2
c(n, V ) + Ebn

2
c(t),

where we have separated out the constant term in even dimensions as

βn(V ) =
(−1)n + 1

2
abn

2
c(n, V ). (4.7)

Definition 4.9. We define the high-energy polynomial for ξ′ to be pn : (0,∞)→ C given for
λ ∈ (0,∞) by

pn(λ) =

bn−1
2
c∑

j=1

cj(n, V )λ
n
2
−j−1 :=

bn−1
2
c∑

j=1

(2πi)aj(n, V )

Γ
(
n
2 − j

) λ
n
2
−j−1.

By [63, Theorem 1.2] the high-energy polynomial pn is related to the spectral shift function by
lim
λ→∞

(
−2πiξ′(λ)− pn(λ)

)
= 0.

We can explicitly determine pn for small n as p1 = p2 = 0,

p3(λ) = −(2πi)λ−
1
2 Vol(S2)

4(2π)3

∫
R3

V (x) dx =
(2πi)λ−

1
2a1(3, V )

Γ
(

1
2

) ,

p4(λ) = −(2πi)Vol(S3)

2(2π)4

∫
R4

V (x) dx = (2πi)a1(4, V ).

We can use Proposition 4.7 and the Birman-Krĕın trace formula to analyse the integrability of
the (derivative of) the spectral shift function on R+.
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Lemma 4.10. Suppose that V ∈ C∞c (Rn). Then the function Tr (S(·)∗S′(·))− pn is integrable
on R+. In particular, if n = 1, 2 we have Tr (S(·)∗S′(·)) ∈ L1(R+).

Proof. Since ξ|(0,∞) ∈ C1((0,∞)) by Theorem 2.12 it suffices to check integrability in a neigh-
bourhood of zero and a neighbourhood of infinity. The lowest power in the high-energy poly-
nomial pn is λ−

1
2 and thus pn is integrable in a neighbourhood of zero. That ξ′ is integrable

in a neighbourhood of zero is the statement of [43, Theorem 5.2]. This can also be proved
directly by using the resolvent expansions of [38, 39, 41, 42] and Equation (2.6) to analyse the
small λ behaviour of Tr (S(λ)∗S′(λ)) as in [19, Lemma 5.1].

For the claim regarding the integrability in a neighbourhood of infinity, we use the high-energy
asymptotics of [57, Theorem 1]. The result is that for sufficiently large λ we have the estimate∣∣Tr

(
S(λ)∗S′(λ)

)
− pn(λ)

∣∣ ≤ Cλn2−bn−1
2
c−2,

from which the integrability of Tr (S(·)∗S′(·))−pn in a neighbourhood of infinity follows (there
is no coefficient of λ−1 in even dimensions by [43, Theorem 5.3], although this will follow from
Theorem 4.13 also).

Remark 4.11. In fact, at this point we can almost deduce Levinson’s theorem from the Birman-
Krĕın trace formula and Lemma 4.10 (see [31, Theorem IV.5] and [32, Section 5.B]). From
Proposition 4.7 we have the limit

0 = lim
t→0+

(
Tr
(
e−tH − e−tH0

)
−
bn
2
c∑

j=1

aj(n, V )tk−
n
2

)
.

Using Equation (4.6) and the Birman-Krĕın trace formula in the form of Lemma 2.13 we obtain

0 = lim
t→0+

(
1

2πi

∫ ∞
0

e−tλTr
(
S(λ)∗S′(λ)

)
dλ+

K∑
k=1

e−tλkM(λk)

−N − ξ(0+)−
bn−1

2
c∑

j=1

aj(n, V )

Γ
(
n
2 − k

) ∫ ∞
0

λ
n
2
−k−1e−tλ dλ− βn(V )

)

= lim
t→0+

(
1

2πi

∫ ∞
0

e−tλ

Tr
(
S(λ)∗S′(λ)

)
−
bn−1

2
c∑

j=1

(2πi)aj(n, V )λ
n
2
−k−1

Γ
(
n
2 − k

)
 dλ

+

K∑
k=1

e−tλkM(λk)−N − ξ(0+)− βn(V )

)

= lim
t→0+

1

2πi

∫ ∞
0

e−tλ
(
Tr
(
S(λ)∗S′(λ)

)
− pn(λ)

)
dλ− ξ(0+)− βn(V ).

Here the constant βn(V ) is as in Equation (4.7). An application of Lemma 4.10 and the
dominated convergence theorem then allows us to bring the limit as t→ 0+ inside the integral
to obtain

ξ(0+) =
1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
− pn(λ)

)
dλ− βn(V ).
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We see that the only missing information to obtain Levinson’s theorem is the behaviour of the
spectral shift function at zero in terms of eigenvalues and resonances. This information has been
obtained directly in odd dimensions, see [55] and [31, Theorem 3.3]. The method of Remark
4.11 is used in odd dimensions by Colin de Verdière [20], Guillopé [31, 32] and Dyatlov and
Zworski [25, Theorem 3.66]. In Section 5 we take an alternative approach, proving Levinson’s
theorem directly from the index of the wave operator W− and as a consequence determining
the behaviour of the spectral shift function at zero.

We now analyse the high-energy behaviour of the (determinant of the) scattering operator
using the limiting absorption principle and the pseudodifferential expansion of Lemma 4.6. To
do so we define the following high-energy polynomial.

Definition 4.12. We define the high-energy polynomial for ξ to be Pn : (0,∞)→ C given for
λ ∈ (0,∞) by

Pn(λ) = 2πiβn(V ) +

bn−1
2
c∑

j=1

cj(n, V )
n
2 − j

λ
n
2
−j =

bn
2
c∑

j=1

(2πi)aj(n, V )

Γ
(
n
2 − j + 1

)λn2−j .
We note also that P ′n = pn, with pn the high-energy polynomial for ξ′ of Definition 4.9.

We can explicitly compute the lowest order polynomials, finding P1 = 0,

P2(λ) = −(2πi)Vol(S1)

2(2π)2

∫
R2

V (x) dx = −2πi

4π

∫
R2

V (x) dx = (2πi)β2(V ),

P3(λ) = −(2πi)λ
1
2 Vol(S2)

2(2π)3

∫
R3

V (x) dx = −(2πi)λ
1
2

4π2

∫
R3

V (x) dx =
(2πi)a1(3, V )λ

1
2

Γ
(

3
2

) ,

P4(λ) = −(2πi)λVol(S3)

2(2π)4

∫
R4

V (x)dx+
(2πi)Vol(S3)

4(2π)4

∫
R4

V (x)2dx = (2πi)a1(4, V )λ+ (2πi)β4(V ).

Theorem 4.13. Suppose that q1, q2 ∈ C∞c (Rn) with V = q1q2. Then for all λ > 0 and J ∈ N
we have

J∑
`=1

(
(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0))`q2

))
= −

J∑
j=1

Cj(n, V )λ
n
2
−j + EJ(λ),

(4.8)

where EJ(λ) = O
(
λ
n
2
−J−3

)
as λ → ∞ and EJ is differentiable. If n is even we have

Cj(n, V ) = 0 for all j > n
2 . If n is even and j ≤ n

2 or n is odd the coefficients Cj(n, V )
are given by

Cj(n, V ) =
(2πi)aj(n, V )

Γ
(
n
2 − j + 1

) , (4.9)

with the aj(n, V ) the heat kernel coefficients of Proposition 4.7. Note also that for n even we
have Cn

2
(n, V ) = 2πiβn(V ).

Proof. For λ > 0, we have

Tr (q1 (R0(λ+ i0)−R0(λ− i0)) q2) =
(2πi)λ

n−2
2 Vol(Sn−1)

2(2π)n

∫
Rn
V (x) dx = −(2πi)a1(n, V )λ

n
2
−1

Γ
(
n
2

) .
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by Lemma 4.1, with no need for any kind of expansion. We now consider the ` ≥ 2 terms in
the sum. For z ∈ C \ R we use Lemma 4.6 to obtain the expansion

L∑
`=2

(−1)`

`
(q1R0(z)q2)`

=

L∑
`=2

(−1)`

`
q1

 K∑
|k|=0

(−1)|k|+1C`−1(k)V (k1) · · ·V (k`−1)R0(z)`+|k|

 q2 +
(−1)`

`
q1PK,`(z)q2

 ,

where PK,`(z) is of order (at most) −2` − K − 1. By the limiting absorption principle, this
equality extends to z = λ± i0 for λ ∈ (0,∞) and thus we find

L∑
`=2

(−1)`

`
Tr
(

(q1(R0(λ+ i0)q2)` − (q1R0(λ− i0))q2)`
)

=

L∑
`=2

Tr

(
q1

 K∑
|k|=0

(−1)`+|k|+1

`
C`−1(k)V (k1) · · ·V (k`−1)

(
R0(λ+ i0)`+|k|−R0(λ− i0)`+|k|

)q2

+
(−1)`

`
q1 (PK,`(λ+ i0)− PL,`(λ− i0)) q2

)
.

We now use the expansion of Equation (4.5) to write

L∑
`=2

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
)

=
L∑
`=2

Tr

(
q1

 K∑
|k|=0

|k|∑
|r|=0

(−1)`+|k|+1

`
C`−1(k)q1gk,r∂

r
(
R0(λ+ i0)`+|k| −R0(λ− i0)`+|k|

) q2

+
(−1)`

`
q1 (PL,`(λ+ i0)− PL,`(λ− i0)) q2

)
.

Ignoring for a moment the remainder term we find using Lemma 4.2 that

L∑
`=2

Tr

(
(−1)`

`
q1

 K∑
|k|=0

|k|∑
|r|=0

(−1)|k|+1C`−1(k)q1gk,r∂
r
(
R0(λ+ i0)`+|k| −R0(λ− i0)`+|k|

) q2

)

=
L∑
`=2

K∑
|k|=0

|k|∑
|r|=0

(−1)`+|k|(2πi)C`−1(k)(−i)|r|Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
λ
n+|r|

2
−`−|k|

`(`+ |k| − 1)!Γ
(
n
2 + 1− `− |k|+ |r|

2

)
(2π)n

∫
Rn
V (x)gk,r(x) dx.

Lemma 4.2 also gives that for n even all terms with ` + |k| − |r|2 > n
2 vanish. We now collect

together the powers of λ. For j ∈ N we define the set

QL,K(j) =

{
(`, k, r) ∈ {1, . . . , L} × {0, . . . ,K}` × {0, . . . ,K}n : |r| ≤ |k| ≤ K,

all rj are even, and `+ |k| − |r|
2

= j

}
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So we write

L∑
`=2

Tr

(
(−1)`

`
q1

 K∑
|k|=0

|k|∑
|r|=0

(−1)|k|+1C`−1(k)q1gk,r∂
r
(
R0(λ+ i0)`+|k| −R0(λ− i0)`+|k|

) q2

)

= −
J∑
j=2

Cj(n, V )λ
n
2
−j ,

where the coefficients Cj(n, V ) are given by

Cj(n, V ) =
∑

(`,k,r)∈QL,K(j)

(−1)`+|k|(2πi)C`−1(k)(−i)|r|Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
`(`+ |k| − 1)!Γ

(
n
2 + 1− `− |k|+ |r|

2

)
(2π)n

∫
Rn
V (x)gk,r(x) dx.

Direct comparison with Proposition 4.7 shows that we have the relation

Cj(n, V ) =
(2πi)aj(n, V )

Γ
(
n
2 + 1− j

) .
We now return to the remainder term. Due to the form of the remainder terms PK,`(λ ± i0)
the difference q1 (PK,`(λ+ i0)− PK,`(λ− i0)) q2 is always trace-class, as we now show. The
proof of [18, Lemma 6.12] shows that PK,`(λ± i0) is a linear combination of terms of the form

M∏
m=1

AmR0(λ± i0)αm ,

for some M,αm ∈ N and differential operators Am of order am < 2αm with smooth compactly
supported coefficients and

M∑
m=1

(
αm −

am
2

)
≥ −2`− L− 1.

Each Am can be factored as fmÃmgm for fm, gm ∈ C∞c (Rn) and Ãm also of order am. Taking
the difference and factorising we find(

M∏
m=1

AmR0(λ+ i0)αm −
M∏
m=1

AmR0(λ− i0)αm

)

=

M∑
p=1

(∏
m<p

AmR0(λ− i0)αm

)
(Ap (R0(λ+ i0)αp −R0(λ− i0)αp))

(∏
m>p

AmR0(λ+ i0)αm

)
,

each term of which is trace-class by Lemma 4.2. Hölder’s inequality for the trace norm then
shows that∣∣∣∣∣
∣∣∣∣∣q1

(
M∏
m=1

AmR0(λ+ i0)αm −
M∏
m=1

AmR0(λ− i0)αm

)
q2

∣∣∣∣∣
∣∣∣∣∣
1

≤
M∑
p=1

∣∣∣∣∣
∣∣∣∣∣q1f1

(∏
m<p

ÃmgmR0(λ− i0)αmfm+1

)∣∣∣∣∣
∣∣∣∣∣ ∣∣∣∣∣∣Ãpgp (R0(λ+ i0)αp −R0(λ− i0)αp) fp+1

∣∣∣∣∣∣
1

×

∣∣∣∣∣∣
∣∣∣∣∣∣Ãp+1gp+1

 ∏
p<m≤M

R0(λ+ i0)αmfm+1

 q2

∣∣∣∣∣∣
∣∣∣∣∣∣ ,
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where we use the convention fM+1 = 1. By [1, Theorem A.1] (see also [53, Theorem 1]) we
have for any α > 0 and differential operator A of order a < 2α the estimate

||q1AR0(λ± i0)αq2|| = O
(
λ−

1
2
α+a

4

)
as λ→∞. By Lemma 4.5 we have the estimate

||q1A (R0(λ+ i0)α −R0(λ− i0)α) q2||1 ≤ Cλ
n
2
−α+a

2 .

Combining these we obtain∣∣∣∣∣
∣∣∣∣∣q1

(
M∏
m=1

q1Amq2R0(λ+ i0)αm −
M∏
m=1

q1Amq2R0(λ− i0)αm

)
q2

∣∣∣∣∣
∣∣∣∣∣
1

= C
M∑
p=1

λ
n
2
−αp+

ap
2

∏
m6=p

O
(
λ−

1
2
αm+am

4

) ≤ O (λn2−`−L+1
2

)
as λ→∞. By varying K we obtain Equation (4.8). That EL is differentiable follows from the
observation that the left-hand side of Equation (4.8) is differentiable, as is each power of λ on
the right-hand side.

Remark 4.14. Choosing J ≥ bn2 c in Theorem 4.13 gives

J∑
`=1

(
(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
))

= −Pn(λ)− E(λ),

with E(λ) = O(λ−
1
2 ) as λ → ∞ with E differentiable. A comparison with Lemma 2.14 and

using the convention of Remark 2.15 gives the relation

lim
λ→∞

(−2πiξ(λ)− Pn(λ)) = 0,

justifying the terminology of Pn being the high-energy polynomial for ξ.

5 Low and high energy behaviour of the scattering matrix and Levinson’s
theorem

Due to the generic failure of the equality S(0) = Id in dimensions n = 1, 3 some adjustments are
required to obtain an analogue of Theorem 3.9 in these cases via the use of an additional unitary
operator. In higher dimensions, an additional unitary can be used to obtain a representative
of the class [S] with better behaviour at high-energy in the trace norm, from which we are able
to deduce Levinson’s theorem in each dimension.

To account for the low-energy behaviour of the scattering matrix, we introduce the following
definition following [17].

Definition 5.1. Suppose that V ∈ C∞c (Rn) and let S be the corresponding scattering operator.
Let σ be a once-continuously differentiable admissable unitary. Then Det(σ(λ)) ∈ T exists for
all λ ∈ R+ and we say that σ is a low-energy correction for S if σ(0) = S(0),

lim
λ→∞

σ(λ) = Id

when taken in B(P), Wσ is Fredholm and Index(Wσ) = 0.
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We note that low-energy corrections are only required to account for the behaviour of the
scattering matrix at zero in dimensions n = 1, 3, since for all other dimensions we always
have S(0) = Id by Theorem 2.7. We will construct explicit low-energy corrections in these
dimensions as needed.

To account for the high-energy behaviour of the scattering matrix in the trace norm, we
introduce the following definition.

Definition 5.2. Suppose that V ∈ C∞c (Rn) and let S be the corresponding scattering operator.
Let β be a once-continuously differentiable properly admissable unitary. Then Det(β(λ)) ∈ T
exists for all λ ∈ R+ and we say that β is a high-energy correction for S if

lim
λ→∞

Det(S(λ)β(λ)) = 1,

and Index(Wβ) = 0.

We note that high-energy corrections are not required in dimension n = 1, since in this case
lim
λ→∞

S(λ) = Id in B(L2(S0)) = M2(C) = L1(L2(S0)). We will construct explicit high-energy

corrections as needed in all higher dimensions.

We note the following key result, which follows immediately from [46, Section 4.1].

Lemma 5.3. Let U ∈ B(H) be a properly admissable unitary such that the matrix of U is dif-
ferentiable, R+ 3 λ 7→ Det(U(λ)) ∈ T satisfies Det(U(0)) = Det(U(∞)) and |Tr(U(·)∗U ′(·))| ∈
L1(R+). Then we have

Index(WU ) =
1

2πi

∫ ∞
0

Tr
(
U(λ)∗U ′(λ)

)
dλ. (5.1)

5.1 Low energy corrections in dimension n = 1 and n = 3

As a direct result of Theorem 3.9 we have the following.

Theorem 5.4. Suppose n = 1, 3, V ∈ C∞c (Rn) and let S be the corresponding scattering
operator. Then for any low-energy correction σ we have the pairing

〈[D+], [Sσ∗]〉 = −Index(WSσ∗) = −Index(W−) = N,

where N is the total number of bound states of H.

Proof. Let σ be a low-energy correction for S. Then the operator WSσ∗ defines a properly
admissable unitary and so by Theorem 3.9 we have the equality

〈[D+], [Sσ∗]〉 = −Index(WSσ∗).

Since σ is a low-energy correction Index(Wσ∗) = 0 and so Index(WSσ∗) = Index(WS) by Lemma
3.5. Finally we have that Index(WS) = Index(W−) by Theorem 2.16 and Index(W−) = −N
by Proposition 2.1, which completes the proof.

In dimension n = 1 we require two types of low-energy corrections.
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Definition 5.5. We say a map σ : R+ →M2(C) is a generic correction if there exist differen-
tiable functions θ : R+ → R and f, g : R+ → C such that θ is increasing, |f(λ)|2 + |g(λ)|2 = 1
for all λ ∈ R+, θ(∞) ∈ 2πZ, θ(0) ∈ (2Z + 1)π, θ(∞) − θ(0) = π, −g(0) = f(∞) = 1 and
f(0) = g(∞) = 0 such that

σ(λ) =

(
f(λ) g(λ)

−eiθ(λ)g(λ) eiθ(λ)f(λ)

)
. (5.2)

We say a map σ : R+ → M2(C) is a resonant correction if there exist differentiable functions
θ : R+ → R and f, g : R+ → C such that θ is increasing, |f(λ)|2 + |g(λ)|2 = 1 for all λ ∈ R+,
θ(∞), θ(0) ∈ 2πZ and θ(∞) − θ(0) = 0 with f(0) = 2c+c−, g(0) = c2

+ − c2
−, f(∞) = 1 and

g(∞) = 0 for some c+, c− ∈ R \ {0} with c2
+ + c2

− = 1 such that Equation (5.2) holds.

We note that the existence of low-energy corrections in dimension n = 1 is guaranteed by
explicit choices of the functions θ, f, g. For example in the generic case we can choose

θ(λ) = 2 tan−1(λ) + π, g(λ) = −e−λ, and f(λ) =
√

1− e−2λ.

Lemma 5.6. Suppose n = 1, V ∈ C∞c (Rn) and let S be the corresponding scattering operator.
If H has no resonances, let σ be a generic correction and if H has a resonance let σ be
a resonant correction with c+, c− determined by Theorem 2.5. Then σ defines a low-energy
correction for S.

Proof. We first make the observation that

σ(0) =



(
0 −1

−1 0

)
, if σ is a generic correction,(

2c+c− c2
+ − c2

−
c2
− − c2

+ 2c+c−

)
, if σ is a resonant correction.

Thus in both the generic and resonant cases we have that σ(0) = S(0). By construction we
also have that

lim
λ→∞

σ(λ) = Id.

Since σ(0) = S(0) and WS is Fredholm, we find that Wσ is Fredholm also by Lemma 3.5. It
remains to check that Index(Wσ) = 0. To do so, we use Gohberg-Krĕın index theory in the
form of [46, Section 4.1]. In particular, we have that

Index(Wσ) =
1

2πi

∫ ∞
0

d
dλDet(σ(λ))

Det(σ(λ))
dλ+

1

2πi

∫
R

d
dsDet(Id + ϕ(s)(σ(0)− Id))

Det(Id + ϕ(s)(σ(0)− Id))
ds.

The first term is easily evaluated as

1

2πi

∫ ∞
0

d
dλDet(σ(λ))

Det(σ(λ))
dλ =

1

2πi

∫ ∞
0

θ′(λ) dλ

=

{
1
2 , if σ is a generic correction,

0, if σ is a resonant correction.
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The second integral has already been evaluated in [46, Proposition 9] (using a different choice
of basis) as∫

R

d
dsDet(Id + ϕ(s)(σ(0)− Id))

Det(Id + ϕ(s)(σ(0)− Id))
ds =

{
−1

2 , if σ is a generic correction,

0, if σ is a resonant correction.

and thus Index(Wσ) = 0.

Lemma 5.7. Let n = 3 and suppose that V ∈ C∞c (Rn) with S the corresponding scattering
operator. Let Ps be the projection onto the spherical harmonics of order zero in L2(S2) if there
exists a resonance for H = H0 + V and Ps = 0 otherwise. Let θ : R+ → R be an increasing
differentiable function such that θ(0) = 0 and θ(∞) = π. Then the unitary operator σ ∈ B(H),
defined for λ ∈ R+ by

σ(λ) = Id−
(

1 + eiθ(λ)
)
Ps,

defines a low-energy correction for S.

Proof. If Ps = 0 then σ(λ) = Id and the result is clear, so we suppose that there does exist
a resonance. Since Ps is a finite rank projection, we have that σ(λ) − Id is trace class for all
λ ∈ R+. By construction we have σ(0) = Id−2Ps = S(0) and σ(∞) = limλ→∞ S(λ) = Id (with
the limit taken in B(P)). Since W− = WS (up to compacts) by Theorem 2.16, we have that WS

is Fredholm and thus Wσ is Fredholm by Corollary 3.6. We can compute using Gohberg-Krĕın
theory in the form of [47, Section 6] (see also [28] and [61]) that

Index(Wσ) =
1

2πi

∫ ∞
0

d
dλDet(σ(λ))

Det(σ(λ))
dλ+

1

2πi

∫
R

d
dsDet (Id + ϕ (−2s) (S(0)− Id))

Det (Id + ϕ (−2s) (S(0)− Id))
ds.

The first integral can be evaluated as

1

2πi

∫ ∞
0

d
dλDet(σ(λ))

Det(σ(λ))
dλ =

1

2πi

∫ ∞
0

iθ′(λ)eiθ(λ)

eiθ(λ)
dλ =

1

2
.

For the second integral, since S(0)− Id = −2Ps and Ps is a rank-one projection, we find that
the operator ϕ (−2s) (S(0)− Id) has a single eigenvalue given by −2ϕ (−2s). Thus we find

Det (Id + ϕ (−2s) (S(0)− Id)) = 1− 2ϕ (−2s) .

Hence we can evaluate the s-integral as

1

2πi

∫
R

d
dsDet (Id + ϕ (−2s) (S(0)− Id))

Det (Id + ϕ (−2s) (S(0)− Id))
ds =

1

2πi

∫
R

d
ds (1− 2ϕ (−2s))

1− 2ϕ (−2s)
ds

=
1

2πi

∫
R

d
ds

(
tanh (2πs) + i cosh (2πs)−1

)
tanh (2πs) + i cosh (2πs)−1 ds

= −2

∫
R

e2πs

e4πs + 1
ds = −1

2
.

Combining these we find Index(Wσ) = 0 so that σ defines a low-energy correction for S.
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5.2 High energy corrections in dimension n ≥ 2

We now construct high-energy corrections for dimension n ≥ 2, using explicitly the trace
relations of Section 4. In dimension n = 1, no corrections are necessary as lim

λ→∞
S(λ) = Id in

trace norm.

Lemma 5.8. Suppose that n ≥ 2 and q1, q2 ∈ C∞c (Rn) with q1q2 = V and corresponding
scattering operator S and fix 0 6= χ̃ ∈ C∞c (R+,R) with χ̃(λ) = 0 for λ ≤ 1. Define χ : R+ → R
for λ ∈ R+ by

χ(λ) =

∫ λ
0 χ̃(u) du∫∞
0 χ̃(u) du

.

If n = 2, 3 let p = 2 and if n ≥ 4 let p ≥ n. For λ > 0 define the self-adjoint operator
Ã(λ) ∈ B(P) by

Ã(λ) = −2πΓ0(λ)q2

p−1∑
`=1

`−1∑
j=0

(−1)`

`
(q1R0(λ+ i0)q2)j (q1R0(λ− i0)q2)`−j−1

 q1Γ0(λ)∗,

For λ ∈ R+ let A(λ) = χ(λ
1
2 )Ã(λ). Then the unitary operator β(λ) = eiA(λ) defines a high-

energy correction for S.

Proof. For all λ ∈ R+ we have

Ã(λ)∗ = −2π

Γ0(λ)q2

p−1∑
`=1

`−1∑
j=0

(−1)`

`
(q1R0(λ+ i0)q2)j (q1R0(λ− i0)q2)`−j−1

 q1Γ0(λ)∗

∗

= −2πΓ0(λ)q1

p−1∑
`=1

`−1∑
j=0

(−1)`

`
(q2R0(λ+ i0)q1)`−j−1(q2R0(λ− i0)q1)j

 q2Γ0(λ)∗

= −2πΓ0(λ)q1

(
p−1∑
`=1

`−1∑
k=0

(−1)`

`
(q2R0(λ+ i0)q1)k(q2R0(λ− i0)q1)`−k−1

)
q2Γ0(λ)∗,

where we have used the relabeling k = `−j−1 in the inner sum. Using that the multiplication
operators q1 and q2 commute, we see that Ã(λ) = Ã(λ)∗. The self-adjointness of A(λ) then
follows from the fact that χ is real-valued. We have A(0) = 0 and the norm limit

lim
λ→∞

A(λ) = 0

by an application of the estimate (2.5) and [53, Theorem 1]. By Lemma 4.1 we have that
A(λ) can be factored as the product of two Hilbert-Schmidt operators and thus is a trace-class
operator. By cyclicity of the trace and the relation 2πiΓ0(λ)∗Γ0(λ) = R0(λ+ i0)−R0(λ− i0)
of Lemma 4.1 we have

Tr(A(λ)) = iχ(λ
1
2 )

p−1∑
`=1

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
)
.
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As a consequence of Hölder’s inequality for Schatten ideals, β(λ)− Id ∈ L1(P) and so β defines
a properly admissable unitary. Thus Det(β(λ)) = eiTr(A(λ)) and so by Lemma 2.9 we find that

Det(S(λ))Det(β(λ))
Detp(Id + q1R0(λ+ i0)q2)

Detp(Id + q1R0(λ− i0)q2)

= exp

(
p−1∑
`=1

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
)

+ iTr(A(λ))

)

= exp

(
(1− χ(λ

1
2 ))

p−1∑
`=1

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
))

.

An application of Theorem 4.13 and Lemma 2.11 gives that

lim
λ→∞

Det(S(λ)β(λ)) = 1.

To see that Index(Wβ) = 0, we consider for t ∈ [0, 1] the homotopy

At(λ) = 2πχ((1− t)λ
1
2 )Ã(λ).

The path At(λ) defines a norm-continuous path in B(P) from A0(λ) = A(λ) to A1(λ) = 0.
Defining the path At = F ∗0At(·)F0 ∈ B(H) we obtain a norm continuous path in B(H) from
A to 0. To see this, fix t1, t2 ∈ [0, 1) and define d = (min{(1− t1)−1, (1− t2)−1})2 ≥ 1. Then
for g ∈ Hspec we find

||(At2(·)−At1(·))g||2Hspec

=

∫ ∞
0

∫
Sn−1

|[(At2(λ)−At1(λ))g(λ, ·)](ω)|2 dω dλ

=

∫ ∞
d

∫
Sn−1

|[(At2(λ)−At1(λ))g(λ, ·)](ω)|2 dω dλ

≤
∫ ∞
d
|χ(λ

1
2 (1− t2))− χ(λ

1
2 (1− t1))|2

∫
Sn−1

|[Ã(λ)g(λ, ·)](ω)|2 dω dλ

≤ C|t2 − t1|2
∫ ∞
d

λ

∫
Sn−1

|[Ã(λ)g(λ, ·)](ω)|2 dω dλ.

It remains to estimate |[Ã(λ)g(λ, ·)](ω)|. We recall from [53, Theorem 1] that for sufficiently
large λ we have ∣∣∣∣q1R0(λ± i0)jq2

∣∣∣∣ = O(λ−
j
2 )

and so we may define

K = sup

2π

p−1∑
`=1

`−1∑
j=0

1

`

∣∣∣∣∣∣(q1R0(λ+ i0)q2)j(q1R0(λ− i0)q2)`−j−1
∣∣∣∣∣∣ : λ ∈ [d,∞)

 <∞.

Using twice the estimate (2.5) we obtain∫
Sn−1

|[Ã(λ)g(λ, ·)](ω)|2 dω = ||A(λ)g(λ, ·)||2L2(Sn−1)

≤ 2πλ−
1
2

p−1∑
`=1

`−1∑
j=0

1

`

∣∣∣∣∣∣(q1R0(λ+ i0)q2)j(q1R0(λ− i0)q2)`−j−1q1Γ0(λ)∗g(λ, ·)
∣∣∣∣∣∣2

≤ Kλ−
1
2 ||q1Γ0(λ)∗g(λ, ·)||2 ≤ Kλ−1 ||g(λ, ·)||2L2(Sn−1) .
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Combining these we find

||(At2(·)−At1(·))g||2Hspec ≤ C|t2 − t1|
2

∫ ∞
d

λ

∫
Sn−1

|[Ã(λ)g(λ, ·)](ω)|2 dω dλ

≤ CK|t2 − t1|2
∫ ∞
d
||g(λ, ·)||2L2(Sn−1) dλ

≤ CK|t2 − t1|2 ||g||2Hspec .

The case when either or both of t1, t2 is one follows from a similar calculation.

As a result, the path βt = eiAt defines a norm continuous path of unitary operators in B(H)
from β to Id. Hence the path Wβt defines a norm continuous path in B(H) from Wβ to Id,
along which the Fredholm index is constant and equal to zero.

5.3 Levinson’s theorem and the spectral shift function at zero

We now use the high-energy behaviour of the spectral shift function of Section 4 to prove
Levinson’s theorem in all dimensions. As a corollary, we deduce the behaviour of the spectral
shift function at zero in all dimensions.

Proposition 5.9. Suppose that V ∈ C∞c (Rn) with corresponding scattering operator S. Then
we have

Index(WS) =
1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
− pn(λ)

)
dλ− βn(V ) +

1

2πi

∫ ∞
0

Tr(σ(λ)∗σ′(λ)) dλ,

(5.3)

where σ is a low-energy correction in dimension n = 1, 3 and otherwise σ = Id. Here

pn(λ) =

bn−1
2
c∑

j=1

cj(n, V )λ
n
2
−j−1

is as in Definition 4.9 and βn(V ) is as defined in Equation (4.7).

Proof. Let χ̃, χ be as in Lemma 5.8 and let β be the corresponding high-energy correction for
S and σ the corresponding low-energy correction. Then we have

Index(WS) = Index(WSβσ∗)

=
1

2πi

∫ ∞
0

(
d

dλDet(S(λ)β(λ)σ(λ))

Det(S(λ)β(λ)σ(λ))

)
dλ

=
1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
+ i

d

dλ
χ(λ

1
2 )Tr(Ã(λ))

)
dλ+

1

2πi

∫ ∞
0

Tr(σ(λ)∗σ′(λ)) dλ.

By adding zero we account for the high-energy behaviour of Tr (S(·)∗S′(·)) using Lemma 4.10

32



and Definition 4.9 to obtain

1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
+ i

d

dλ
χ(λ

1
2 )Tr(Ã(λ))

)
dλ

=
1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
− pn(λ)

)
+

(
pn(λ) + i

d

dλ
χ(λ

1
2 )Tr(Ã(λ))

)
dλ

=
1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
− pn(λ)

)
dλ

+
1

2πi

∫ ∞
0

(
pn(λ) + i

d

dλ

(
χ(λ

1
2 )Tr(Ã(λ))

))
dλ.

Using Theorem 4.13 (see also Remark 4.14) we write

iTr(Ã(λ)) = −Pn(λ)− E(λ)

where E is differentiable, E(λ) = O(λ−
1
2 ) as λ→∞,

Pn(λ) =

bn
2
c∑

j=1

Cj(n, V )λ
n
2
−j , and P ′n(λ) = pn(λ).

Thus we find

1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
+ i

d

dλ
χ(λ

1
2 )Tr(Ã(λ))

)
dλ

=
1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
− pn(λ)

)
dλ

+
1

2πi

∫ ∞
0

(
pn(λ)− d

dλ

(
χ(λ

1
2 )(Pn(λ) + E(λ))

))
dλ

=
1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
− pn(λ)

)
dλ

+
1

2πi

∫ ∞
0

d

dλ

(
Pn(λ)

(
1− χ(λ

1
2 )
)
− χ(λ

1
2 )E(λ)

)
dλ

=
1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
− pn(λ)

)
dλ− 1

2πi
Pn(0),

where we have used the properties of χ as defined in Lemma 5.8. Observing that Pn(0) =
2πiβn(V ) completes the proof.

We can now prove Levinson’s theorem in all dimensions.

Theorem 5.10. Suppose that V ∈ C∞c (Rn) with corresponding scattering operator S. Then
the number of bound states N of H = H0 + V is given by

−N = Index(W−) =
1

2πi

∫ ∞
0

(
Tr
(
S(λ)∗S′(λ)

)
− pn(λ)

)
dλ− βn(V ) +Nres, (5.4)

where pn is as in Definition 4.9, βn(V ) is as defined in Equation (4.7) and

Nres =


1
2 , if n = 1 and there are no resonances,

Index(Wres), if n = 2, 4,
1
2 , if n = 3 and there exists a resonance,

0, otherwise.
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Proof. For n ≥ 5 this is the statement of Proposition 5.9 combined with the observation that
Index(W−) = Index(WS) = −N of Proposition 2.1 and Theorem 2.16. For n = 1, 3 we use the
additional observation (see Lemmas 5.6 and 5.7) that for a low energy correction σ we have

1

2πi

∫ ∞
0

Tr(σ(λ)∗σ′(λ)) dλ =


1
2 , if n = 1 and there are no resonances,
1
2 , if n = 3 and there exists a resonance,

0, otherwise.

For n = 2, 4 we observe that Index(W−) = Index(WS) + Index(Wres) by Theorem 2.16 and the
result follows from Proposition 5.9.

In particular, we have the following low-dimensional statements of Levinson’s theorem. In
dimension n = 1, we recover Levinson’s original result [51] that

−N =
1

2πi

∫ ∞
0

Tr(S(λ)∗S′(λ)) dλ+

{
1
2 , if there are no resonances,

0, otherwise.

In dimension n = 2 we obtain the result of Bollé et al. [14, Theorem 6.3],

−N =
1

2πi

∫ ∞
0

Tr(S(λ)∗S′(λ)) dλ+
1

4π

∫
R2

V (x) dx+Nres.

In dimension n = 3 we recover the result of Bollé and Osborn [11],

−N =
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S′(λ)) +

iλ−
1
2

4π

∫
R3

V (x) dx

)
dλ+

{
1
2 , if there is a resonance,

0, otherwise.

In dimension n = 4 we obtain the result of Jia, Nicoleau and Wang [43, Theorem 5.3],

−N =
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S′(λ))+

(2πi)Vol(S3)

2(2π)4

∫
R4

V (x)dx

)
dλ− Vol(S3)

4(2π)4

∫
R4

V (x)2 dx+Nres

Finally, as a result of Levinson’s theorem and the discussion in Remark 4.11 we deduce the
low-energy behaviour of the spectral shift function.

Corollary 5.11. Suppose that V ∈ C∞c (Rn) with corresponding scattering operator S. Then
for all λ ∈ R we have

ξ(λ) = −
K∑
k=1

M(λk)χ[λk,∞)(λ)−Nresχ[0,∞)(λ)

− χ[0,∞)(λ)
1

2πi

∫ λ

0

(
Tr
(
S(µ)∗S′(µ)

)
− pn(µ)

)
dµ− χ[0,∞)(λ)

1

2πi
(Pn(λ)− Pn(0)),

where the distinct eigenvalues of H are listed in numerical order λ1 < · · · < λK ≤ 0 with each
eigenvalue λj having multiplicity M(λj). In particular we have ξ(0+) = −N −Nres.
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[8] R. Bañuelos, A. Sá Barreto. On the heat trace of Schrödinger operators, Comm. Partial
Differential Equations, 20 (11-12), 1995, 2153–2164.

[9] J. Bellissard, H. Schulz-Baldes. Scattering theory for lattice operators in dimension d ≥ 3,
Rev. Math. Phys., 24 (8), 2012, 12500020.
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[22] S.-H. Dong, Z.-Q. Ma. Nonrelativistic Levinson’s theorem in D dimensions, Phys. Rev. A,
65 (4), 2002.

[23] T. Dreyfus. The determinant of the scattering matrix and its relation to the number of
eigenvalues, J. Math. Anal. Appl. 64 (1), 1978, 114–134.

[24] T. Dreyfus. The number of states bound by non-central potentials, Helv. Phys. Acta, 51
(2), 1978, 321–329.

[25] S. Dyatlov, M. Zworski. Mathematical theory of scattering resonances, volume 200 of
Graduate Studies in Mathematics. American Mathematical Society, Providence, RI, 2019.

[26] G. B. Folland. How to integrate a polynomial over a sphere, Amer. Math. Monthly, 108
(5), 2001.

[27] W. G. Gibson. Two-dimensional scattering: low-energy behaviour of the Jost function and
Levinson’s theorem, Phys. Lett. A, 117 (3), 1986, 107–110.
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