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Abstract

We realise the number of bound states of a Schrodinger operator on R™ as an index
pairing in all dimensions. Expanding on ideas of Guillopé and others, we use high-energy
corrections to find representatives of the K-theory class of the scattering operator. These
representatives allow us to compute the number of bound states using an integral formula
involving heat kernel coefficients.

1 Introduction

In this paper we use the known form of the wave operator to construct an index pairing and
prove Levinson’s theorem for Schrodinger operators on R™ in each dimension via the index of
the wave operator.

In dimension n < 4 there are correction terms required due to resonances and the low-energy
behaviour of the scattering operator, whilst in dimensions n > 2 there are corrections required
to account for the high-energy behaviour of the scattering operator. These correction terms
are constructed explicitly using a pseudodifferential expansion of the resolvent and used to
compute the index of the wave operator as a winding number, from which Levinson’s theorem
follows.

As a consequence, we obtain the value of the spectral shift function at zero in all dimensions
in the presence of any resonant behaviour. To the best of our knowledge, no such statement
regarding the behaviour of the spectral shift function at zero in dimension n = 4 has appeared
in the literature.

Levinson’s original theorem [51] states that in dimension n = 1 the number of eigenvalues

(counted with multiplicity) of the Schrodinger operator H = Hy + V (with Hyp = —A) for a
potential V' decaying sufficiently fast at infinity satisfies

1
N==(0(0)=19¢ =
1(5(0) ~ 8(00)) + 11
where ¢ is the scattering phase and v € {0,1} depends on the existence of a resonance (a
distributional solution to Hy = 0 with ¢ ¢ L?*(R)). In higher dimensions, such a relation
holds in each angular momentum mode as shown by Newton [54] in dimension n = 3 (see also
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[22] for higher dimensions). In addition, the work of Jensen [38, 39, 41}, Klaus and Simon [48]
and Bollé et al. [12, 14] shows that resonant behaviour can occur in dimension n < 4 only.
The resonant contributions in dimension n = 2,4 to Levinson type results differ from those in
dimension n = 1,3 in that resonances contribute integer values rather than half-integers. The
differing behaviour in dimension n = 2,4 is due to the logarithmic singularity near z = 0 of
the resolvent (H — z)~! as first observed by Klaus and Simon [48] and Jensen [41] (see also
[12, 14, 42] for additional detail).

In Section 4 we follow techniques of Colin de Verdiere [20] and Guillopé [31, 32] to construct
a function P, : [0,00) — C given by

125+
P,(A\) =27, (V) + Z Cj(n, VA2 77,
7j=1

where the Cj(n,V),3,(V) are heat-kernel type coefficients. In addition we show that the
spectral shift function & = £(-, H, Hp) associated to the pair (H, Hy) satisfies

lim (—27mi&(A) — P,(\)) = 0. (1.1)
A—00
Equation (1.1) is proved by computing a resolvent expansion and using the limiting absorption
principle to analyse the high-energy behaviour of the spectral shift function. As a result of
Equation (1.1) we can construct a different representative of the K-theory class [S] of the
scattering operator which converges to the identity at infinity in the trace norm.

Taking into account the relation Tr(S(\)*S’(\)) = —2mig’(A), the general Levinson’s theorem
for the number of eigenvalues N of H = Hy + V (counted with multiplicity) is obtained by
computing the index of the wave operator W_ as a winding number and reads

1 [e.e]

N =5 [ (IS0 S )~ PL) 4= Bu(V) + N (1.2)
where N, is a contribution related to the existence of resonances in dimension n < 4. The
term N, is either O or % in dimension n = 1, 3, either 0, 1 or 2 in dimension n = 2 and either
0 or 1 in dimension n = 4. Levinson’s theorem in the form of Equation (1.2) was first proved
in dimension n = 3 by Bollé and Osborn [11] and Newton [55] and in dimension n = 2 by Bollé
et al. in [12, 14]. In higher odd dimensions, Equation (1.2) is due to Guillopé [31, 32] and for
all other dimensions to Jia, Nicoleau and Wang [43].

The computation of the index as a winding number relies on the wave operator W_ having a
particular form. In [46, Theorem 5] in dimension n = 1, [62, Theorem 1.3] in dimension n = 2,
[47, Theorem 1.1] in dimension n = 3 and [4, Theorem 3.1] in dimension n > 4 it is shown
that generically the wave operator W_ is given by

W_ =1d + ¢(D,)(S — 1d) + K, (1.3)

where K is a compact operator, S denotes the scattering operator, D,, denotes the generator
of the dilation group on L?(R") and

1
o(Dy) = 3 <Id + tanh (7D,,) — iA cosh (WDn)_l) ,



where A is a self-adjoint involution commuting with Dy if n = 1 and A = Id otherwise. In
dimension n = 2 in the presence of p-resonances and dimension n = 4 in the presence of
s-resonances (see Definition 2.4) it has been shown recently ([3, Lemma 4.3 and Proposition
5.5] and [5, Lemma 4.3]) that Equation (1.3) needs to be modified by an additional Fredholm
operator, see Theorem 2.16.

Much work has been done in recent years in developing similar formulae to Equation (1.3) in
various scattering contexts. These include Schrédinger scattering [3, 4, 5, 45, 46, 59, 60, 62],
rank-one perturbations [58], the Friedrichs-Faddeev model [37], Aharanov-Bohm operators [44],
lattice scattering [9], half-line scattering [36], discrete scattering [34], scattering for inverse
square potentials [21, 35] and for Dirac operators with zero-range interactions [56].

In [4, Theorem 4.7] it was shown that if S(0) = Id and the wave operator W_ is of the
form of Equation (1.3), then there is a pairing between the K-theory class [S] € K1(Co(RT) ®
K(L?(S"1))) and the K-homology class [D,] € K'(Co(RT)®@K(L2(S"!))), where D, denotes
the generator of the dilation group on L?(R™)® L*(S"~!). In addition, [4, Theorem 4.7] shows
that this index pairing is computed via

(5], [D+]) = —Index(W-.).

The proof of [4, Theorem 4.7] generalises to a class of ‘admissable’ unitary operators U on

L?(R™) commuting with Hy which, when considered in the spectral representation of Hy,

satisfy U(0) = /\lim U(A) = Id. In this case we show in Section 3 that we can construct the
— 00

Fredholm operator

Wy =1d + ¢(Dy)(U —1d)
and as a consequence we have the pairing

([U]. [D4]) = —Index(Wy).

In dimension n = 1,3 it is not always the case that S(0) = Id and thus we introduce an
additional unitary o so that So* defines an admissable unitary.

Even for an admissable unitary, the limit /\lim U(A) = Id holds only in operator norm and not
—00

necessarily in trace norm. The pairing gives us the flexibility to choose different representatives
of the class [S] with better trace norm behaviour at infinity. The remainder of the paper uses
this flexibility to find a representative of [S] that converges to the identity at infinity in trace
norm.

The paper is organised as follows. In Section 2 we fix notation and recall a number of results
from scattering theory. In particular the definition of resonances, the high and low energy
behaviour of the scattering operator, the spectral shift function and the form of the wave
operator. In Section 3 we define a class of Fredholm operators (W) C B(H) parametrised by
particular admissable unitaries U € B(H) and show that the pairing between the class [U] €
K1(Co(RT) @ K(L%(S"1))) and [D] is computed by the Fredholm index of Wy;. Generically,
S is an admissable unitary and the class [S] can be paired with [D4] to compute the Fredholm
index of W_. When S(0) # Id, an additional unitary is required to account for this low-energy
behaviour.

In Section 4 we use the limiting absorption principle to compute the high-energy behaviour of
the spectral shift function in terms of particular traces of resolvents. The high-energy behaviour



of the spectral shift function is given by a polynomial in the energy, whose coefficients we show
are related to the coefficients of a heat-type expansion. Finally, in Section 5 we construct
explicit low-energy corrections to the scattering operator in dimension n = 1,3 and high-
energy corrections to the scattering operator in dimensions n > 2, and thus prove Levinson’s
theorem in all dimensions by computing the Fredholm index of W_ as a winding number.
As a consequence, we determine the behaviour of the spectral shift function at zero in each
dimension, accounting for the presence of resonances.
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2 Preliminaries on scattering theory

Throughout this document we will consider the scattering theory on R™ associated to the
operators

n 2 n 2
Hy = — a—:—A and H = — iz
&rj

\%
837? *

j=1 j=1
where the (multiplication operator by the) potential V' is real-valued, smooth and compactly
supported. This assumption could be relaxed to precise decay rates and regularity of the

potential determined by the dimension, however for the ease of exposition we deal only with
Ve CX(R").

We denote the Schwartz space 8(R™) and its dual 8'(R™) and recall the weighted Sobolev spaces
HYR") = {f € SR ¢ [|fllgas = ||(1+ o) 5 (1 = )3 ]| < oo

with index s € R indicating derivatives and ¢ € R associated to decay at infinity [6, Section
4.1]. With (-, -) the Euclidean inner product on R", we denote the Fourier transform by

n

T LARY) - LAR"),  [5f]() = (27)"3 / =i f(2) da.

Note that the Fourier transform JF is an isomorphism from H*%! to H"* for any s,t € R. We
will frequently drop the reference to the space R™ for simplicity of notation.

For Hilbert spaces Hj, Hy we denote by B(Hi, Hsy) and K(H;,Hsy) the bounded and compact
operators from H; to Ho and for p € N we write LP(H;,Hs) for the p-th Schatten classes.
In particular we have the trace class operators £!(Hj,Hs) and the Hilbert-Schmidt operators
L£2(Hy,Hs). For p € N and T € LP(H;) we write Dety(Id + T) for the p-th regularised
determinant of Id+7" (see [64] for more details). For p = 1 we obtain the Fredholm determinant.
For z € C\ R, we let

Ro(2) = (Ho—2)"",  R(z)=(H-2)"
and the boundary values of the resolvent are defined as

Ro(A£i0) = lim Ro(A+ie) and  R(A£i0) = lim R(A £ ic). (2.1)



The limiting absorption principle [1, Theorems 4.1 and 4.2] tells us that these boundary values
exist in B(HY, H>~t) for any t > % and A € (0,00). The operator Hy has purely absolutely
continuous spectrum, and in particular no kernel. The operator H can have eigenvalues and
for V- e C°(R™) we have that these eigenvalues are negative, or zero [67, Theorem 6.1.1].

The one-parameter unitary group of dilations on L2(R") is given on f € L?(R") by

[Un(t) f](z) = e2 f(e'z), t eR. (2.2)

We denote the self-adjoint generator of U, by D,. The generator of the group (Ui(t)) of
dilations on the half-line R is denoted Dy (which is D restricted to the positive half-line).
The generators of the dilation groups are given by

y d 1 xz; 0 n
Di=2—+_-1d, D,=)» “2_—+_Id 2.
SR Z;ié?a:j+2i (2:3)

Since each of D, , D, generate one-parameter groups, we can recognise functions of these
operators. For D, and ¢ : R — C a bounded function whose Fourier transform has rapid
decay and g € C°(R"™), we have

(o(Da)g)(p) = (21)} /R TGl (B)e % glelp) dt,

with a similar formula for D .

Several Hilbert spaces recur, and we adopt the notation (following [40, Section 2] which contains
more detail on the relations between the spaces and operators we introduce here)

H=L*R"), P=L*S""), Hepe=L*R",P)=L*RT)@P.

Here Hpee provides the Hilbert space on which we can diagonalise the free Hamiltonian Hy.

Since V' is bounded, H = Hyo+V is self-adjoint with Dom(H ) = Dom(Hj). The wave operators

Wi = s-lim etH o—itHo

t—=+o0
exist and are asymptotically complete if p > 1 [67, Theorem 1.6.2]. The wave operators are
partial isometries satisfying Wi Wy = Id and WL W3 = P, the projection onto the absolutely
continuous subspace for H. In addition, the wave operators are Fredholm operators and their

index can be determined directly in terms of the eigenvalues of H.

Proposition 2.1. Suppose that V- € C°(R™). Let N be the total number of eigenvalues of
H = Hy +V, counted with multiplicity. Then

Index(Wy) = —N.

Proof. That the number of eigenvalues N is finite follows from [64, Theorem 7.5] for n = 1,
from [64, Theorem 7.3] for n > 3 and from [65, Theorem 2.1} for n = 2. The index equality
then follows from the relations WiW, = Id and W1 WX = Id — P,, where P, is the projection
onto the point spectrum of H. O



The scattering operator is the unitary operator
S=Wiw_, (2.4)

which commutes strongly with the free Hamiltonian Hy. For our analysis of the scattering
operator, we introduce the unitary which diagonalise the free Hamiltonian.

Definition 2.2. For A € R*, sc R and t > % we define the operator
To(A) s H* =P by [[o(Nf](w) = 272N T [Ff](A%w)
and the operator which diagonalises the free Hamiltonian Hj as

Fo:H— j_(:spec by [Fof]()\,w) = [FO(A)f](w)

By [50, Theorem 2.4.3] the operator I'g(\) extends to a bounded operator on H*' for all s € R
and t > . We recall from [4, Equation (3.5)] that for A > 0, ¢t > 2 and f € H*' we have the
estimate

_1
ICoA) fllp < CATT [ f]] o (2.5)
for some constant C' > 0.

Lemma 2.3 ([40, p. 439]). The operator Fy is unitary. Moreover for A € [0,00), w € S*~1
and f € Hgpee we have
[FoHoF fI(A w) = Af (A, w).

As a consequence of the relation SHy = HpS, there exists a family {S(\)} er+ of unitary
operators on P = L2(S"!) such that for all A\ € RT,w € S*"! and f € H we have

[FoSfI(A, w) = SN [FofI(A w)-

For historical reasons, we refer to S(\) as the scattering matrix at energy A\ € R™.

We now define zero-energy resonances, a low-energy phenomena known to provide obstructions
to generic behaviour in scattering theory in low dimensions.

Definition 2.4. Suppose that V € C*(R™). If n # 2 we say there is an s-resonance if
there exists a non-zero bounded distributional solution to Hy = 0. If n = 2 we say there
is a p-resonance if there exists a non-zero distributional solution ¥ to Hy = 0 with ¢ €
L(R?) N L*®(IR?) for some g > 2. We say that there is an s-resonance if there exists a non-zero
bounded distributional solution 9 to H1 = 0 with 1 ¢ L(R?) for all ¢ < oc.

General bounds on the resolvent of H [39] show that there can be no resonances for dimension
n > 5 (see also the analysis in [29, 30]). The naming convention for the types of resonances
is due to the fact that for spherically symmetric potentials, s-resonances can only occur with
angular momentum zero and p-resonances with angular momentum one (see [12, 14, 27, 48]).



2.1 The scattering matrix and the spectral shift function

The following result describes the low energy behaviour of the scattering matrix in the norm
of B(P). The low energy behaviour of the scattering operator has been obtained in dimension
n =1 in [13, Theorem 4.1] (see also [46, Proposition 9] and [25, Theorem 2.15]), in dimension
n = 2 in [14, Theorem 4.3] and [62, Theorem 1.1], in dimension n = 3 in [38, Section 5| and in
dimension n > 4 in [4, Theorem 2.15].

Theorem 2.5. Suppose that V € C°(R™). Then for n # 1,3 we have S(0) = Id. Forn =3
we have S(0) = 1d — 2P;, where Py is the projection onto spherical harmonics of order zero in
L?(S?) if there exists a resonance and Ps = 0 otherwise. For n =1 we have

0 -1
5(0) = <_1 : )
if there does not exist a resonance and if there does exist a resonance, there exists cy,c— €
R\ {0} with ¢ +c% =1 and

( 2cie. A -2
5(0) = <02 - 2cyc. )7

Remark 2.6. The values ct present in dimension n = 1 correspond to the values lirin () of
T—>1T00

an appropriately normalised resonance . See [25, Theorem 2.15] and [42, Section 3] for more
details. The value of S(0) in dimension n = 1 is also dependent on a choice of basis for M(C),
with a different choice of basis used to compute S(0) in [46, Proposition 9].

We summarise below some additional useful properties of the scattering matrix [67, Proposition
1.8.1 and Proposition 8.1.9].

Theorem 2.7. Suppose that V € C2°(R™). The scattering matriz S(N\) is given for all X € RT
by the equation

S(\) = Id — 2milo(A)(V — VR(A + i0)V)To(A)*. (2.6)

For each A\ € R, the operator S(\) is unitary in P = L?>(S* 1) and depends norm continuously
on A € RY. Furthermore, S(\) — Id € LY(P) and is differentiable in the norm of L1(P).

We now describe the high energy behaviour of the scattering matrix in B(P), which has been
determined in dimension n = 1 in [13], in dimension n = 2 in [62, Theorem 1.3], in n = 3 in
[59, Lemmas 2.2 and 2.4] and in [4, Corollary 3.10] for n > 4.

Lemma 2.8. Suppose that V€ C(R"™). Then lim S(\) = Id, with the limit taken in the

A—00
norm of B(P).

The result of Lemma 2.8 is not true when taken in more refined topologies. Since for all A € R™
we have S(\) — Id € £1(P) the determinant of S(\) is well-defined. We have the following
more precise statement regarding the properties of Det(S(A)) due to Guillopé [31, Theorem
IIL1].



Lemma 2.9. Suppose that V = qiq2 with q1,q2 € C°(R™). Then for all X > 0 and p > [ 5]
we have

Det (S(\))

71

Det, (Id + g1 Ro(\ — S :

= Det, EId T qiREEA i) ( ( D Ro(A+i0)g2)" — (@ Ro(A - ZO)QQ)€)> |
4

Remark 2.10. For n = 1 and p = 1 or n = 2,3 and p = 2 the smoothness of g1, g2 is not
necessary in Lemma 2.9, since the traces can be computed directly as we do in Lemma 4.1.

We also recall the following [67, Proposition 9.1.3].

Lemma 2.11. Suppose that V = q1q2 with q1,q2 € C(R™). If n =1, letp > 1, if n = 2,3
let p>2 and if n > 4 let p > n. Define for z € C\ R the function

Dy(z) = Dety(Id + q1 Ro(2)q2)-
Then we have

lim Dp(z) =

|z| =00
uniformly in Arg(z). By the limiting absorption principle this limit extends to the positive real
axis also.
We now recall the spectral shift function [10, 49] for the pair (H, Hy) and some of its defining
properties (see [67, Proposition 0.9.2 and Theorem 0.9.7]).

Theorem 2.12. Suppose that V € C°(R™) and let S be the corresponding scattering opera-
tor. Then there exists a unique (up to an additive constant) real-valued piecewise C' function
&(+,H,Hp) : R — R such that

Tr(F(H) = 1)) = | €0 H. Ho)f/(3) (27)
for all f: R — C with two locally bounded derivatives and satisfying
(L) =0 (A1) (2.8)

as X — oo for some € > 0 and any integer m > 5. We specify £(-, H, Hy) uniquely by the

convention £(A\, H, Hy) = 0 for X\ sufficiently negative and thus (-, H, Hy) satisfies for A\ < 0
the relation

K
ENH, Ho) = = M) X(ap00 (M),
k=1

where we have indexed the distinct eigenvalues of H as Ay < --- < Ag < 0 and each \j has
multiplicity M(X;). Furthermore, we have (-, H, Ho)|(0,00) € C1(0,00) and for X > 0 the
relations

Det(S(\)) = e 2N and  Tr (S(A)*S'(N)) = —2mig'(\)
hold.



We call £(-, H, Hp) the spectral shift function for the pair (H, Hp) and will often just write
¢ = &(-,H,Hpy). Using integration by parts we can rewrite the definining property (2.7),
obtaining the Birman-Krein trace formula (see [31, Theorem III1.4]).

Lemma 2.13. Suppose that V € C°(R™) and let S, & be the corresponding scattering operator
and spectral shift function. Then for all f : R — C with two locally bounded derivatives
satisfying (2.8) we have

K
T () — F(H0) = 5 [ VT (SOVS'00) dA-+ 3 FuM ()
k=1

+ £(0) (£(0—) — £(0+) — M(0)),
where we have defined £(0+) = lim &(+e).

e—0t

In fact by Theorem 2.12 we have, with IV the total number of eigenvalues of H counted with
multiplicity, the relation {(0—) = —N + M (0). We can then rewrite the Birman-Krein trace
formula as

K
T () = FH) = 5 [ POV (SOVS ) A+ D FOM ) + £0) (N = §0+4)).
k=1

Combining the results of Lemmas 2.9 and 2.11 with Theorem 2.12 we can determine the high-
energy behaviour of the spectral shift function.

Lemma 2.14. Suppose that V = qiq2 with ¢1,q2 € C(R"). If n=1,letp > 1, ifn=2,3
let p>2 and if n >4 let p > n. Then we have the limit

pfl
lim ( 2 () + Z ( @i Ro(\ +i0)g2)" — (g1 Ro(\ — iO)qQ)Z)) = 2mwim

A—00
(=1
for some m € 7Z.

Proof. Using Lemma 2.9 and Theorem 2.12 we have

Det), (Id + g1 Ro(A —i0)g2)
Det, (Id + g1 Ro(A + 10)g2)
—1

p—1
= Det(S()\)) exp ( 7 ) ((quo(A +1i0)g2)" — (@1 Ro(A — iO)Q2)Z>>
é:p1_1 .
= exp (—27?2'5()\) + 7 Tr ((quo()\ +1i0)g2)" — (1 Ro(\ — Z'O)Q2)Z)> .
(=1

By Lemma 2.11 we have

., Dety (Id+ i Ro(A = i0)gs) _
A—oo Dety, (Id + ¢1 Ro(A +i0)g2) ’

from which the result follows. OJ



Remark 2.15. We can fix a branch of the meromorphic function In Det,(Id +¢1 Ro(z)gz2) by the
condition

lim ArgDet,(Id 4+ g1 Ro(2)g2) = 0.
|z|—o0
Fixing this branch gives m = 0 in Lemma 2.14 and we take this convention for the rest of this
article.

In Section 4 we will determine a more explicit expression for the high-energy behaviour of
the spectral shift function using the traces in Lemma 2.14. The fact that the spectral shift
function does not converge as A — oo was known in dimension n = 3 as early as Buslaev [15]
(see also Newton [55], Bollé and Osborn [11] and Dreyfus [23, 24]) and in higher dimensions in
the work of Guillopé [31, 32]. Precise high-energy asymptotics for the spectral shift function
and its derivatives are well-known in the literature, see for example [31, 57, 63].

2.2 The form of the wave operator

Define the operator
1 . -1
#(Dn) = 5 (Id + tanh (7D,,) — iA cosh (7Dy,) ) , (2.9)

where A =1d if n > 2 and A is a self-adjoint involution which commutes with Dy if n = 1.

The following result is the culmination of a number of works, [46, Theorem 5] in dimension
n = 1, [62, Theorem 1.3] and [3, Lemma 4.3 and Proposition 5.5] in dimension n = 2, [59,
Theorem 1.1] in dimension n = 3, [4, Theorem 3.1] and [5, Lemma 4.3] in dimension n = 4
and [4, Theorem 3.1] in dimension n > 5.

Theorem 2.16. Suppose that V € C°(R™). Then the wave operator W_ satisfies
W_ = (Id + ¢(Dy)(S —1d)) Wyes + K, (2.10)

where K is a compact operator, Wyes = Id for n # 2,4 and Wies is a Fredholm operator
depending on the existence of s-resonances in dimension n = 4 and on the existence of p-
resonances in dimension n = 2. In particular, for n = 4 we have Index(W,es) is equal to
the number of s-resonances and for n = 2 we have Index(W,es) is equal to the number of
p-resonances.

The explicit form of W,s is not important for the analysis we present, and has been discussed
thoroughly in dimension n = 2 in [3] and in dimension n = 4 in [5]. We note that in dimension
n = 2, the statement of [3, Lemma 4.3] differs from Theorem 2.16 in that the resonant contri-
bution is additive, however the proof of [3, Proposition 5.5] demonstrates the construction of
the operator W,..s and the relation between the two statements.

3 Generalised wave operators and index pairings
Motivated by the form of the wave operator in Theorem 2.16 we define a class of Fredholm

operators, parametrised by particular unitaries, which allow us to reinterpret Levinson’s theo-
rem as an index pairing, as well as accounting for the contribution of resonances in dimensions

10



n =1,3. Let D,, be as in Equation (2.3) and let A € B(H) be a self-adjoint involution which
commutes with D,,. Define the operator ¢(D,,) by Equation (2.9).

If T € B(H) commutes with Hp, there exists a family {T'(\)} cr+ of operators in B(P) such
that [FoTF} fl(\ w) = T(A) f(A\,w) for all f € Hapee, A € RT and w € S*~L. We call T(-) the
matrix of 7.

Definition 3.1. We say that a unitary U € B(H) is admissable if [U, Hy] = 0, the matrix of

U is norm continuous in A € Rt and U()\) —Id € £L(P) for all A € Rt. We say that U is

properly admissable if in addition we have U(0) = /\lim U(A) = Id, where the limit is taken in
—00

the norm of B(P).

Lemma 3.2. Let U € B(H) be a properly admissable unitary. Then U defines a K-theory
class [U] € K ((Co(RT) @ K(P))™).

Proof. Since U — 1Id € Cop(RT) @ K(P), U € (Co(RT) ® K(P))” and thus defines a K-theory
class [U] € K1 ((Co(RT) @ K(P))™). O

Lemma 3.3. Let U € B(H) be a properly admissable unitary. Then the operator Wy € B(H)
defined by

Wy = 1d + o(Dy,) (U — 1d) (3.1)

1s a Fredholm operator.

Proof. We show that W} is an inverse for Wy up to compacts. We compute that

WuWg = (Id + ¢(Dn)(U = 1d)) (Id + (U* = 1d) ¢(Dy)")
=1d+ (D) (U = 1d) + (U = 1d)@(Dp)* + ¢(Dn)(U — 1d)(U* — 1d)p(Dn)"

By [6, Theorem 4.1.10] the commutators [U*, ¢(D,)*] and [U 4+ U*, p(D,,)*] are compact and
thus we can write

WyWi = 1d + @(Dn)(U = 1d) + (D) *(U" = 1d) + o(Dn) (D))" (U = 1d)(U” = Id) + K1,

where K is compact. By [4, Lemma 3.3] the operator (¢(Dy)* — ¢(Dy))(U* —1d) is compact
and so we have

WyWg = 1d + ¢(Dn)(U = 1d) + ¢(Dn)(U" = 1d) 4+ (D)o (Dn)" (U = 1d)(U" — 1d) + K3,

where K is compact. Using the identity cosh (-)"? + tanh (-)> = 1 and the fact that A is a
self-adjoint involution commuting with all functions of D,, we find

o(Dn) (D) = % (Id + tanh (xD,.)) .

A further application of [4, Lemma 3.3] then gives that (o(Dy)e(Dn)* — @(Dy)) (U —1d) is a
compact operator and so we have

WuWg =1d + (D) (U = 1d) + o(Dy,) (U* — 1d) + ¢(Dy,) (U —1d)(U* —1d) + K3
=1Id + K3,

where K3 is a compact operator. A similar calculation shows that W} is a right inverse for
Wy up to compacts and so Wy defines a Fredholm operator. O
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Since the composition of properly admissable unitaries is itself a properly admissable unitary,
we have a natural product rule for operators of the form Wy .

Lemma 3.4. Let Uy, Uy € B(H) be properly admissable unitaries. For j = 1,2, define opera-
tors Wy, by Equation (3.1). Then we have Wy, Wy, = Wi,u,, up to a compact operator.

Proof. We compute the product
W, Wy, = 1d + ¢(Dy)(Ur + Uz — 21d) + o(Dy,)(Ur — 1d)e(Dy,) (Uz — 1d).
Noting by [6, Theorem 4.1.10] that the commutator [Uy, p(D,,)] is compact we have
Wy, Wy, = Id 4+ ¢(D,,)(Uy + Uy — 21d) + ¢(D,,)*(Uy — 1d)(Uy — 1d) + K

for a compact operator Kj. Using, as in the proof of Lemma 3.3, that the operator given by
(p(Dp)e(Dn)* — @(Dy)) (U; —1d) is compact, we find

Wi, Wo, = 1d + o(Dy) (U1 + Us — 21d) + o(Dy) (U1 —1d)(Us — 1d) + Ko
=1Id+ gO(Dn) (U1U2 — Id) + Ko
= WU1U2 + K27

for a compact operator Ko. ]

In fact Lemma 3.4 can be extended to show that we have a partially defined product rule.

Lemma 3.5. Let Uy, Uy € B(H) be admissable unitary operators with U1(0) = Uz(0) and
)\lim Ui(A) = )\lim Us(X), where the limits are taken in the norm of B(P). For j = 1,2, define
—00 —00

operators Wy, by Equation (3.1). Then we have Wy, = Wu,us Wu,, up to a compact operator.

Proof. Note that U;U;3 is a properly admissable unitary by construction. Hence we can apply
(the proof of) Lemma 3.4 to see that

VVU1 Us VVU2 = VVU1 + K
for some compact operator K. ]

The following useful property shows that even if neither of the unitaries U; and Uy are properly
admissable, we may still deduce the Fredholm property of Wy, given that of Wy, and that
both are close enough in some sense.

Corollary 3.6. Let Uj,Us € B(H) be admissable unitary operators with Uy(0) = Usz(0) and
)\lim Ui(\) = )\lim Us(N), where the limits are taken in the norm of B(P). For j = 1,2, define
—00 —00

operators Wy, by Equation (3.1). Then if one of the operators Wy, is Fredholm, so is the
other.

Proof. Suppose, without loss of generality, that Wy, is Fredholm. Then since the unitary Ui U5
is properly admissable, we have Wy, p; is Fredholm by Lemma 3.3. Since the composition of
Fredholm operators is also Fredholm, Lemma 3.5 shows that Wy, is Fredholm also. U
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3.1 The index pairing

We now show how the form of the wave operator implies, generically, that the number of bound
states can be computed as an index pairing between K-theory and K-homology, see [16, 33].

We begin by recalling the definition of a spectral triple.

Definition 3.7. An odd spectral triple (A, H, D) is given by a Hilbert space H, a dense
x-subalgebra A C B(H) acting on H, and a densely defined unbounded self-adjoint operator
D such that

1. a-Dom(D) C Dom(D) for all a € A, so that da := [D,a] is densely defined. Moreover
da extends to a bounded operator for all a € A;

2. a(Id + D2)"z € K(H) for all a € A.
The following is [4, Corollary 4.4], providing the spectral triple of interest to us for scattering
purposes.
Lemma 3.8. The data (C2°(RT) @ K(P), L*(RY) ® P, Dy ® Id) defines an odd spectral triple,
and so a class [D4] in odd K-homology.

Lemma 3.2 and Lemma 3.8 tell us that for a properly admissable unitary U we can pair the
classes [D4] and [U] to obtain an integer (see [33, Section 8.7] for details). The following can
be proved in an identical manner to [4, Theorem 4.7].

Theorem 3.9. Let U € B(H) be a properly admissable unitary and define Wy as in Equation
(3.1). Let [D4] be defined by Lemma 3.8. Then

([U), (D)) = ~Index(Wy).
Generically, we have that S(0) = Id and thus we obtain, as in [4, Theorem 4.7] the following
pairing for scattering operators.

Lemma 3.10. Let H = Hy+V be such that the wave operators exist, are complete and are of
the form of Equation (3.1). Let S be the corresponding scattering operator. If S(0) = Id then
we have the pairing

(IS], [D-]) = ~Index(W_) = N,

the number of bound states for H.

We note that the S(0) # Id case cannot immediately be handled by the simple pairing described
in Lemma 3.10 and we address this in Section 5. In the presence of p-resonances in dimension
n = 2 and s-resonances in dimension n = 4 the wave operator is not of the form of Equation
(3.1) and thus requires some modification, resulting in the following.

Lemma 3.11. Suppose that V- € C(R"), n = 2,4 and let S be the corresponding scattering
operator. Let Wyes be as in Theorem 2.16. Then we have the pairing

([D+],1S]) = —Index(W_W,,) = N + Index(Wyes),

where Index(Wes) is the number of p-resonances if n = 2 and the number of s-resonances if
n =4.
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4 Trace class properties of the scattering matrix

In this section we describe the high-energy behaviour of the scattering operator in the trace
norm using the expression for Det(S(\)) of Lemma 2.9. As a result we determine, using
pseudodifferential expansions of the resolvent and the limiting absorption principle, the leading
order high-energy asymptotics of the spectral shift function £ and its derivative. These leading
order asymptotics are related to the heat kernel expansion as t — 07 of the trace of the
difference e 7tH — ¢7tHo,

Lemma 4.1. Suppose that g1,92 : R — C are compactly supported with g = g1g2. For
A > 0 define the operator B(\) € B(H) by B(\) = g1 (Ro(A+1i0) — Ro(A —i0)) g2. Then
B()\) € LY(K) and

AT Vol(S7—
T (B() = 2 )A2(2;[)nl(§ )/ng(:c)dx.

Furthermore, fort > % and A\ > 0 we have the equality Ro(A+i0)— Ro(A—i0) = 2miTo(X)*To(A)
as operators in B(HYt, HO~t).

Proof. Fix t > % and A\ > 0. As an operator in B(H%', H%~!) we have (see [1, Equation 4.3]
and [7, Equation 15]) that A(A\) = Ro(A+1i0) — Ro(A —0) is an integral operator with integral
kernel

(27i)

n—2 .
AN = Az iIAZ(w,z—y)
( 7'%.7 y) 2(27]’)” 2 \/Sn—1 e w?

for x,y € R™. Direct computation shows that the integral kernel of (27i)['o(A)*To(\) is the
same as that of A()).

That B(\) is trace class is proved in [31, Lemma III.2] (see also the comments on the bottom
of page 32 of [31]), however we provide a simple alternative proof. Direct computation shows
that g1T0(A)* € £L2(P,H) and To(N)g2 € L2(H,P) and thus B(A) € L}(H).

We can then compute the trace of B(A) by integrating along the diagonal, which completes
the proof. O

The computation of the trace of B(\) was first done in dimension n = 3 by Buslaev [15] (see
also Newton [55] and Bollé and Osborn [11]).

In fact we can differentiate B(\) arbitrarily in A in the trace norm.

Lemma 4.2. Suppose that g1, go are compactly supported and g = gi1g2. For A > 0 define the
operator B(\) € LY(H) by B(A) = g1 (Ro(A +i0) — Ro(\ —i0)) go. Then B(X) is differentiable
in X in the norm of LY(H) and for all ¢ € N we have
dffl
d)é-1

In particular for X > 0 and £ € N we have that ¢ (Ro()\+i0)£ — Ro(A — iO)E) go has for
x,y € R™ the integral kernel

@il (2) A5 ~°
20 -0 (5+1-1)

BO\) = (£ - 1)gy (RO(A +40)¢ — Ro(A — w)f) ga. (4.1)

S @) [ e e do g Aa,y)
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where A(N, -, -) vanishes on the diagonal and thus

(2mi)T () A2 ~“Vol(SP1)

Tr (gl (RO(A +i0)’ — Ro(\ — z'o)f) gg) ~ DL 1-0 G /R g(x)de.  (4.2)
NE .

Proof. That B(\) is differentiable is proved in [67, Lemma 8.1.8] and so we obtain Equation
(4.1). Differentiating (¢ — 1) times the integral kernel for B(\) we obtain

/-1

qé-1 (274) 0—1\ [ &  n2)\ di-1 i3
B — _— _— ? <w,x—y> .
e BO,) Q(QF)ngaa:)gQ(y);( ; )((WA ’ >d)\e—1—g /S e

By factoring as the product of two Hilbert-Schmidt operators as in Lemma 4.1, each term in
the sum is individually trace class. All terms except the j = £ — 1 term vanish on the diagonal
since they contain an (w,z — y)*~1~7 term, so integrating over the diagonal gives Equation
(4.2). O

To evaluate some further traces, we need to be able to integrate polynomials over S"~!. We
use the following result [26].

Lemma 4.3. Let a be a multi-index of length n and let P, : R™ — C be given by P,(x) =

@ =g afn. Then

Z n

0, if some «; is odd,

Py (w)dw = 2F<alT“)F(a"T+l) .
sn—1 e , if all o; are even.
r(*5)

Lemma 4.4. Suppose that « is a multi-index of length n, g € C.(R"™) and let X = gd%, a
differential operator of order |«|. Then for t > 0 we have

n+tlof

—)lelp (k) o7 (Qedl) g
I (et = T (% )(%;( )t < /Rng(x)dx)

*tHO) = 0 otherwise.

if all aj are even and Tr (Xe

Proof. We compute the trace as

s 02 o) ([ o)

If any of the components «; is odd, then by changing to hyperspherical coordinates we find
that Tr (Xe*tHO) = 0 by Lemma 4.3. If all of the o are even we obtain

T (Xe~tH0) 2(=0)°IT (25 T (25 </ng(x) dx) </°° Jlaln—1—tr? dr)

o
(2m)nT (’” o ) 0
_ntlo]
2

(=)l (e T (2 ¢ < [ o) dx) 7

@)

where we have used hyperspherical coordinates and Lemma 4.3 to compute the spherical inte-
gral. O
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Lemma 4.5. Suppose that « is a multi-index of length n, g1,g92 € C.(R™) and let g = g192.
Let X = g20% be a differential operator of order |co|. Fix ¢ € N with £ < %Ml if n is even.
Then for A > 0 we have

Tr (X (Ro(A+i0)" — Ro(A —10)") 1)

(i)l @ai)r (2 T (@) el
- (’%2 Sy ‘0") (2" </n 9(@) dx)

if all aj are even and Tr (X (Ro()\ +i0)¢ — —10) ) ) = 0 otherwise. If n is even and
> %@I then Tr (X (Ro(A +i0)* — Ro(A — zO) ) 1) =0 also.

Proof. Fix A > 0. The integral kernel of B(A) = (Ro(\ +i0) — Ro(\ —i0)) g1 is given by

(2mi)Az ! / “ixb wy—a)
B\ z,y) = 22y 91(y) . e dw.

Letting A(A\) = X (Ro(A +1i0) — Ro(A —i0)) g1 we see by Lemma 4.1 that A(\) has integral
kernel

ntle|
3 1

(=)l 2ri)A
2(2m)n

1
A ,y) = p@)aro) [ e ) g,

Applying now the techniques of Lemma 4.2 we differentiate (¢ — 1) times to find that the
operator Ag(\) = X (Rg(\ +i0)* — Ro(X —i0))g; has integral kernel

n+|of
— 1

(—a)lel@mir (5) A
or ( F1-l4 '“') (27)"
+ A()\,x, Y),

L1
A((Av x, y) = gg({l/‘)gl (y) / w?l e wgne_z)ﬂ (w,y—x) dw

Sn—1

where A(), -,-) has vanishing trace. Integrating over the diagonal gives that

Tr(X (Ro()\—l—iO)E Ro(\ —zO)) )

(—i)lel (2mi)T (2 ol
T - (% ( ﬁz M) P (/ng(x)dm> (/SM e dw>‘

If some «; is odd we find Tr (X (Ro(A +40)* — Ro(A —i0)%) g1) = 0 by Lemma 4.3. If all o

are even we have

Tr (X (Ro()\ +i0)! — Ro(\ — z‘())’f) gl)

(=il @ai)r (2 T (2 el
— (6—1)!1“( +1_£+Ia|>(2ﬂ)n </ng(x)dx>,

again by Lemma 4.3. O

16



For the next statement, we introduce for m € NU {0} and f € C2°(R") the notation f(™) =
[Ho, [Ho, [- - ,[Ho, f]---]]] (where the expression has m commutators). Note that f(™) is a
differential operator of order m.

Lemma 4.6. Suppose that q1,q2 € C°(R™) with V' = qi1q2. Then for all z € C\R, ¢ € N and
K € NU {0} we have

K

(@1Ro(2)g2)" = a1 | D (=) ()V ') - VD Ry () H | gy + g1 Preg(2)q0, (4.3)
|k|=0

where Pk ¢(z) is of order at most =20 — K — 1, k is a multi-index of length (¢ — 1) and

(k| +£)!

Cu(k) = Filko! - - kl(ky + 1) (kg + ko +2) - (k] +£)

When £ =1 we have no remainder term. For all z € C\R, M € N and K € NU {0} we have

M
R(z) = Ro(z) = > | D (=1 HC, (k)VED . v Em) Ry (o)L 4 P (2) | (44)
=1 \|k|=0

+ (=DM (Ro(2)V) M R(2),
where Pk ., (2) has order (at most) —2m — K — 3 and k is a multi-index of length m.

Proof. Equation (4.3) follows from the pseudodifferential calculus of [18, Lemma 6.11]. For
Equation (4.4), we write

(=)™ (Ro(2)V)™ Ro(2) + (=) (Ro(2) V)1 R(2).

E

R(Z) — R()(Z) =
1

3
Il

Applying again [18, Lemma 6.11] we have

M K
R(z) — Ro(2) = Y _ | D (=)™ ey, (k) v E0) . v Fm) Ry (2)m R 4 Pre o (2)
m=1 \|k|=0

+ (=DM (Ro(2) V)M R(2),
where Pk ,,(2) has order (at most) —2m — K — 3. O

Since V' € C°(R™) and for £ € N and k a multi-index of length £ we have V#1) ... V(%) jg 5
differential operator of order |k| with smooth compactly supported coefficients, we can write

|kl
yk) . oyke) — Z G0, (4.5)
|r|=0

with 7 a multi-index with n components and gi, € C°(R™). With this notation, we obtain
the following heat kernel expansion due to Colin de Verdiere [20] in odd dimensions (see also
[25, Theorem 3.64] for a general proof and [8] for explicit computations of some coefficients).
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We provide a detailed proof using the pseudodifferential expansion of Lemma 4.6 and the trace
formulae of Lemma 4.4. As a result we obtain an expression for the coefficients which differs
from [25, Theorem 3.64] or [8], although is equivalent. This new expression is necessary for a
comparison with the high-energy behaviour of the scattering operator, as we show in Theorem
4.13.

Proposition 4.7. Suppose that q1,q2 € C(R"™) and V = qiq2. Then for any J € N we have
the expansion

J
Tr (e 7 — e Hh0) = Z aj(n, VP2 + E;(t),
j=1

where Ej(t) = O (t‘”’l_%) ast — 0T. For j € N we define the set

Qux(j) = {(m,k,r) € {0,1,..., M} x {0,1,..., K}™ x {0,1,....K}" : |r| < |k,
7]

all r; are even and m + |k| + 1 — o :j}.

The constants a;j(n,V) are given by

L (MO (BT () D () e
O B (2m)7 G+ 1)(m + [F]) ([ vemtea),

where we have used the notation of Equation (4.5).

Proof. Fix t > 0. By [25, Theorem 3.64] we have e * — e=t0 ¢ £1(F(). Choose a > 0 such
that a > |A| for all A € 0,,(H) and define the vertical line 7, = {—a— 1 +iv : v € R}. We write

1 1
Tr (e*tH — e*tHO) =Tr </ ie*t(HOJrSV) ds> = —t/ Tr <Ve*t(HO+SV)> ds.
o ds 0

Cauchy’s integral theorem tells us that for all s € [0, 1] we have

211 21

1
eit(HO‘FSV) = / eitZ(Z — H() — SV)il dZ - _/ eitZRS(Z) dZ,
Tt v

where we have introduced the notation Ry(z) = (Hg + sV — z)~!. An application of Lemma
4.6 gives us for all M, K € NU {0} the expansion

M K
Ro(z) =Y | D (—1ymtsmey, (vt .y lm) Ry (zymHkHL 4 gmpye o (2)
m=0 \ |k|=0

+ (—D)MHSMHL Ry (2) V)M HIR,(2).
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Thus we write

M K
1 / =3y +k] (k1) (k) k|41
= Tr( — : (—1)ymtlklgme, (Vv D) Ly ) Ry (ymetkHL g,
(27” Tt m=0 |k|=0
1 M 1
o - —tz my; p m o / —tz(_q M+1 M+1 M+1
<2m, L mzos VPen()e 5 [ et V(Ro(=)V)YM+ R, (2)d

We now apply Cauchy’s integral formula again to obtain

1

1
—tz m+|k|+1 m+|k|+1
R dz = (-1
5] ¢© 0(2) z=(-1)

—tz(, —m—|k|—1
H d
2mi /yt S o) :

(_1)m+|k|+1 dm+lkl L otk
)T damei (&) le=tio = — e

't

—tHp

Hence we find

(Ve—t H0+sv)) ﬁ/[: f: m-Hle C (k) gkl oy (Vv(kl)_.'v(km)e—tH())
(m + |k[)!

m=0 |k|=0

eMyK( ,S).

Integrating out the s variable we have

1
Tr (e*tH — e*tHO) = —t/ Tr (Ve*t(HOJrSV)) ds
0

M K m~+|k|+1
- $ 5 e )

We now use Lemma 4.4 to write
M K ( )m-l—\k\-i—lc (k‘)
(m+1)(m + [k])!

gkl (VV(’“) V““m)e*tHO)

n+|r|
2

_3h s 5 M HCL (T () - T () et

(m +1)(m + |k|)!(27)
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where the sum is over all multi-indices r of length n such that all r; are even. We now collect
together powers of t. For j € N we define the set

Qmk(j) = {(m,k,r) €{0,1,..., M} x{0,1,..., K} x{0,1,...,K}" : |r| < |K|,

all r; are even and m + |k| + 1 — ‘g’ :j}

and the coefficients

a;j(n,V) = Z

(m,k,r)eQn, k (7)

(=) (=)™ ()T (252) -+ T (252) g (@) de
(4 D)(m £ [R)(20)" ( ¥ (P8 (@) ) |

The a;(n, V) allow us to write

M+1

M K

—1)ymtlE+HI o (K " _ _ngg
3 3 e S (el ) = 3 00 84,
m=0 |k|=0 '

=1

where G(t) = O(tM*+?7%) as t — 0T. Thus we have the expansion

M+1 1
Tr (e_tH - e_tHO) = Z a;(n, V)t 2t 4+ G(t) — t/ emk(t,s).
j=1 0
It remains to check the behaviour of the final remainder term, which consists of two types of
terms. Recall that the operator Pk ,(z) has order (at most) —2m — K — 3. By [18, Lemma
6.12] there exists a constant C' (depending on V', m and K but not z) such that
K_1

HRO(z)fm7777q2PK7m(z)H <C.

Choose K > n — m, large enough so that quo(z)m+%+% defines a trace-class operator. We

use Holder’s inequality for Schatten classes to find

K1
IV Pican(2)lly < C ||arRo(z)™+ 5+

L
We can now estimate the remainder term via

1
/ sm/ e ¥ P (2)dzds|| < ¢ /eaHlquRo(z)m*g*%
0 Yt 1 R

n m +




as t — 0+. A similar estimate shows that

1
/SM+1/ V(Ro(2)V)YMHIR (2)e * dzds
0 vt

ast — 0. Taking J = M + 1 completes the proof. O

=0 (tMJFZ—%)
1

Remark 4.8. The heat kernel coefficients a;j(n, V') are well-known and have been computed for
small j by many authors, see for example [8] and [20] in this context. The first few are

ai(n,V) = L (3) Vol(s™™) /n V(x)de,

2(2m)n
n o) n—1
i v) = ORI [ vpa,
n o) n—1
as(n, v>=—F<2)6(‘;;§f L[ (v + 5I9vioP) a.

The expression for the a;(n, V) provided by Proposition 4.7 provides a systematic way of
computing these coefficients.

Truncating the heat kernel expansion of Proposition 4.7 at J = |5 | we can write for ¢ > 0 the

expression
2 .
Tr (e tH —e7t0) = Z a;(n, V)"2 + Bz (t) (4.6)
=)y e (—1)"+1
— Z ]n’/ Af_j_le_w\ dX + 7GL%J(TL, V) +EL%J(t)>
j=1 I (5 - ]) 0 2
where we have separated out the constant term in even dimensions as
()" +1
(V) = —F——az)(n, V). (4.7)

Definition 4.9. We define the high-energy polynomial for & to be p,, : (0,00) — C given for
A€ (0,00) by
1% | (2mi)aj(n,V) =
pn(A) = Z ¢j(n, V)A A

Azl
i=1 = T(E-J)

By [63, Theorem 1.2] the high-energy polynomial p,, is related to the spectral shift function by
)\lim (—2mig’ (A) — pu(N)) = 0.
—00

We can explicitly determine p,, for small n as p; = pa =0,

_ (2mi)AT2Vol(S?) @A I (3,V)
i) Vol(S?
pa(N) = —(222;;)1518) ” V(z)dz = (2mi)aq(4,V).

We can use Proposition 4.7 and the Birman-Krein trace formula to analyse the integrability of
the (derivative of) the spectral shift function on RT.

21



Lemma 4.10. Suppose that V € C°(R™). Then the function Tr (S(-)*S'(-)) — pn is integrable
on RY. In particular, if n = 1,2 we have Tr (S(-)*S'(-)) € L}(RT).

Proof. Since €| (g0 € C1((0,00)) by Theorem 2.12 it suffices to check integrability in a neigh-
bourhood of zero and a neighbourhood of infinity. The lowest power in the high-energy poly-
nomial p, is A\~ > and thus pn is integrable in a neighbourhood of zero. That &’ is integrable
in a neighbourhood of zero is the statement of [43, Theorem 5.2]. This can also be proved
directly by using the resolvent expansions of [38, 39, 41, 42] and Equation (2.6) to analyse the
small X behaviour of Tr (S(A\)*S’(\)) as in [19, Lemma 5.1].

For the claim regarding the integrability in a neighbourhood of infinity, we use the high-energy
asymptotics of [57, Theorem 1]. The result is that for sufficiently large A\ we have the estimate

[ Tr (SV)*S'(N) = pa(N)] < OXETLT2,

from which the integrability of Tr (S(-)*S’(:)) — p,, in a neighbourhood of infinity follows (there
is no coefficient of A\=! in even dimensions by [43, Theorem 5.3], although this will follow from
Theorem 4.13 also). O

Remark 4.11. In fact, at this point we can almost deduce Levinson’s theorem from the Birman-
Krein trace formula and Lemma 4.10 (see [31, Theorem IV.5] and [32, Section 5.B]). From
Proposition 4.7 we have the limit

15]
0= lim (Tr (et — ¢ tHo) _ (n, VP2 ).
ti%l+< r (e e ) ;a](n )2

Using Equation (4.6) and the Birman-Krein trace formula in the form of Lemma 2.13 we obtain

o R Ay o —tap
0 tl_lgi <2m,/0 AT (S(A)*S' (A d)\—i—;e Bk M (M)
Bl
aj(n, V) [ n_pq i
— N —£(0+) — R DY d/\—ﬁnv>
(0+) j:1r(2_k)/0 : V)
25 n
L 1L [ . 2 (2mi)aj(n, VA2 k1
_131_1)%1+ <2m/0 e Tr(S 2 (2 k:) dA
K
+3 M () — N — £(0+) — B >>
k=1
. L[~ _ .l
= Jim g [T (T (SO)S') = () dA = €04) = (V).

Here the constant f,(V) is as in Equation (4.7). An application of Lemma 4.10 and the
dominated convergence theorem then allows us to bring the limit as ¢ — 0" inside the integral
to obtain

1

§0+) = 5

; /Ooo (Tr (S(N)"S'(N) = pn(X)) dA = Bu (V).
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We see that the only missing information to obtain Levinson’s theorem is the behaviour of the
spectral shift function at zero in terms of eigenvalues and resonances. This information has been
obtained directly in odd dimensions, see [55] and [31, Theorem 3.3]. The method of Remark
4.11 is used in odd dimensions by Colin de Verdiere [20], Guillopé [31, 32] and Dyatlov and
Zworski [25, Theorem 3.66]. In Section 5 we take an alternative approach, proving Levinson’s
theorem directly from the index of the wave operator W_ and as a consequence determining
the behaviour of the spectral shift function at zero.

We now analyse the high-energy behaviour of the (determinant of the) scattering operator
using the limiting absorption principle and the pseudodifferential expansion of Lemma 4.6. To
do so we define the following high-energy polynomial.

Definition 4.12. We define the high-energy polynomial for £ to be P, : (0,00) — C given for
A € (0,00) by
125+ L%J

PuN) = 2rif (V) + 3 A

j=1 2 3:1

2772 (2mi)a;(n, V)

A2,
T(2-j+1) ’

We note also that P} = p,,, with p,, the high-energy polynomial for & of Definition 4.9.

We can explicitly compute the lowest order polynomials, finding P; = 0,

1) Vol (St T
PZ(A):—WI(S)/R2 V(z)de = > V(z)dz = (27i)Ba(V),

2(2m)? A Jge
_ (2mi)AzVol(S?) _ (2mi)As _ @r)ai(3,V)A2
P =~ [ Vi - -2 /R Ve = SRR

™ ol(S? 1) Vol(S3
PiA) = —W /R V(r)da +(2422Y7T)1§S) /R V(e = (2mi)ar(4, V)A + (2mi) (V).

Theorem 4.13. Suppose that q1,q2 € C°(R™) with V = qi1q2. Then for all A >0 and J € N
we have

J

J 1\ 5—J
> <( fl) Tr <(Q1Ro(>\ +i0)g2)" — (@1 Ro(A — iO))qu» == Ciln, V)X + B (),

(=1

~ (4.8)

where Ej(\) = O )\%_‘]_3) as A — oo and Ej is differentiable. If n is even we have
Cij(n,V) =0 for all j > 5. Ifn is even and j < § or n is odd the coefficients C;(n,V)
are given by

(2mi)aj(n, V)

(G 1) )

Cj (n, V) =

with the a;(n, V') the heat kernel coefficients of Proposition 4.7. Note also that for n even we
have Cx(n,V) = 2mif, (V).

Proof. For X\ > 0, we have

AT Vol(s™! mi)a
Tr (q1 (Ro(A +0) — Ro(A — i0)) g) = (2”2”2(27‘:)7}(8 )/nv("““) 4y — _ 2i)an(
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by Lemma 4.1, with no need for any kind of expansion. We now consider the ¢ > 2 terms in
the sum. For z € C\ R we use Lemma 4.6 to obtain the expansion

=2
= (-1 = kl+1 k k o4k (=1)*

= 7 n D EDEHG L (kv ) v e Ry ()R] gy + a1 Pre(2)q |
=2 |k|=0

where Pk ¢(z) is of order (at most) —2¢ — K — 1. By the limiting absorption principle, this
equality extends to z = A + 40 for A € (0, 00) and thus we find

L —1)Z . Y, . Y
T ((ql(Ro()\-i-ZO)(D) —(quo(A—%O))qQ))

2
L K
—1)t+HEl+1
= ZTr (ql Z ()KC

eil(k)V(kl) U VACTARY (RO(/\ + i0)€+|kz| ~Ro(\ — i0)£+‘k‘) “

—~

(1)
ST (@ RoA + 10)a2)! — (@ Ro(A — i0)a2))

(=2
L o (e e o
=Y Trla| >, > G (K)a1gy, 0" (RO(A+z’o) HE _ Ro(A — i0)C] |> e
=2 |k|=0 |r|=0
(-1)*

+ 7 q1 (PL,E()\ + iO) — PL’g(/\ — 10)) q2> .

Ignoring for a moment the remainder term we find using Lemma 4.2 that

L K K|
ZTr<(_1)Zq1 S 3 (DO (W8 (Bo(h 4 i0) T - Ro(x — i0)+1H) q2>
=2 |k|=0 |r|=0
L K |kl etk o PP (riELY L (el \ P e k|
(1) @)y (k) (i) D (L) - T (1) 4 y
— () gk r(x) de.
Do o+ 1k = (5 +1- 0= K]+ ) (2m) Jo v

Lemma 4.2 also gives that for n even all terms with ¢ + |k| — |g

> & vanish. We now collect
together the powers of A. For j € N we define the set

QLx(j) = {(E,k,r)e{l,...,L} x {0,..., K} x{0,...,K}": |r| < |k| < K,

all ; are even, and £ + |k| — ’;| :j}
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So we write
K |k
Z Z |k|+1Cg 1( )qlgma?" (R[)()\ -+ iO)er‘ — Ro()\ — Z'O)zﬂk') q2>

ZTr(
|k[=0 |r|=0
S G vt
=2

where the coefficients Cj(n, V') are given by
DR rNCo () (=) ITIT L‘H e T (fntl
hreannty UE+ Ik = DI (3 +1— 0= ||+ 5) 2m)
Direct comparison with Proposition 4.7 shows that we have the relation

(2mi)a;(n, V)
r (% +1- ]) .

| V@@

Cj(ﬂ, V) =

We now return to the remainder term. Due to the form of the remainder terms Py ¢(\ % i0)
the difference g (Px¢(A +10) — Pg (X —i0)) g2 is always trace-class, as we now show. The
proof of [18, Lemma 6.12] shows that Pk ¢(A£140) is a linear combination of terms of the form

M
IT AmRo(X £ i0)m

m=1

for some M, oy, € N and differential operators A,, of order a,, < 2«,, with smooth compactly
supported coeflicients and

Each A, can be factored as fi, Amgm for fm, gm € C°(R™) and A,, also of order a,,. Taking
the difference and factorlslng we find

<HA Ro(\ +i0)* — HA Ry A—zo)am>

m=1 m=1
_Z (H A Ro —ZO) ) (Ap (Ro(/\+i0)ap—R0()\—20 ap (H ARy )\‘FZO) >
p=1 \m<p m>p

each term of which is trace-class by Lemma 4.2. Holder’s inequality for the trace norm then
shows that

(HA Ro(\ +1i0)® HA Ro(\ —i0)® )

m=1

M
<
p=1

1

afi (H AngmBo(A - w)amfmﬂ) H [ Ay (Ro(r +0)° = Ro(A = i0)) foua |

m<p

X Ap—‘rlgp-i-l H R[)()\ + iO)amfm+1 q2||

p<m<M
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where we use the convention firy; = 1. By [1, Theorem A.1] (see also [53, Theorem 1]) we
have for any a > 0 and differential operator A of order a < 2« the estimate

llgi ARy (A £ i0)%go|| = O <)\_%0‘+%)
as A — co. By Lemma 4.5 we have the estimate
g1 A (Ro(A +30)* — Ro(X — i0)®) go||, < CAZ72%3
Combining these we obtain

M M
( H Q1Amq2R0()\ + 10 H Q1Amqu0(>\ — 10) )

m=1 m=1

1
M

= 2ot —Lla,+am ,_g_@

T (o) o

as A — oco. By varying K we obtain Equation (4.8). That Ep, is differentiable follows from the
observation that the left-hand side of Equation (4.8) is differentiable, as is each power of A on
the right-hand side. O

Remark 4.14. Choosing J > [ 5| in Theorem 4.13 gives

EJ: < ( q1Ro(A +10)g2)" — (@1 Ro(A — iO)q2)f)> = —P,(\) — E(\),

=1

~

with E(\) = O()\_%) as A — oo with F differentiable. A comparison with Lemma 2.14 and
using the convention of Remark 2.15 gives the relation

Jm (=2mif(A) = Pu(A)) =0,

justifying the terminology of P, being the high-energy polynomial for &.

5 Low and high energy behaviour of the scattering matrix and Levinson’s
theorem

Due to the generic failure of the equality S(0) = Id in dimensions n = 1, 3 some adjustments are
required to obtain an analogue of Theorem 3.9 in these cases via the use of an additional unitary
operator. In higher dimensions, an additional unitary can be used to obtain a representative
of the class [S] with better behaviour at high-energy in the trace norm, from which we are able
to deduce Levinson’s theorem in each dimension.

To account for the low-energy behaviour of the scattering matrix, we introduce the following
definition following [17].

Definition 5.1. Suppose that V' € C2°(R") and let S be the corresponding scattering operator.
Let o be a once-continuously differentiable admissable unitary. Then Det(o()\)) € T exists for
all A € RT and we say that o is a low-energy correction for S if o(0) = S(0),

lim o(A\) =1d
A—00
when taken in B(P), W, is Fredholm and Index(W,) = 0.
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We note that low-energy corrections are only required to account for the behaviour of the
scattering matrix at zero in dimensions n = 1,3, since for all other dimensions we always
have S(0) = Id by Theorem 2.7. We will construct explicit low-energy corrections in these
dimensions as needed.

To account for the high-energy behaviour of the scattering matrix in the trace norm, we
introduce the following definition.

Definition 5.2. Suppose that V € C2°(R") and let S be the corresponding scattering operator.
Let 8 be a once-continuously differentiable properly admissable unitary. Then Det(5(\)) € T
exists for all A € R™ and we say that /3 is a high-energy correction for S if

lim Det(S(\)B(\)) = 1,

A—00

and Index(W3) = 0.

We note that high-energy corrections are not required in dimension n = 1, since in this case
)\lim S(A) = 1Id in B(L?(S)) = Ma(C) = LY(L*(SY)). We will construct explicit high-energy
—00

corrections as needed in all higher dimensions.

We note the following key result, which follows immediately from [46, Section 4.1].

Lemma 5.3. Let U € B(H) be a properly admissable unitary such that the matriz of U is dif-
ferentiable, RT 5 X+ Det(U())) € T satisfies Det(U(0)) = Det(U(c0)) and |Tr(U(-)*U'(+))| €
LY(R™). Then we have

Tndex(Wy) = % /0 T T (UO)T) dA (5.1)

5.1 Low energy corrections in dimension n =1 and n =3

As a direct result of Theorem 3.9 we have the following.

Theorem 5.4. Suppose n = 1,3, V€ C°(R™) and let S be the corresponding scattering
operator. Then for any low-energy correction o we have the pairing

([D+],[Sc™]) = —Index(Wgy+) = —Index(W_) = N,
where N is the total number of bound states of H.

Proof. Let o be a low-energy correction for S. Then the operator Wg,+ defines a properly
admissable unitary and so by Theorem 3.9 we have the equality

([D4+],[Sc*]) = —Index(Wgg+).
Since o is a low-energy correction Index(W,+) = 0 and so Index(Wg,+) = Index(Wg) by Lemma
3.5. Finally we have that Index(Wyg) = Index(W_) by Theorem 2.16 and Index(W_) = —N
by Proposition 2.1, which completes the proof. O

In dimension n = 1 we require two types of low-energy corrections.
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Definition 5.5. We say a map o : RT™ — Ms(C) is a generic correction if there exist differen-
tiable functions § : R* — R and f,g: R™ — C such that 6 is increasing, |f(A)|> + [g(A\)|? =1
for all A € RT, 0(c0) € 27Z, 0(0) € (2Z + 1)7, 0(c0) — 6(0) = m, —g(0) = f(oc) = 1 and
f(0) = g(c0) = 0 such that

£ A
o) = (s o) (52)

We say a map o : Rt — My(C) is a resonant correction if there exist differentiable functions
6:RY - Rand f,g: Rt — C such that 6 is increasing, |f(\)|? + [g(A)|?> = 1 for all A € RT,
0(0),0(0) € 2nZ and 6(cc) — 6(0) = 0 with f(0) = 2cic_, g(0) = 2 — 2, f(o0) =1 and
g(o0) = 0 for some cy,c_ € R\ {0} with ¢Z + ¢ = 1 such that Equation (5.2) holds.

We note that the existence of low-energy corrections in dimension n = 1 is guaranteed by
explicit choices of the functions @, f, g. For example in the generic case we can choose

9(>‘) = Qtanil()‘) +m, g()\) = _ei)\, and f()\) = 1 —e2X

Lemma 5.6. Supposen =1, V € C°(R"™) and let S be the corresponding scattering operator.
If H has no resonances, let o be a generic correction and if H has a resonance let o be
a resonant correction with ci,c_ determined by Theorem 2.5. Then o defines a low-energy
correction for S.

Proof. We first make the observation that

-1 0

2¢cqc_ ci —c

2 — Ci 2cic_

0 -1
) if o is a generic correction,

o(0) = )

) , if o is a resonant correction.

Thus in both the generic and resonant cases we have that ¢(0) = S(0). By construction we
also have that

lim o(\) = Id.

A—00
Since o(0) = S(0) and Wy is Fredholm, we find that W, is Fredholm also by Lemma 3.5. It
remains to check that Index(W,) = 0. To do so, we use Gohberg-Krein index theory in the
form of [46, Section 4.1]. In particular, we have that

Index(W,) = ds.

1/00 A Det(a(N)) 1 L Det(Id + ¢(s)(a(0) — 1d))
27

(
Det(a(N)) 2mi Jg Det(Id 4 o(s)(0(0) — Id))

The first term is easily evaluated as

1 [ LDet(a(N)) / o0x
27 J Det( (\) T 2mi
B { if o is a generic correction,
=10

if o is a resonant correction.
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The second integral has already been evaluated in [46, Proposition 9] (using a different choice
of basis) as

/ A Det(Id + ¢(s)(a(0) — 1d)) ds — —1 if o is a generic correction,
R 0, if o is a resonant correction.

Det(Id + ¢(s)(c(0) — Id))

and thus Index(W,) = 0. O

Lemma 5.7. Let n = 3 and suppose that V- € C°(R™) with S the corresponding scattering
operator. Let Py be the projection onto the spherical harmonics of order zero in L?(S?) if there
exists a resonance for H = Hy +V and P; = 0 otherwise. Let 6 : R™ — R be an increasing
differentiable function such that 6(0) = 0 and 6(co) = w. Then the unitary operator o € B(H),
defined for X € Rt by

o(\) =1d — (1 n ew()‘)> P,
defines a low-energy correction for S.

Proof. If P = 0 then o(\) = Id and the result is clear, so we suppose that there does exist
a resonance. Since Pj is a finite rank projection, we have that o(\) — Id is trace class for all
A € RT. By construction we have (0) = Id—2Ps = S(0) and o(00) = limy_, S(A) = Id (with
the limit taken in B(?P)). Since W_ = Wy (up to compacts) by Theorem 2.16, we have that Wg
is Fredholm and thus W, is Fredholm by Corollary 3.6. We can compute using Gohberg-Krein
theory in the form of [47, Section 6] (see also [28] and [61]) that

Index(W,) ds.

1 /wcﬁDet(a(A)) 1 [ ADet (Id + ¢ (~25) (S(0) — 1d))
2w Jo  Det(a(N) 2mi Jg Det (Id + ¢ (—2s) (S(0) — Id))

The first integral can be evaluated as

1 > A Det(o(N)) b g’ (N)e?™ 1
27 Jo  Det(a(N)) © 2w (V) 2

For the second integral, since S(0) —Id = —2P; and P; is a rank-one projection, we find that
the operator ¢ (—2s) (S(0) — Id) has a single eigenvalue given by —2¢ (—2s). Thus we find

Det (Id + ¢ (—25) (S(0) = Id)) =1 — 2 (—2s).
Hence we can evaluate the s-integral as

L[ @Det(d+p(=2) (SO) —1d)) | 1§ (1-20(=25))
27i Jp Det(Id+ ¢ (—25) (S(0) —1d)) 2w Ja 1-2p(-29)
1 4 (tanh (2ms) + i cosh (27rs)_1>
s d
2mi Jr  tanh (27s) + i cosh (27s) ! °

e27rs 1
=2 — —ds=-=.

Combining these we find Index(W,) = 0 so that o defines a low-energy correction for S. [
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5.2 High energy corrections in dimension n > 2

We now construct high-energy corrections for dimension n > 2, using explicitly the trace
relations of Section 4. In dimension n = 1, no corrections are necessary as /\lim S(A\) =1d in
—00

trace norm.

Lemma 5.8. Suppose that n > 2 and q1,q2 € C°(R™) with qig2 = V' and corresponding
scattering operator S and fiz 0 # x € C°(RT,R) with x(\) =0 for A < 1. Define x : Rt - R
for X € RT by

) () du
X(A)__jfoi(u)dU‘

If n =231letp=2andifn >4 let p > n. For A > 0 define the self-adjoint operator

A(N) € B(P) by

AN = —21To(N)g2 | DD 7 (@1Ro(A +i0)g2)’ (@1 Ro(A — i0)g2) ™" | eaTo(N)*,

For A € Rt let A(\) = X()\%)/Nl()\). Then the unitary operator B(\) = ¢4 defines a high-
energy correction for S.

Proof. For all A\ € RT we have

(@ Ro(A +10)g2)” (q1Ro(A — i0)g2) " | auTo(N)*

=1 j=0 ¢
p—1 /-1 (_1)g ' '
= —27Lo(A)q1 > s (@2Bo(A+ i0)g1)" 7 (g2 Ro(A = i0)q1)’ | g2To(A)*
(=1 j=0
p—14-1 ¢
— (_1) . k o (—k—1 *
= —21To(N)q1 7 (g2Ro(A +i0)q1)" (g2 Ro(A — i0)q1) q2lo(N),
(=1 k=0

where we have used the relabeling k£ = £—j —1 in the inner sum. Using that the multiplication
operators q; and g2 commute, we see that A(\) = A(A)*. The self-adjointness of A(A) then
follows from the fact that x is real-valued. We have A(0) = 0 and the norm limit

lim A(\) =0

A—00
by an application of the estimate (2.5) and [53, Theorem 1]. By Lemma 4.1 we have that
A()) can be factored as the product of two Hilbert-Schmidt operators and thus is a trace-class

operator. By cyclicity of the trace and the relation 27ilo(A)*I'o(A) = Ro(A + i0) — Ro(\ — i0)
of Lemma 4.1 we have

[N

=1
Tr(A(N)) = ix(A )Z ( 61) Tr <(q1Ro()\ + iO)QQ)Z — (@1 Ro(A — iO)q2)£> .
/=1
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As a consequence of Holder’s inequality for Schatten ideals, 3(\) —Id € £1(P) and so 3 defines
a properly admissable unitary. Thus Det(8()\)) = e™(AMN) and so by Lemma 2.9 we find that

Detp(Id + quo()\ + iO)QQ)

Det(S(A))Det(IB(A)) Det (Id + quo()\ - iO)QQ)
p—l
= exp ( ( quo()\ + 10)(]2) (quo()\ - iO)QQ)£> + ZTI‘(A(A)))
/=1
p—l
= exp ( (A2)) Z ( (q1Ro(A+0)q2)" — (1 Ro(A — iO)Q2)Z>> -
/=1

An application of Theorem 4.13 and Lemma 2.11 gives that
lim Det(S(A\)B(N)) = 1.
A—00
To see that Index(W3) = 0, we consider for ¢ € [0, 1] the homotopy
Ar(0) = 2mx((1 = )AZ) AN,

The path A;(\) defines a norm-continuous path in B(P) from Ag(A) = A(N) to A1(A) = 0.
Defining the path A; = FjA.(-)Fy € B(H) we obtain a norm continuous path in B(JH) from
A to 0. To see this, fix t1,t2 € [0,1) and define d = (min{(1 —¢;)~%, (1 —t2)71})? > 1. Then
for g € Hspee we find

(A, (-) = Ag, (4))g] Impec

= [ A0 = Au (g0, ) P o
/ [ 060 = 40, ()9O ) durd
Snl
< / OH(1 = 12) = xOH A= )P [ A0 ) dw

Sn—1

< Clty — t1|2/ /Sn 1 A )] (w)|? dw dA.

It remains to estimate [[A(X\)g(),-)](w)|. We recall from [53, Theorem 1] that for sufficiently
large A we have

|1 Ro(A + 0 go| | = O(A~3)

and so we may define

p—10-1
KSUp{QTI‘ZZE H @1 Ro(A +i0)g2)? (g1 Ro(\ — i0)go)* 7~ 1H A€ [d, oo)} < 00.
(=1 =0

Using twice the estimate (2.5) we obtain

L T D@ dw = AN oo
-1 /- 1

<20t S5 Mol + 0)as) a1 Roh — 0)a2) 5 o) 00|
/=1 j=0

1 \ _
< KA2 |lgTo(N) g, )12 < KA1 )2 gn1)
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Combining these we find

() = A gl < Clta =t [ 73 [ 1IANIO )R dwy

o0
< CKlty — 11 /d 1900 )22ty dA
< CKlts — i lgl.

The case when either or both of ¢1, fs is one follows from a similar calculation.

As a result, the path 8; = ¢4t defines a norm continuous path of unitary operators in B(J)
from 3 to Id. Hence the path Wp, defines a norm continuous path in B(H) from Wy to Id,
along which the Fredholm index is constant and equal to zero. O

5.3 Levinson’s theorem and the spectral shift function at zero

We now use the high-energy behaviour of the spectral shift function of Section 4 to prove
Levinson’s theorem in all dimensions. As a corollary, we deduce the behaviour of the spectral
shift function at zero in all dimensions.

Proposition 5.9. Suppose that V € C°(R™) with corresponding scattering operator S. Then
we have
1 1

Index(Wg) = 5 /Ooo (Tr (S)*S'(N) = pn(N)) dX = B (V) + 5 /OOO Tr(c(A)*o’ () dA,
(5.3)

where o is a low-energy correction in dimension n = 1,3 and otherwise o = 1d. Here

L5

pu(N) = cj(n, V)As =71

<.
Il
—

is as in Definition 4.9 and B, (V) is as defined in Equation (4.7).

Proof. Let x, x be as in Lemma 5.8 and let 8 be the corresponding high-energy correction for
S and o the corresponding low-energy correction. Then we have

Index(Ws) = Index(Wsgo-)
1 w<c$Det(S(A)ﬁ(A)a(A))>

=i ), U pesosmeny) ) P
1 S .o d 1 - 1 fee) .
=~ ), (Tr (S(N*S'(N) —l—zd/\x()\z)Tr(A()\))> dA+ o ) Tr(o(M\)*o’(\)) dA.

By adding zero we account for the high-energy behaviour of Tr (S(-)*S’(+)) using Lemma 4.10
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and Definition 4.9 to obtain

L[~ (Tr (SOY*S' () + i 2

[NIE

(A

I3 X )Tr(fl(A))) dA

2i Jo
o | SIS O) <) + <pn<A> ity
= o [ (s ) - ) ax

fam [ (0 iy (OBTLAGD) ) an

Using Theorem 4.13 (see also Remark 4.14) we write

(NI

iTr(A(N) = —Pa(A) — E(})
where E is differentiable, E(\) = O()\_%) as A — oo,
!

J
Pa(N) = Ci(n, VAR, and  Py(N) = pa(N).
j=1

NIE

Thus we find
1 oo
2mi Jo
:% [ (1 (S8 ()) = pal3) A
1 oo
2mi Jy

<Tr (S(N)*S'(N) + iX(Aé)Tr(A(A))) dx

(p"“) - o (OB Em + E(A)))) a\

= 2%” 000 (Tr (S()\)*S’(/\)) —pn()\)) d\
+ zim 0°° O%\ (Pn()\) (1 —X()\%)) —X()\%)E()\)) d\
1 oo

=5 [ (Te(S)"S'(V) = pa()) dA - %Pn(o),
i Jo e’

where we have used the properties of y as defined in Lemma 5.8. Observing that P,(0) =
2715, (V') completes the proof. O

We can now prove Levinson’s theorem in all dimensions.
Theorem 5.10. Suppose that V' € C°(R™) with corresponding scattering operator S. Then
the number of bound states N of H = Hy+ V is given by
1 o0
—N = Index(W_) = m/ (Tr (SON)*S'(N) = pr(X)) dX = Bn(V) + Nyes, (5.4)
0
where py, is as in Definition 4.9, 5,(V') is as defined in Equation (4.7) and

%, if n =1 and there are no resonances,

Index(Wies), ifn=2,4,

Nres =
, if n = 3 and there exists a resonance,

O ol

, otherwise.
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Proof. For n > 5 this is the statement of Proposition 5.9 combined with the observation that
Index(W_) = Index(Wgs) = —N of Proposition 2.1 and Theorem 2.16. For n = 1,3 we use the
additional observation (see Lemmas 5.6 and 5.7) that for a low energy correction o we have

) - %, if n = 1 and there are no resonances,
37 Tr(o(N\)*0'(A\))dA = < L, if n = 3 and there exists a resonance,
0 .
0, otherwise.

For n = 2,4 we observe that Index(W_) = Index(Wg) + Index(W,¢s) by Theorem 2.16 and the
result follows from Proposition 5.9. O

In particular, we have the following low-dimensional statements of Levinson’s theorem. In
dimension n = 1, we recover Levinson’s original result [51] that

N L /oo TSV S () A + 3, if there. are no resonances,
2w Jo 0, otherwise.
In dimension n = 2 we obtain the result of Bollé et al. [14, Theorem 6.3],
1 [ oot 1
—-N=— Tr(S(A)*S'(\)) dA + — V(z) dz + Nyes.
211 0 ™ JR2

In dimension n = 3 we recover the result of Bollé and Osborn [11],

1
L[~ 23 2 if there i
N = / (Tr(S()\)*S’()\)) n A2 / V() dx) e {2, if there is a resonance,
0 R3

- 2mi 4 0, otherwise.

In dimension n = 4 we obtain the result of Jia, Nicoleau and Wang [43, Theorem 5.3],

— _i = T * g/ M 2)dz _VOI(S?’) 22 da
M= o 0 <T (SAFS )+ 2(2m)4 /R Vi@)d >dA 4(2m)* R4V( )7z o+ Nres

Finally, as a result of Levinson’s theorem and the discussion in Remark 4.11 we deduce the
low-energy behaviour of the spectral shift function.

Corollary 5.11. Suppose that V € C°(R™) with corresponding scattering operator S. Then
for all A € R we have

K

N =— Z M(Ak)X[)\k,oo)(A) - NresX[O,oo)()‘)
k=1
1 . 1
~ Xy Mg [ (Tr (S()"S" (1) = Palr)) it = Xpo.00) (V) 5= (Pu(A) = Pa(0)),
™ Jo T
where the distinct eigenvalues of H are listed in numerical order \y < --- < Ag < 0 with each

eigenvalue \; having multiplicity M (X;). In particular we have £(0+) = —N — Nyes.
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