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Abstract

We use spectral flow to present a new proof of Levinson’s theorem for Schrodinger
operators on R" with smooth compactly supported potential. Our proof is valid in all
dimensions and in the presence of resonances. The statement is expressed in terms
of the spectral shift function and the “high energy corrected time delay” following
Guillopé and others.
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1 Introduction

Much work has been done in recent years investigating the topological nature of
Levinson’s theorem from quantum scattering theory, both as an index theorem [3, 5,
24, 25, 33-35] and as an index pairing [1, 2, 4]. In this paper, we prove Levinson’s
theorem for Hamiltonians Hy, H on R” by using spectral flow from Hy to H. By
applying the operator pseudodifferential calculus to the spectral flow formula of [15],
we obtain a proof of the integral form of Levinson’s theorem in all dimensions and
in the presence of zero energy resonances. The dominant contribution is from the
eta invariants of the endpoints Hy, H, and can be computed using the Birman—Krein
formula. In particular, we give a new approach to the relationship between the spectral
shift function and spectral flow, extending the work of Azamov et al. [8, 9]. Our main
result (see Theorem 4.2) is
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Theorem (Levinson’s theorem) Suppose that V- € C°(R"). Then the number N of
eigenvalues (counted with multiplicity) of H = Hy + V is given by

1 00
N = / (Tr(SG)*S' (1)) = pu(A)) di = Bu(V) + Nies
Tl Jo

where Nieg is the contribution from resonances as defined in Theorem 2.15 and the
polynomial p, and constant 8, are defined in Lemma 2.10 and Definition 2.11.

The layout of the paper is as follows. In Sect. 2.1 we recall the definition of spectral
flow due to Phillips [30, 31] and the general formula for the spectral flow along a path
of unbounded operators from [15]. In Sect. 2.2 we summarise the stationary scattering
theory for the Hamiltonians Hy, H and in Sect. 2.3 we recall the spectral shift function
and its defining properties, including the Birman—Krein trace formula. In Sect. 2.4 we
describe the high-energy behaviour of the spectral shift function from [1] and the
pseudodifferential expansion of the resolvent from [14].

In Sect.3 we use the scattering techniques of Sect.2 to analyse the spectral flow
formula in two components. The first is an ‘integral of one-form’ type term in Sect. 3.1
and the second is a Birman—Krein contribution in Sect. 3.2. Finally, in Sect. 4 we obtain
a formula for the spectral flow in terms of scattering data and as a consequence prove
Levinson’s theorem.

2 Background and notations
2.1 Spectral flow

The concept of spectral flow was used by Atiyah et al. in [6, 7] as a tool to develop
APS index theory. Spectral flow is intuitively defined as the net number of eigenvalues
which change sign along a path of self-adjoint operators, with the convention that an
eigenvalue changing from negative to positive will provide a contribution of 1 to the
spectral flow. We use the definition due to Phillips [30, 31]. Phillips’ definition of
spectral flow is valid in the much broader setting of semifinite von Neumann algebras
with faithful normal semifinite traces, and while we do not need the full power of such
a definition, we do need the ability to handle operators with continuous spectrum.

Consider the compact operators K(H) C B(H) with trace Tr and let 7 : B(H) —
B(H)/K () denote the projection onto the Calkin algebra. Let x = x[0,00) be the
characteristic function of the interval [0, 0o). Let (7});¢[0,1] be any norm-continuous
path of bounded self-adjoint Fredholm operators in B(H), so that 7 (7;) is a norm
continuous path of invertibles. Then 7w (x (7;)) = x ( (1y)) . Since the spectrum
of the 7 (7;) are bounded away from zero, the path x (7 (7;)) is continuous. By
compactness (and [11, Lemma 4.1]) we can choose a partition 0 = fp < ] < -+ <
tx = 1 such that

1
llr G (1) = 7 e (T < 5
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forall t,s € [ti_1,#;] and 1 < i < k. Defining the projection P; = x (Tt,-) we find
that P, P; : PiH — P;_1JH is Fredholm. We recall the following definition, due to
Phillips [30, 31].

Definition 2.1 Let JH be a Hilbert space. For ¢ € [0, 1]let (7;) be any norm-continuous
path of bounded self-adjoint Fredholm operators in B(JH). For a partition 0 = 7y <
i < -+ <t = 1 of the interval [0, 1] define the operators P; = x (7). Then we
define the spectral flow of the path (7;) by

k
sf(Ty) := Zlndex (Pi_1P)).
i=1

We note that the above definition of spectral flow is independent of the choice of
partition [27, 30, 31] and agrees with the topological definition used in [6, 7] when both
make sense. For unbounded operators, we make the following definition of spectral
flow [13].

Definition 2.2 Let H be a Hilbert space with trace Tr . Let (D;) be a graph norm con-
tinuous path of unbounded self-adjoint Fredholm operators on . Define the function
F:R—[-1,1]by F(x) =x(1 + xz)_%. The spectral flow along the path (D) is
defined by

sf(Dy) 1= sf(F(Dy)).

Throughout the rest of this section [0, 1] 5 ¢ + D; stands for a path of unbounded
self-adjoint linear Fredholm operators acting on some dense domain in 3 = L?(R").
We denote by (F;) = (F(D;)) the bounded transform of the path (D;). We must also
impose a smoothness assumption on D; to use analytic formulae for the spectral flow.

Definition 2.3 1. A path [0, 1] > t — D; is called I"-differentiable at the point t = £y
if and only if there exists a bounded linear operator 7 such that

lim Hf‘(D, — D) (id + D2)" — TH —0.

11—t

In this case we set D,O =Tdd + D,ZO)%. The operator D; is a symmetric linear
operator with domain Dom(Dy) [15, Lemma 25].

2. If the mapping ¢ — D, (Id + th)_% is defined and continuous with respect to the
operator norm, then we call the path ¢ — D; a continuously I'-differentiable or a
C}. path.

The most general analytic spectral flow formula for the case of unbounded operators
on a Hilbert space is given by the following theorem [15, Theorem 9]. The sign of the
second term in (2.1) below appears incorrectly in [15, Theorem 9].

Theorem 2.4 Let [0, 1] 2 t + Dy be a piecewise Cll path of linear operators and
F, € B(H) be Fredholm with ||F;|| < 1. Let g : R — R be a positive C* function
such that

) Birkhauser
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I [pex)dx =1;

2. fol Hng(Df)Hl dt < oo; and

3. G(Dy) — $B1 — G(Do) + £ By € LY(30), where Bj = 2x10,00(D;) — 1, and G
is the antiderivative of g such that G(+o0) = :l:%.

Then
Lo 1 1
sf(Dy) = /0 Tr (Dig(Dy)) dt — Tr (G(D]) — 3B1 = G(Do) + 5Bo> @D

In our applications of this formula we will take D; = Hy + «Id + ¢tV where Hy
is the free Hamiltonian, « a carefully chosen constant and V' a suitable potential. We
now describe these ingredients.

2.2 Stationary scattering theory

We consider the scattering theory on R” associated to the operators

82

Hoz—zg:—A and H=Hy+V,
j=1 J

where the (multiplication operator by the) potential V' is a smooth compactly supported

and real-valued function. With (-, -) the Euclidean inner product on R”, we denote the

Fourier transform by

F: LXR") — LR, [fff](s)z(zn)—%/ e 18 £(x) dx.
Rn

Note that the Fourier transform J is an isomorphism from H*" to H-* forany s, € R.
We denote by B(Hy, Hy), K(H;, H,) and L1 (K, H,) the bounded, compact and
trace class operators from H; to H,. For z € C\R, we let

Roz)=(Ho—27", R@)=(H-2".

The operator Hp has purely absolutely continuous spectrum, and in particular no
kernel. The operator H can have finitely many eigenvalues which are negative, or zero
[36, Theorem 6.1.1].

Several Hilbert spaces recur, and we adopt the notation (following [21, Section 2]
which contains an excellent discussion on the relations between the spaces and oper-
ators we introduce here)

H=LR", P=L*E"""), Hgpee=L*R", P =L’ RN QP

Here Hspee provides the Hilbert space on which we can diagonalise the free Hamilto-
nian Hy.

W Birkhauser
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Since V is bounded, H = Hp+ V is self-adjoint with Dom(H) = Dom(Hp). Since
V e C°(R"), the wave operators
itH .—itHy

Wi = s-lim e e
t—+o0

exist and are asymptotically complete [36, Theorem 1.6.2]. The wave operators are
partial isometries satisfying Wi W4 = Id and W Wi = Py, the projection onto the
absolutely continuous subspace for H. The scattering operator is the unitary operator

S=Wiw_, (2.2)

which commutes strongly with the free Hamiltonian Hy. For our analysis of the scatter-
ing operator, we describe the explicit unitary which diagonalises the free Hamiltonian.

Definition 2.5 Define the operator which diagonalises the free Hamiltonian Hy as
L on=2 1
Fo:H — Hepee by [Foflh, @) =224 7 [FfI(A2w).

By [21, p. 439] the operator Fy is unitary and for A € [0,00), @ € $"~! and
f € Hspec we have

[FoHoFy f1(A, ) = A f (A, w) = Af (A, w).

As a consequence of the relation SHy = HpS, there exists a family {S(1)}; g+ of
unitary operators on P = L?(S"~!) such that forall A € R*, w € "' and f € K
we have

[FoSf1(x, @) = SMW[Fo f1(1, w).

For historical reasons, we refer to S(1) as the scattering matrix at energy A € R since
in dimension n = 1 the operator S(A) is an M (C)-valued function.

Note that the operators Hy and H are not Fredholm, since O is in the essential
spectrum of both. To use the spectral flow formula of Theorem 2.4 we make the
following adjustment for the rest of this article. Let v < 0 be the furthest eigenvalue
of H from zero. We fix « > —2v + 1, so that the operators Hy(o) = Hy + « and
H(x) = H + « define Fredholm operators. As a consequence, the path

[0,1]>t— Hy+1tV +a=: H(x)

defines a CIL path of Fredholm operators with H, () = V. The operator Hy(o)
has purely absolutely continuous spectrum o (Hp(«)) = [«, 00) and the operator
H (o) has absolutely continuous spectrum o,.(H (o)) = o (Hp(«)). In addition, the
operator H («) has a finite number of distinct eigenvalues 0 < Aj() < Azx(x) <

- < Ak (o) < o of finite multiplicity. The eigenvalues satisfy A ; (@) = A; +«, with
Al <Az < -+ < Ak < Othedistincteigenvalues of H. We write M(A;) = M (X (a))

) Birkhauser
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for the multiplicity of the eigenvalue A ; and use the notation Ny for the multiplicity
of the zero eigenvalue for H. We also write

K
N=> M@®)
j=I
for the total number of eigenvalues of H (counted with multiplicity). Let Py (Ho(o))
denote the projection onto the absolutely continuous spectrum for Hy(c). The wave

operators

Wi(e) = s-lim e!#(@e= 100 by (Ho (@) = Wa

exist and are asymptotically complete by the invariance principle [32, Theorem XI.11].
Direct calculation gives the following diagonalisation for Hy(c).

Lemma 2.6 The operator Fy : H — L?([a, 00)) ® L*(S*™ ') given by
[Foa 1A, @) = [Fo f1(A — a, )
satisfies
[FoHo() f1(A, @) = A[Fy f1(A, ).

The scattering operator S = Wi W_ is unitary and commutes with Ho(«) and so
there exists a family {Sy (A)}1c[a,00) Of Unitary operators on L2(S" 1) such that

[FaSFIR, ) = Sa (M [ Fo f1(, @).

In fact, we have S, (L) = S(A —«) forall A € [, 00). Pointwise we have S, (1) —1d €
LY(L*(S" 1Y), [36, Proposition 8.1.5].

2.3 The spectral shift function and the Birman-Kren trace formula

We now recall the spectral shift function [12, 26] for the pair (H («), Ho(cr)) and some
of its defining properties (see [36, Theorems 0.9.2 and 0.9.7]). The proofs in [36] only
consider « = 0, however extend directly to « > 0 by translation.

Theorem 2.7 Suppose that V. € C(R"), a > 0 and let S be the corresponding
scattering operator. Then there exists a unique (up to an additive constant) real-valued
piecewise—C1 function &, (-, H, Hp) : R — R such that

Tr(f(H()) — f(Ho())) = AE&OH H, Ho) f'(A) da, 2.3)

W Birkhauser
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at least for all f € C*(R) with two locally bounded derivatives and satisfying

d
a ()»erlf/()\)) — 0(}\’7178) (2.4)

n

as . — oo, for some ¢ > 0 and m > 5. We specify §u(-, H, Ho) uniquely by the
convention £y (A, H, Hy) = O for A sufficiently negative. Thus for > < o, &,(-, H, Hp)
satisfies the relation

K
& (u H, Ho) = = Y MOR(@)) Xig (.00 A,
k=1

where we have indexed the distinct eigenvalues of H («) as A (@) < - -+ < Ag (o) and
each Aj(a) has multiplicity M (A j(c)). Furthermore, we have &, (-, H, Hp)|(a,00) €
Cl(a, 0) and for ). > «o the relations

Det(Se (1) = e 25 and Tr (S, (M*S, (M) = —2mi&, (1)

hold. Furthermore, we have £, (A) = &y(A — «) for almost all 1. € R.

We call &, (-, H, Hy) the spectral shift function for the pair (H (o), Ho(«)) and will
often just write &, = &, (-, H, Hp). We also write & = &j. Using integration by parts
we can rewrite the defining property (2.3) in a sometimes more convenient fashion,
known as the Birman—KTrein trace formula [18, Theorem II1.4].

Lemma 2.8 Suppose that V € C°(R"), a > 0 and let Sy, &, be the corresponding
scattering operator and spectral shift function. Then for all f € C2°(R) we have

K

1 o0
Tr(f(H(a)) — f(Hp(@))) = i / FOITr (SeW)* S (1)) di + Z S (@) M (A (@)
o k=1

+ f(@) Gula—) —§a(at) — M(e)),
where we have defined &, (a£) = lim,_, o+ &, (¢ £ €).
In fact by Theorem 2.7 we have, with N the total number of eigenvalues of H
counted with multiplicity and Ny = M («) the number of zero eigenvalues for H, the

relation £, (e—) = —N + No. We can then rewrite the Birman—Krein trace formula
as

1 oo
Tr(f(H(e)) — f(Ho(w))) = %/ JO)Tr (Se (1) S (1)) di

K
+ Y FOR@)IM (@) + (@) (=N — £ (a4)) .

k=1

) Birkhauser
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2.4 Resolvent expansions and limiting behaviour of the spectral shift function

For k € NU {0} and f € CX®(R") we introduce the notation f® =
[Ho, [Ho, [--- , [Ho, f]---1]], where the expression has k commutators. We recall
the following pseudodifferential expansion of the resolvent [1, Lemma 4.8] (see also
[14, Lemma 6.11]).

Lemma 2.9 Suppose that V € C°(R"). For all M, K > 0 and z ¢ o(H) we have
the expansion

M K
R@)=H-2""=3" (Z Con (k) (= )"y G0y Gond R (g IR Pm,K(z))

m=0 \|k|=0

+ (=DHMHLRy ) VIMHIR(2),

where the remainder Py, k (2) is a pseudodifferential operator of order at most —2m —
K — 3. The combinatorial coefficients Cy, (k) are given by

(m + [k])!
kile ki !(ky + Dkt + ko 4-2) - - (|k| +m)

Cnk) =

Note that the operator V1) ... V&) i5 a differential operator of order at most |k|
with smooth compactly supported coefficients and thus we may write

k|
y &)y Gm) Z gk,ﬁaﬁ, 2.5)
|B1=0

where the multi-indices g are of length n and g g € C2°(R").
We now recall the high-energy behaviour of the spectral shift function and its
derivative [1, Lemma 2.15, Theorem 4.15 and Remark 4.16].

Lemma 2.10 SupposethatV e C°(R"). Thenfor1 < £ < | 5| there exist coefficients
Ce(n,V),ce(n, V), Bu(V) such that

25
0= lim | —27wi&() — 27wi B (V) — Z Co(n, V)ri—t

A—00
=1

1251

= lim [ —27i&'G)— Y cp(n, V)ri !

A—00
=1

W Birkhauser
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The coefficients are related by c;(n, V) = (% - E) Ci(n,V).Forl1 <{ < L%J and
M, K € Nwith M 4+ K > n we define the set

QM,K(E)z{(m,k,,B)e{O,l,...,M}x{O,l,...,K}mx{O,l,...,K}":|ﬂ|§|k|,
andm—i—lkl—l—l—@—ﬂ}

The coefficients Cy¢(n, V) are given by

(=1 27)C,p (k) (=) AT (M) cor ()

Ci(n, V)= V(x)gk,p(x)dx,
kB Do+ DT (3 —m = k| + 8L) @ S
(2.6)
and
0, if nis odd,
Bu(V) = f (2.7)

2mC n(n, V), ifniseven.
Definition 2.11 Define the functions P,, p, : (0, o) — C by

1251
Py =2mify(V)+ Y Coln, VA2,
=1
L5
pa) =Y e, VIXTT = P,

=1
We call P, the high-energy polynomial for & and p,, the high-energy polynomial for
g

Remark 2.12 Recall the spectral shift functions &, &, for the pairs (H, Hyp) and
(H (@), Ho(@)). Since &,(A) = &(\ — «) for all almost all A € R we have that
the high-energy polynomial for &, is P, (- — «) and likewise for & and p, (- — a).

We can explicitly compute the lowest order polynomials (see [10, 16]), finding
P; =0, and

_ (2mi) Vol(s") omi
Py(1) = BT / V(x)dx . V(x)dx,
(2nz)k2Vol(Sz) (2m),\
P3(2) = N f Vi(x)dx /R3V(x)dx,
_ @rD)AVol(S?) (2m)Vol(S*) )
P4()\,) = —W - V()C) dx + W - V()C) dx.

) Birkhauser



53  Page 10 of 26 A. Alexander and A. Rennie

The integrability properties of the derivative of the spectral shift function on R™
are well-known, see [22, Theorem 5.2] and [1, Lemma 4.12].

Lemma 2.13 Suppose that V. € C°(R"). Then the function Tr (S(~)*S/(-)) — pn s
integrable on R . In particular, ifn = 1,2 we have Tr (S(-)*S'(-)) € L'(R™).

We now define zero-energy resonances, a low-energy phenomena known to provide
obstructions to generic behaviour in scattering theory in low dimensions.

Definition 2.14 Suppose that V € C°(R"). If n # 2 we say there is a resonance if
there exists a non-zero bounded distributional solution to Hyy = 0. If n = 2 we say
there is a p-resonance if there exists a non-zero distributional solution v to Hyr = 0
with ¢ € L7(R?) N L>®(R?) for some ¢ > 2. We say that there is an s-resonance if
there exists a non-zero bounded distributional solution v to Hy = Owithy ¢ L7 (R?)
for all g < oco.

General bounds on the resolvent of H [20] show that there can be no resonances
for dimension n > 5.

We now recall the value of the spectral shift function at zero in all dimensions from
[1, Corollary 5.11].

Theorem 2.15 Suppose V e C°(R"). Then the value of the spectral shift function at
zero is given by £(0+) = —N — Nies, Where Nyes = 0 unless

%, if n = 1 and there are no resonances,

N Ny, ifn=2andthereare N, =0, 1,2 p-resonances,
res — .

%, if n = 3 and there are resonances,
1

, if n = 4 and there are resonances.

We note that the proof of Theorem 2.15 in [1] is as a corollary of Levinson’s
theorem, however, the result can be obtained directly using perturbation determinant
methods in odd dimensions (see [28, 29] and [18, Theorem 3.3]).

3 Spectral flow for Schrodinger operators

In this section, we analyse the spectral flow formula of Theorem 2.4 applied to the
path H; () by making a particular choice of the function g and then taking residues.

Define for Re(s) > % the constants Cy = fR(l + u?)~% du. The functions s > C;
have a pole at s = % with residue equal to one. For Re(s) > % we define the eta

function 15 : R — C by

1 > 2\—s  —4 2 * 2\—s
ns(x) = — x(14+wx?) 7w 2dw = — (I +v)"ds,
Cy 1 Cs X
where the second expression is valid only for x > 0. We can now use the function n;
to obtain a useful form of Theorem 2.4.

W Birkhauser
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Lemma3.1 Let [0, 1] > 1 — D; be a piecewise Cll path of linear operators with
D;(1 + D,z)fs trace-class for all s > %. Then

1
sf(D;) = Res (/ Tr (D, (Id + th)—S) dt
s:% 0

C,
+7A Tr (ns(D1) — n5(Do) + Per(n)) — PKer(Do))) : (3.1)

Proof Fors > %, let g; : R — R be given by gs(x) = C;l(l + x2)~%. Note that the
antiderivative G of gg with G(£o0) = j:% is given by

1 1 * 2\—s
Gs(x)z—z—l—F (1 +u”)" du.
S —0Q

The function g; is even and so Gy is odd. For x > 0 we have G4(x) = % — %ns (x),

while for x < 0 we have G(x) = —% — %r)s (x). Thus applying Theorem 2.4 to g,
G, and multiplying both sides by Cy yields

1
Cyst(D;) = / Tr (D,(Id + DZ)—S) dr
0

C
- TY Tr (ns(D1) — 15(Do) + Pker(py) — Pker(pp)) - (3:2)

The left-hand side of Eq. (3.2) is a meromorphic function of s with a simple pole at
s = % and thus defines a meromorphic continuation of the right-hand side of Eq. (3.2)

with a simple pole at s = % As aresult, taking the residue at s = % gives Eq. (3.1). O

Equation (3.1) is the starting point for our analysis of the spectral flow along the
path H,(«). There are two separate types of terms to be considered. The first is the
“integral of one-form” term which is evaluated in Sect. 3.1 using the pseudodifferential
expansion of Lemma 2.9 and the second is the n contribution which is evaluated in
Sect. 3.2 using the Birman—Krein trace formula.

3.1 The “integral of one form” term

We use the pseudodifferential expansion of Lemma 2.9 to compute an expansion for the
integral of one form term in Theorem 2.4. After a fixed number of terms (depending
on the dimension n) the remainder term will be holomorphic at s = % and can be
discarded. We begin with a residue computation.

) Birkhauser
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Lemma3.2 For ¢ € N, a > 0 we have

00 -1 _ (_1)4—%—10/—./—11* i+l
Res </ u@—1(1+(u+a)2)—sdu> -y <e .1) 4 (5 )
s=1 \Jo o\ 4T (%—FI)F(%)
Jj even

Proof Fix s € C with Re(s) > %. We make the substitution v = u + « and apply
the binomial expansion to obtain

/OO W N+ e+ ) du = /w(v —e) A+ dv
0 o
-1 o]
= (ﬁ B 1)(—(1)@"' - / V(1407 dv
=0~ 7 ¢
—1 0
= (Z . 1><—a>‘—f'—1 / o/ (1407 dv
= ’
—1 o
-3 (z R 1)(—004_’_1 / /(14077 dv.
=7 ’

Since the integrals from 0 to « are over a finite region, they are holomorphic at s = %
and thus have vanishing residue. So we compute for 0 < j < £ — 1 that

j+l i+1
/w j(1+ 2)7Sd 1/00 %I,](l_'_ )7Sd F(lT)F(S_IT)
v v V= — w w w = .
0 2 Jo 2I(s)

Taking the residue at s = % we find

(—nh iy &)

* 2 s ————~L if jis even,
Rels V(A +0v)Sde ) = 21‘(%4-1)1*(%)
s=1 \Jo
=2 0, otherwise,
from which the result follows. O

To evaluate some further traces, we need to be able to integrate polynomials over
S"~1. We use the following result [17].

Lemma 3.3 Let B be a multi-index of length n and let Pg : R" — C be given by
Pg(x) = xP = x'IB' - ~x,€}”. Then

" if some Bj is odd,
Ln—l Pﬂ((l))d(,(): M

, ifall Bj are even.

W Birkhauser
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We now contribute the residue of the contribution from the “integral of one form” term
to the spectral flow.

Proposition 3.4 Suppose that V € C2°(R") and a > —2v. Then for n odd we have

1 —s
Res (/ Tr(V (Id+(H0+tV+a)2> ) dt) —0.
_1 0

S=3

If n is even we have

1 _
Res (f Tr (v (Id+(Ho+tV+a)2
0

s=3

SN—"
By
N———"
o
~
N———"

with the Cy¢(n, V) the high-energy coefficients defined in Eq. (2.6).

Proof For a > 0 and Re(s) > % we define the function ¢y 5 : R — C by

Pars (x) = (1 + (x4 a)z)_s :

using the principal branch of the logarithm. The function ¢, ¢ is holomorphic in the
half-plane Re(z) > —a. Leta € (—%.0) so that a < A for all ¢ € [0, 1] and
A € 0(Hy + tV) and define the vertical line y = {a +iv : v € R}. For ¢t € [0, 1] we
use Cauchy’s integral formula to write

1
Pa,s(Ho +1V) = _T/ a5 (2)(Ho + 1V —2)~' dz. (3-3)
i Jy,

Denoting R, (z) = (Ho +tV — z)~! we have by Lemma 2.9 that for all M, K > 0
that

M K
Ry =Y |t Y (=1y"HC, (v ® ... v Ry )" HF 4 P, i 4(2)
m=0 [k|=0

+ (=ML Ry () VIMTIR, (2),

) Birkhauser
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where P, k :(z) has order (at most) —2m — K — 3. We can now write Eq. (3.3) as

M K
1
Gas(Ho+1V) = =5~ 3" (tm 3 (_1)m+\klcm(k)v(k1)...V(km)/ s (VR0 ()" HH] dg
m=0 |k|=0 Y
(—1)MZM+1

+/ (Pot,s(Z)Pm,K,t(Z)dZ> + i
y Tl

/ a5 (D) (Ro(DVIM TR, (2) dz
Y

M K
1
— _2 : 2 : £ 2 :(_1)m+|k|v(k1),,,v(km)/ <Pa,5(Z)R0(Z)m+Ik|+1 dz
=0 k=0 v

+EM,K,t,a,s).

Using again Cauchy’s integral formula we can compute that

1 1 dm+kl g
27 / G5 (D) Ro(2)" T dz = — T | Hy -

Y (m + |k])! dzm+ik

Thus we have the expression

M K
Con (k) (= 1y Hklm
Qs (Hy +1V) = v
o, s n§)|k|z=0 (m + |k|)!
dgm+lkl
R s |y + E(M, K. 1, 0,5).

dzm k]

Choose M = |n] and for0 <m < M let K = M — m. Since yED oy ig
differential operator of order |k|, we can write

k|

V(kl) . V(km) — Z gk,[}aﬁ,
181=0

W Birkhauser



Spectral flow and Levinson'’s theorem... Page150f26 53

where § is a multi-index of length n and gx g € CZ°(R"). Then we can use Lemma 3.3
to compute

k|

oo " W g g,
Tr( VvV VW — i e ) = > Tr( Ve pd otk =t
1B1=0
|

m+-|k
@™ Y (fR V(X)gkﬂ(x)dx> (/ (- z)'ﬂ'sﬂﬁasﬁ)dé)

|B1=0

k2= AT (B5) o (B
i |m2=o emyr (=42) ( /R,,Wx)gk,ﬁ(x)dx)

B even

dmkl 1%
pTIBI-1 T YeS 2
X </0 agm (r )dr)

M (i) P (B ) o (B
B |ﬁ|2=0 Qm)"T (%lm) (‘/RnV(x)gk,ﬁ(x)dx>

B even
© wigp_y d" Mgy
([ )

where the sum is over multi-indices 8 with all 8; even. First, suppose that m + |k| <
n+|B|
2

— 1. Integrating by parts in the u integral (m + |k|) times we find
dm+|k|(p )
k kim .
Tr (VV( DLyl )dm—_~_|koié|z=H0>

(P (85) o () (/ V(x)gk,ﬂ(x)dx)
1BI=0 Qm)"T (%W) -
B even

0 @t
([ () pso i)

k| (_i)lﬂl(_l)mﬂk‘r(%)...F(%)
- n+1pl (/ V(x)gk,ﬂ(x)dx)
[B1=0 Qm)"T (T —m — |k|) R

B even

o0
X (/ u#_m_‘k‘_l%[,s(u) du) .
0

Note that the boundary terms from the integration by parts vanish due to the inequality
parts vanish since "Hﬂ L —m - k| — 1 > 0. We first consider n odd and make the

) Birkhauser
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estimate

X gl
/ w2 Ry () du
0

o0
5/ " By — k|- (1 + u2)~Re® gy
0

o
[Ty,
0

2
T <n+4\ﬂ\ _ mg\k\) r (Re(s) 4k nﬂm)
- 2I" (Re(s)) '
Since n is odd, we have
1 m+1k n—+
L omakl _ntlfl

2 2 4

for all possible m, k, B and thus we find

% B
Res u 2 Qo s(m)du ) =0,
s:% 0

from which we deduce that

1 _ 1
Res (/ Tr (V (Id T (Hy+1V +a)2) S) dt) = Res (/ Tr(VEM, K. 1, s) dz) ,
) 0 —1\Jo

S=3 5=32

which we show is zero below. We now consider n even. An application of Lemma 3.2
gives

Res </ (u 2 Bl m—k—l(pa’s(u)du>
3—2

n+\ﬂ\ ntlBl i1 Bl
ik 1<n+25_ |k|—1>(_1) Btk |1 o, " —m k|- j— II‘(%)
= . . 1
=0 / ar (5+1)r ()
Next, we consider the case m + |k| > "+2|’3 L _1.Ifnis even, we integrate by parts
%Im — 1 times in the u-integral to obtain
%y dmtlk “/’as \/3\ o0 dn+2‘ﬂ‘71 n+Bl _ dm+|k|+lin+2w(/)a:
u? 17(u) (— 1) =y ! ——(u) | du
0 du m+|k| - 0 n+|Bl 1 m+‘k|+1_n+\ﬂ‘
du 2 du 2
_ [l
oy (1B [ A Gas ) g
B 2 0 m+\k|+l—m o
du 2
ntlpl
= (" FHp (n + \ﬁl) "2 gu s
2 g1 = AL =0’
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which is holomorphic at s = % If n is odd, then a similar estimate to the case
m—+ k| < %lm — 1 shows that the contribution is holomorphic at s = % So we find

1 dmtiklg, o
Res </ 1" Tr (Vv<’<1>--~V("'")m—+k|’Iz:Ho> df)
s=% 0 dz

n+|pl

k| =5~ —m=lkl=1 nHBL o 1kl =1
-y ¥ (/ V(x)gk,,s(x>dx)( 2 —m =K )
R J

1B1=0 Jj=0
mﬂ\ k 1 +1 Bntl J+1
T a —m—|k|—j— F(z)"'F<T)F<T

B even Jj even
@oyom+ DT (5+1) T ()1 (242 1)

(

X

For ¢ € N define the set

QM,K(Z)z{(m,k,ﬂ)e{O,l,...,M}x{O,l,...,K}mx{O,],...,K}":l,B|§|k|,

+|k|+1—@—e}

Recalling the coefficients Cy(n, V) of the high-energy polynomial for £ of Eq. (2.6)
we have that

Cn) (D™ 4" gy,
M omirN D,y 7S
= Z/ u; Tk VYV g e ) 4

k| —m k=1

N n+|B
=2 > > 2 (/ V(x)gk’ﬂ(x)dx> (
m=0 |k|=0 |B|=0 j=0 R”
B even J even

(—i)lﬂl(—l n+|B|

2

530\ (=Dt /T“)
=y ( . ) Ce(n, V)
il SN 4(2m)r( 1)1“(%)
Jj even

We now consider the contribution from the remainder term E(M, K, ¢, «, s). There
are two types of terms to consider. The first are those involving P, k ;(z). Since
V e CX(R") we can factorise V = g1g2 with g1, q2 € CZ°(R"). Since Py k ;(2)
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has order at most —2m — K — 3, there exists C > 0 such that
Kk _3
[Ro@ 5 g Puka @ = €

Note also that

which follows from a careful application of the Rellich lemma. Combining these we
make the estimate

/ Va,5(2) P k1 (2) dz
Y

Re(s) m_ K 3, n+l
SC/(1+((a+°‘)2+U2))7%(a2+v2)77*7*1+% dv,
1 R

which is finite for Re(s) +m + & + 3 > 2Hl 4 1. Recalling that Re(s) > 1 and we
have chosen M = n and K = M — m guarantees convergence. A similar argument
to [14, Lemma 7.4] shows that this contribution is holomorphic at s = %, as is the
contribution from the terms containing R, (z). Thus for both n even and odd, we find

1
Rels </ Tr(VEM,K,t,a,s) dt) =0,
0

s=3

which completes the proof. O

3.2 The Birman-Krein term

In this subsection, we use the Birman—Krein trace formula to determine the kernel and
n contributions to the spectral flow.

Lemma 3.5 By construction, the projections Pxer(H («)) and Pker(Hy(a)) are both zero.

Since the kernel terms both vanish we are now able to evaluate the 1 contributions.
We note that by Proposition 3.4 the residue of the integral of one form contribution to
Eq.(3.1)ats = % exists, and thus so does the residue of the Birman—Krein contribution

B[ —

ats =

Lemma 3.6 Suppose that V € C°(R"). Then the n contribution to the Hamiltonian
spectral flow is given by

Res (4 (Tr(ns (H (@) — 1, (Ho(@)))

§=75

1
:N+Nres+Res(—,/
s=1 \2mi Ju

2

o0

Csns W)Tr(Se(2)*Se (1)) d)»> ,

where N is the number of eigenvalues of H = Ho+ V, counted with multiplicity, and
Nres is the contribution from resonances as defined in Theorem 2.15.
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Proof Choose s > 5 + 1, so that Eq. (2.4) is satisfied for 1y and thus the Birman—
Krein trace formula can be applied to 1. Enumerate the distinct eigenvalues of H («)
as 0 < Ap(a) < --+ < Ag () < . We prove the result in the case Ag (@) = «, that
is in the case that zero is an eigenvalue for H = Hy + V. Apply the Birman—Krein
trace formula to obtain

1 o
Tr (ns (H () — ns(Ho())) = %/ 15 (M) Tr(Se (1) S, (1)) d2

K—1
+ ) MGu(@)ns (A (@)
k=1
+ M(@)ns(er) + (@) (a(e—) — Ea(a+) — M(@)).

where &, is the spectral shift function for the pair (H(«), Ho(r)) and M (A (@))
denotes the multiplicity of the eigenvalue A () for the operator H («). Recall that
by construction, we have &,(A) = &(A — «) so that §,(e£) = &§(0x). Thus after
multiplying by Cs we have

N

C o
CsTr (ns (H (@) — ns (Ho(@))) = 5 / Ns (W Tr(Se (1) S, (A)) dA

K

+ Cs Z M (A (@))ns (Ar (@) + Cyns(e) (6(0—) — £(0+) — No) . (3.4)
k=1

Observe that for x # 0 we have Ressz% (Csns(x)) = sign(x).

The left hand side of Eq. (3.4) has aresidue ats = % if and only if the first term on the

right hand side does. Note that by Theorem 2.15 we have £(0—) —£(0+) — Ng = Nies.

It remains to take the residue at s = %

By construction we have A j(a) > 0 for all j and thus

Res (CsTr (15 (H () — ns (Ho())))

s=3
K

00
Res ( Cs- / s ()\)Tr(Sa()»)*S&()\)) dAa + Z M (h)Csns (Mg (@) + Csng (a)Nres)
s=1 2mi Jy &

1 o0
N + Nres + Res <7/ Csns (A)Tr(Sa()u)*S& *)) dk) s
s:% 270 Jo
as claimed. O

We can now compute the residue of the Birman—Krein integral contribution to the
spectral flow with the aid of a technical result.
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Lemma3.7 Fix > Oand f, g : RT — Cwith f —g € LY(RT). Suppose in addition
that

Res <Cs /OO nsA)f—=p) d)»)
B

s=5

exists. Then

Res (cx /ﬂ 1 O) (0 —ﬁ)dk> - /0 (FO) — g(0) di

S=3

+ Res (Cs /oo ns(MgA — B) dk) .
; B

s=3

Proof Adding zero gives

Rels <Cs foo ns) f(A — B) dk)
3 B

S=2

= Res (Cs ./,3 nsM(f A =) =gl = p)dr+Cs /ﬁ ns(A)g(h — B) dk) .

s=3

(3.5)

One straightforwardly checks that Res;—1/2 n5(x) = 1 for all x > 0. Then an
application of the dominated convergence theorem allows us to compute that

oo oo
Re§ </,3 nsM)(fA—B)— g —B) dk) = /ﬂ Re§ nsMW(fL—B) — gL — B))dxr

s=5 s=5

o0
_ /ﬁ (O — B) — g0 — B)) di.

Since the residue of the first term on the right-hand side of Eq. (3.5) exists, so does the
residue of the second term on the right-hand side. Making the substitution u = A —
completes the proof. O

Proposition 3.8 Suppose that V € C°(R") and a > —2v. Then for n odd we have

Res < Csi / TS 7S, s () dk) - ﬁ / i (Te(S)™S'(2)) = pa(3)) d.
= o 0
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If n is even we have

1

Cs oo * o/ * * o/
E;S(zm / Tr (S (1) S, (), () 1) = 53— /O (Tr(SGI*S' (1)) = pu(2)) d2

Tl
L%J %7[ n .y (_1)%—€—£a%—f—jr (%)

+ Z Z (2 : ) , 1 Ce(n, V),
(=1 j=0 J 2Q2ni)T (% + 1) I (3

J even

where the Cy(n, V) are the high-energy coefficients for P, defined in Eq. (2.6).

Proof Note that by Lemma 2.13 the map [0, 00) > A > Tr(S(A)*S' (1)) — pa (1) is
integrable on [0, co) and thus we can apply Lemma 3.7 to obtain

C o0
Res (2 f (Tr(Sa ()" S, (1)) s (1) dx)
§= o

_1\2mi
2

o0

1 e 1
=5 / (Tr(S(A)*S’(A)) — Pn (A)) d: + — Res (Cs / pn(A —a)ns(X) dk) .
i Jo 2mi s=1 o

Thus it remains to compute

n—1

o0 2 00
Res (C—/ pnu—a)ns(x)dA) =Res | > Ce(”’.v)cxf Oo— )3 da

_1\2 _ 2
s=3 \FT! s=3\ =1 T

2

,V o,

= Res E ce(n‘ )CS uffeflns(u—f—ot)du
1 2mi 0

S=3 =1

We show that the residue of each of the terms in the sum exist individually, so that the
summation can be passed through the residue. First we consider n odd. We integrate
by parts to find

o0 n o o0 n
cs/ w2 w4+ @) du = f / w2 1A+ 0P dvdu
0 0 u+o

M%_e © = 1 x
= / A+vH)Fdv| + / w2t + w4+ o)) du
- u 0

50 Jura . 5-¢
1
1y

1

o0 n
/ w2t +u®) ™ du
0

foo WA+ @+ )™ — (1 +u®) ™ du
0

n
2
r(zt -+ \p(s—24£_1
_ (4 2+2) (S 113 2)+h010(s)
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where holo is a function holomorphic ats = % Since n is odd, we have 1 — % + % ¢ 7
and thus

Cs [ L7 v ®
Ref(ﬁ/; Pn(k—a)ns(x)dx> Z:Ce(n )R (Cs/o uf*z*lns(u+d)du)

=3
=0.

Now we consider n even. In this case we integrate by parts to write

/oo(x—a)%*‘ns(x)dx— . /(x—aﬂ*‘—ns(x)dx

2

- e/ A —a)2 1+ 23 da.
2 o

We now use the binomial expansion to obtain

n_

00 2 n_ a . [0
/ O 0t G di = 7 Z<2 .g)(—a)z“—ff WA +3%)7
o 2 J o

2 j=0

Returning to the residue calculation we find

o0
Res (cs / =) ) dk)
=j o

3¢ no_ 00
= 1£Z<7 E)( a)? /Res</ xf(1+xz)—scu>
- i ] o

n
2 j=0 Y—2
|y " S ‘

=57 > (2 , )(—a)z“ Res (/ A (1427 dk)

2 j=0 J s=3 0

8=t r(m>p<s_m)

S > <2 : £>(—a)3_e_j Res : z

2 —¢ =0 J s:% 2F(S)

R g NG 13 —t=hg -t /F(JT)
B Z<2 ) 2r(§+1)r(§) ’

from which the statement follows by observing the relationcy (n, V) = (% — Z) Ci(n, V).
O
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4 The spectral flow formula and Levinson’s theorem
In this section, we return to the spectral flow formula of Eq. (3.1) applied to the

path H,(«) and, using the results of Sect.3 we can prove Levinson’s theorem in all
dimensions.

Theorem 4.1 Suppose that V € C°(R") and o > —2v. Then the spectral flow along
the path H;(«) is given by

1 1 o 1
st(H;(a)) = E(N + Nres) + E/o (Tr(SG)*S' () = pa(2)) di — Eﬁn(v)'

Proof Lemmas 3.1 and 3.6 give that

1
SF(H; (@) = Res (cs [ e (v @) a5 (e - ns(Ho(Ot)))> .

S=2

Suppose first that n is odd. Applying Proposition 3.4 to the first term on the right-hand
side and Proposition 3.8 to the second term gives

1 1 >
st(H; () = E(N + Nres) + E/(; (Te(SG)*S' () = pa(2)) di

Now we consider n even. Applying again Propositions 3.4 and 3.8 gives

1 1 >
st(H;(«)) = 5 (N + Nres) + 4_711'/0 (Tr(SG)*S' (W) = pu(2)) di

=Ly nop—d n_pjr i+l
1 2 2 n_y (_1)2 o2 r =
*5 ) )3 (2' ) — =2 Cotn, V)
5 o N 2emr (f+)r()
J even
I .y (—D2 7t lgat /F(#)
+ . , | Ce(n, V)
oo\ 4@t (4+1)r(4)
J even

It remains to observe that for n even we have L%J = 5 — 1 and thus

55—t NG 1)3-t-3-1g3—t-ip (it!
>3 (*) e e

4@t (4+1)r(3)

=1 j=0
J even
R PG ER PERC N (23
1 2 2 1
-1y (2, ) — =2, V) = SV,
=1 j=0 J 2Q2mi)l (% ) (i)
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where we have used the definition of S, (V) in Eq. (2.7). O

We are now able to prove Levinson’s theorem as a consequence of spectral flow along
the path H; ().

Theorem 4.2 (Levinson’s theorem) Suppose that V.€ C°(R"). Then the number N
of eigenvalues (counted with multiplicity) of H = Hy + V is given by

1 00
-N = 2—/ (Tr(SG)*S' (1) = pu(M)) i = Bu(V) + Nies,
Tl Jo

where Ny is as defined in Theorem 2.15.

Proof By construction we know that for &« > —2v we have
st(H;(a)) =0, 4.1

since there is no spectrum which moves through zero from right to left as the path is
traversed from Hy () to H (o). Substituting Eq. (4.1) into the result of Theorem 4.1
and solving for N completes the proof. O
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