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Abstract

Using techniques from noncommutative geometry, we explore how Levinson’s theorem
from scattering theory can be interpreted in a topological manner. We use low-energy
resolvent expansions to deduce that the wave operator for short range scattering has
a particular universal form. The wave operator does not have this form when certain
obstructions occur in the resolvent expansions in even dimensions. Using the form of
the wave operator, we apply index theoretic techniques to interpret Levinson’s theorem
as an index pairing between the K-theory class of the unitary scattering operator and
the K-homology class of the generator of dilations on the half-line. A careful analysis of
the trace class properties of the scattering operator allows us to provide new proofs of
Levinson’s theorem in all dimensions. We also compute the spectral flow for Euclidean

Schrodinger operators, giving another new proof of Levinson’s theorem in all dimensions.
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Chapter 1

Introduction

1.1 Motivation and history

The overall aim of this thesis is to investigate the topological nature of various aspects
of scattering theory for Euclidean Schrodinger operators using techniques from noncom-
mutative geometry and operator algebras. The results of this thesis build in particular
on those of Kellendonk, Richard and Tiedra de Aldecoa [96, 97, 98, 140, 141, 142] who
initiated the topological study of scattering systems with the observation that the wave
operator is a Fredholm operator belonging to a particular C*-algebra from which its index
can be computed directly as a topological invariant.

Mathematical scattering theory has its origins in the physics experiments of the early
20th century, and is now a branch of operator theory devoted to the study of the spectrum
of perturbations of self-adjoint linear operators acting on a Hilbert space. The develop-
ment of scattering theory began with the introduction of the wave operators by Friedrichs
[66, 67] and Mgller [117], which sparked intense development of the rigorous theory of
scattering in the next decades through the works of Kato, Kuroda, Cook, Jauch, Simon,
Enss, Amrein, Birman and Krein, to name a few.

Throughout this thesis, we will consider the pair of operators Hy = — Z?:l 8872]_ and
H = Hy + V acting on (some dense domain in) the Hilbert space H = L?(R"). Here
V' is the operator of multiplication by a real function which decays sufficiently fast at
infinity (see Assumption 2.2.14) and in some later results is required to be smooth as
well. Given our assumptions the operator Hy has no eigenvalues and the operator H has
a finite number of eigenvalues. The absolutely continuous spectrum of H and H, given
by 0uc(H) = 04c(Hp) = [0,00) =: RT. When they exist the wave operators are partial

isometries defined by

Wy = s-lim eHeHo
t—+o0

and the unitary scattering operator is given by S = W} W_. Since the scattering operator
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commutes with Hy, there exists a family (S()\))yer+ of unitary operators on L? (S"1)
(here S"~! is the unit sphere in R"). For each A € R™, S(\) is called the scattering
matrix at energy A.

The story for this thesis begins with the work of Levinson [108], who showed that in
one dimension the number of eigenvalues N of H (counted with multiplicity) was related

to the ‘scattering phase’ of the pair (H, Hy) by the formula

N = —(3(00) = 3(0)) + 5 M(0),
where ¢ is the scattering phase (given by the argument of the determinant of S) and
Mgr(0) takes either the value zero or one. There are several interesting features to note
here. The result is perhaps initially surprising, since scattering data is related to the
continuous spectrum of H and eigenvalues to the discrete spectrum of H. This interplay
between the discrete and continuous spectrum of H is indicative of the topological nature
of Levinson’s theorem. Secondly, there is a correction term Mpg(0), which can be shown
to correspond to the existence of a ‘resonance’, namely a solution to the equation Hy = 0
which is not square integrable. Such a correction term is only a feature in low dimensions.

Levinson’s theorem was generalised several times in the intervening years. Firstly,
Newton [123] showed in dimension n = 3 that the same relation holds for a spherically
symmetric potential V', essentially by changing to polar coordinates and reducing to a
one dimensional problem. For a general non-spherically symmetric potential in dimension
n = 3, Levinson’s theorem was proved by Bollé and Osborn [31], however their analysis
excludes the exceptional case of the existence of a ‘resonance’. To complete their analysis
one needs knowledge of the spectral shift function at zero, as described by Newton [124],
which contributes an extra % to Levinson’s theorem in the exceptional case. The analysis
of Bollé and Osborn demonstrated that Levinson’s theorem is sensitive to the high energy
behaviour of the scattering matrix also, a feature which is present for all n > 2.

Jensen and Kato [88] initiated a study of the low-energy behaviour of the resolvent
R(z) = (H — z)~! and in dimension n = 3 demonstrated that ‘resonances’ occur as ob-
structions to the invertibility of the operator T'(z) = Id + Ry(2)V near z = 0, providing
an explicit characterisation of resonances as distributional solutions 1 to the equation
Ht = 0 which are not square integrable but live in a weighted Sobolev space. Subse-
quently, Jensen showed [85] that no such obstructions can occur in dimension n > 5 and
that in dimension n = 4 [87] the analysis is more involved and that resonances can occur,
with an extra logarithmic singularity.

Bollé, Danneels, Gesztesy and Wilk [27, 26] showed that in two dimensions a form of
Levinson’s theorem holds, with an extra striking feature. In dimension n = 2, two kinds of
‘resonances’ can occur. In the spherically symmetric case, a resonance which behaves like

an s-wave can occur and will not contribute to Levinson’s theorem, and a resonance which
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behaves like a p-wave can also occur and contributes an integer to Levinson’s theorem
in the same way as an eigenvalue. The p-resonances behave in much the same way as
resonances in dimension n = 4 due to the nature of the singularity at zero.

Jensen and Nenciu provide in [89] a systematic procedure for inverting an operator
related to T'(z). The procedure of Jensen and Nenciu allows one to invert 7'(z) by iso-
lating the obstructions to invertibility into the range of a finite sequence of decreasing
projections. The range of these projections can be characterised in terms of zero energy
eigenvalues and zero energy resonances. In particular [89] provides a detailed expansion in
the case n = 2 in a more tractable way than [26]. In Chapter 3 we describe this procedure
in extensive detail in all dimensions.

In [96] Kellendonk and Richard observe that for scattering with a point interaction
in dimensions n = 1,2, 3, the wave operators are of a particular form which is amenable
to index theoretic calculations. Kellendonk, Richard and Tiedra de Aldecoa [97, 98, 141]

demonstrate that in dimension n = 1,3 the wave operator is given by
W_=1d+ ¢(D,)(S —1d) + K, (1.1)

with K a compact operator. Here ¢ € Cy(R) N L?(R) is a universal function (in the sense

that it does not depend on the potential). For x € R, ¢ is given by
1 . -1
o(x) = 5(1 + tanh (7z) — i cosh (mx) ™)

and D, is the self-adjoint generator of the dilation group on L?(R"). In fact the generator
D,, of the dilation group plays a central role in scattering theory: it is used to provide a
geometric proof of the existence and completeness of the wave operators in [58, 60, 128]
and in proofs of the continuity of the scattering matrix [54]. For the index pairing we
prove in Chapter 5, the fact that D,, and %ln (Hp) are canonically conjugate variables is
essential.

Kellendonk and Richard further show that W_ lives in a C*-algebra E generated by
continuous functions of Hy and D,, with limits at their endpoints. By considering the
quotient of E by the ideal J of functions which vanish at their endpoints, the index of

W_ can be computed as
Index(W_) = Wind(q(W-)), (1.2)

where Wind(g(W_)) is the winding number of the image of W_ in the quotient E/J. In
dimension n = 1 this winding number can be determined explicitly and one recovers the
original Levinson’s theorem [97]. In dimension n = 3, the high energy behaviour of the
scattering matrix prevents the map Det(S(-)) from defining a loop. As a consequence,

Equation (1.2) is not immediately comparable to the work of Bollé, Osborn and Newton,
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except that in the presence of a resonance an additional factor of % is present in agreement
with the work of Newton.

In dimension n = 2, Richard and Tiedra de Aldecoa show that a similar formula
to Equation (1.1) holds with no resonances and in the presence of s-resonances in [142].
Again due to the high-energy behaviour of the scattering operator one cannot deduce
immediately the statement of Levinson’s theorem of Bollé et al in [26] from the index
theoretic picture.

The original work in the present thesis begins at this point and is described in detail

in the next section, where we outline the structure of the thesis and the main results.

1.2 Thesis structure and main results

This thesis is organised in the following way.

Chapter 2: The history of scattering theory is intimately linked with that of spectral
and perturbation theory for linear operators and so the literature is extensive. Chapter 2
is thus a guided tour of selected topics from scattering theory necessary for understanding
the rest of the thesis. In particular, this chapter contains no original results. We begin with
an introduction to abstract scattering theory including the wave and scattering operators
in Section 2.1 before specialising to perturbations of the Laplacian for the remainder of
the thesis, beginning in Section 2.2. We also introduce the generator D,, of the dilation
group on L?(R™), which defines the canonically conjugate variable to 1 In (Hy).

After establishing the existence and completeness of the wave operators in Section 2.3,
we discuss the limiting absorption principle in Section 2.4 and how it can be used to con-
struct a stationary approach to scattering theory in terms of generalised eigenfunctions
and Fourier transforms. Of particular interest is the scattering matrix, the stationary
representation of the scattering operator. In Section 2.5 we introduce the time delay
operator, the spectral shift function and their relationship to the well-known Levinson’s
theorem. In particular, we describe using heat kernel methods how the high-energy be-
haviour of the time delay operator and the spectral shift function give rise to Levinson’s
theorem.

Chapter 3: We demonstrate, using the methods of Jensen and Nenciu [89], a key
technical tool in our later analysis of the wave operator. The results we present in this
chapter are not new and can be found in various places throughout the literature which
we cite as necessary. Decomposing the potential V into V = vUv with v(z) = |V ()2 and
U = sign(V') we obtain an expansion of the inverse of the operator M (k) = U+vRy(—k*)v
for small k& (with Ro(—k*) = (Hy + k*)™'). Such an expansion is highly sensitive to the
fine structure of the spectrum of H near zero and is dependent on the dimension also.
In dimension n < 4 there are obstructions to the invertibility of M (k), which lead to a

definition of zero energy resonances in each dimension. In dimension n = 2 the procedure
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is most difficult and we find two kinds of resonances. For dimension n > 5, general bounds
on the resolvent show that there are no obstructions to the invertibility of the operator
M (k). The analysis is generally more complicated in even dimensions due to a logarithmic
singularity of the integral kernel of Ro(—k?) at k = 0.

Chapter 4: We demonstrate under certain short-range decay assumptions on the
potential V' (see Assumption 4.3.1) that the wave operators W_ in dimension n > 2
have the same universal form as Equation (1.1). The original results in this chapter have
appeared in [5] as joint work with Adam Rennie. In Section 4.1 we begin by determining
the behaviour at zero of the scattering matrix in all dimensions. These results are well-
known in dimension n < 3, however for n > 4 we have not found any statements in the
literature. We find in Theorem 4.1.7 the new result that for all dimensions n > 4 the
scattering matrix satisfies S(0) = Id always, with the case n = 2 having been established
in [142, Theorem 1.1]. This contrasts the behaviour in dimension n = 1,3 [29, 88|, where
the behaviour of the scattering matrix at zero is known to be sensitive to the presence of
resonances.

In Section 4.2 we use the integral representation of the wave operator of Theorem
2.4.29 in terms of generalised eigenfunctions in Lemma 2.4.31 to provide intuition as to
why the wave operators have the form of Equation (1.1). Unfortunately, the intuitive
methods are not sensitive to the fine structure of the spectrum near zero demonstrated
in Chapter 3 and thus are unable to be used to demonstrate the compactness of the
remainder term except in dimension n = 1, as was the method of proof in [97].

The remainder of the chapter is devoted to a different approach to obtaining the form
of the wave operator in the spectral representation. The approach we present has been
used to determine the form of the wave operator in dimension n = 3 in [141]. In [140] and
[142] in two dimensions in the case of no p-resonances the wave operator has been shown
to be of a form similar to Equation (1.1) and we demonstrate in Section 4.3.2 the new
result that Equation (1.1) holds in dimension n = 2 also, in the absence of p-resonances.
In Section 4.3.3 we use the resolvent expansions of Chapter 3 to prove the new result that
Equation (1.1) holds in all dimensions n > 4 also, with the exception of dimension n = 4
in the presence of resonances, following the technique outlined in [141].

Chapter 5: We show how the form of the wave operator established in Chapter 4
can be used to prove that Levinson’s theorem is the result of an index pairing between
the class [D,] € K!' (Co(RT) ® K (L? (S™™1))) of the dilation operator and the class [S] €
K (Co(RT) @ K (L?(S™1))) of the unitary scattering operator. The index pairing in
the generic case S(0) = Id has appeared in [5] as joint work with Adam Rennie. That
Levinson’s theorem is a topological result has been established in dimension n = 1 [97],
n = 2 [140, 142] in the absence of p-resonances and n = 3 [98, 141].

The technique used in these references is to use the form of the wave operator to

show that W_ is an element of a particular C*-algebra generated by functions of the free
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Hamiltonian H, and the generator of dilations D,, and to compute the index of the wave
operator in the Calkin algebra obtained by taking the quotient by the functions which
vanish at the endpoints of the spectrum of Hy and D,,. In Section 5.1 we present these
constructions in detail, as they play a key role later in Chapter 5.

In Section 5.2 we construct a family of Fredholm operators Wy indexed by a class of
unitary operators U on B(H) which vanishes at 0 and oo in the spectral representation.
The mapping U — Wy is a new construction. In Theorem 5.3.2 we show that we can

write the pairing
([D4], [U]) = —Index(Wy). (1.3)

In Section 5.3 we show that if S(0) = Id then the pairing of Equation (1.3) holds for
W_ = Wg, a result which has appeared in [5] as joint work with Adam Rennie.

In dimension n = 1 generically and in the presence of resonances in dimension n =
3 the condition S(0) = Id is not satisfied and we require additional effort to correct
this behaviour. In Section 5.3.1 we construct a unitary which corrects the low-energy
behaviour of the scattering matrix and as a result obtain in Theorem 5.3.16 a new proof

of the well-known Levinson’s theorem in one dimension.

Theorem 1.2.1. Let n =1 and S be the scattering operator for H = Hy+ V. Then the

number of bound states of H is given by

N —5 [T Te(S(A)*S"(A)) dA, if there erists a resonance,

(1.4)
—5 Jo o Te(S(A)*S' (X)) dA+ 5 otherwise.

In Section 5.3.2 we demonstrate in dimension n = 3 that in the presence of resonances
we can correct the value of S(0) in the same manner to obtain an index pairing in Theorem
5.3.20. We find also that to obtain a formula for Index(WW_) requires a careful analysis of
large A behaviour of S(\) in trace norm, which leads again to a new proof of Levinson’s

theorem in dimension n = 3 in Theorem 5.3.24. The statement is as follows.

Theorem 1.2.2. Let n = 3 and let S be the scattering operator for H = Hy+ V. Then

the number of bound states of H is given by

N- b /0 h (Tr(S(/\)*S’()\)) +

1
4 A2

- omi

/RS Viz) dx) A+ %MR(O), (1.5)

where Mgr(0) =1 if there is a zero energy-resonance and zero otherwise.

In Section 5.3.3 we show that as in dimension n = 3 the high energy behaviour of
S(+) in trace norm requires some correcting in dimension n = 2. After doing so we obtain,
in the absence of p-resonances, Theorem 5.3.29, a new proof of Levinson’s theorem in

dimension n = 2 which confirms [26, Theorem 6.3]. The result is as follows.
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Theorem 1.2.3. Let n =2 and let S be the scattering operator for H = Hy+ V. Suppose

further that there are no p-resonances. Then the number of bound states of H is given by

1
N=o /R+ TSSO dA+ 1= [ Viw)da.

We conclude Chapter 5 in Section 5.3.4 by applying similar techniques to correct the
high energy behaviour of the scattering matrix and obtain in Theorem 5.3.34 a new proof
of Levinson’s theorem in higher dimensions.

Chapter 6: We apply the spectral flow formula of [47, Theorem 9] to the path of
operators Hy(a) = Hy +tV + a, t € [0, 1], where o > 0 is chosen so that H(«) defines a
path of Fredholm operators. The stationary scattering theory for the pair (Hy(«), Hy(«))
is described in Section 6.2. In Section 6.3 we describe the necessary pseudodifferential
operator calculus in order to estimate remainder terms in our spectral flow formula. In
Section 6.4 we apply the Birman-Krein trace formula and the pseudodifferential operator
calculus of [46] to derive a formula for the spectral flow of the path H;(«) in Theorem 6.4.22
for n odd and Theorem 6.4.23 for n even. We give a new approach to the relationship
between the spectral shift function and spectral flow, extending work of Azamov, Carey,
Dodds and Sukochev [13, 14].

The even dimensional case is more complicated than the odd dimensional case due
to the non-vanishing of certain remainder terms. We conclude Chapter 6 in Section 6.5
where we show how the spectral flow gives rise to Levinson’s theorem in all dimensions.
Our proof shows that with knowledge of the spectral shift function at zero, Theorem 1.2.3
is applicable to the case of p-resonances also. This is work in progress.

Appendix A: In this appendix we provide some computations of the high-energy
behaviour of the spectral shift function appearing in Levinson’s theorem using the spectral
flow methods of Chapter 6.



Chapter 2

Scattering theory for Schrodinger

operators

This chapter contains a brief introduction to some concepts from mathematical scattering
theory which are necessary for the understanding of the rest of the thesis, in particular
scattering theory for perturbations of the Laplace operator on Euclidean space. Proofs of
most results have been included, since the tools and techniques used are often illuminating
for later use. The results in this chapter are not new and we do not claim that this
chapter is in any way a complete description of scattering theory, even for the Schrédinger
operators we restrict ourselves to. The history of scattering theory is intertwined with the
history of spectral theory, and so the literature is vast. For a more complete discussion
of mathematical scattering theory we refer to [18, 137, 165, 164] and to the extensive
references compiled within. Some more physically motivated discussion can be found in
[7, 127, 146].

We begin with the abstract theory of scattering, before specialising to Schrodinger

operators acting on L?(R™) for the remainder of the thesis.

2.1 Abstract scattering theory

The abstract scattering theory presented here has its origins in the works of Mgller [117]
and Friedrichs [66, 67], who constructed wave operators explicitly by studying particular
integral equations. The abstract scattering theory was first rigorously developed in the
works of Kato [92], Cook [53] and Jauch [80, 81]. In this section we follow the presentation
of Reed and Simon [137].

Consider two self-adjoint operators A and B on a Hilbert space H. By Stone’s theorem
[134, Theorem VII.7] we have strongly-continuous one parameter unitary groups (e_“A)teR

~iB), g of operators on H, which we think of as an interacting dynamics A and a

—itA

and (e

free or comparison dynamics B. For a vector f € H we say that e is asymptotically
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free if there exists fi € H (here the subscript ‘£’ refers to two independent vectors, one
for ‘+’ and one for ‘—’) such that

0= tkimoo Hefithi . efitAfH — tlg:noo He'itAefithi . fH (21)

The motivation here is that in the limit as t — +o0o (long before or long after an interaction
has occurred) one expects for physical reasons that for any f € H the interacting evolution
e~"4 f can be approximated by a freely evolving state e "8 f, for some f € H. In most
applications (in particular the Schrodinger operators we specialise to) the operator B has
no discrete spectrum. In cases where B does have discrete spectrum, we need to choose
f+ € Hae(B) (the absolutely continuous subspace for B). To see this, we suppose that f
is an eigenvector of B and note that the strong limit in Equation (2.1) would exist only
if i is an eigenvector for A with the same eigenvalue. Taking these considerations into

account leads to the following definition.

Definition 2.1.1. Let A and B be self-adjoint operators on the Hilbert space H and
let P,.(B) be the projection onto H,.(B), the absolutely continuous subspace of H with
respect to B. We define the wave operators Wi(A, B) by the strong limits

Wi(A, B) := s-lim e PP, (B),

t—=to0
if they exist. When W, (A, B) exist we define Hy = Range(W,(A, B)).

Remark 2.1.2. The strong limit is the right one to take here [137, p. 17]. On the one
hand the norm limit exists if and only if A = B, whilst on the other hand if o(A) is
purely discrete, the weak limit exists (and is 0) even though the operators A and B are

not necessarily similar in any way.

Proposition 2.1.3. Let A and B be self-adjoint operators in a Hilbert space H and
suppose that W (A, B) exist. Then:

1. Wi(A, B) are partial isometries with initial subspace Hqo(B) and final subspace Hy ;

2. the subspaces Hy satisfy AHy C Hy (that is they are invariant for A), there is
an inclusion Wi (A, B)Dom(B) C Dom(A) and we have the intertwining relation
AW.(A, B) = W+ (A, B)B; and

3. My C Hao(A).

Proof. For f € H,.(B)* we have W, f = 0 by definition. For f € H,.(B) we find that

|e*4e P P.o(B) ]| = I/
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for all ¢ € R and thus if the wave operators exist we find ||Wi (A, B)f|| = ||f|| and so
W, (A, B) are partial isometries.

For the second claim, we note that for fixed s € R we have [e"*F P,.(B)] = 0. So we
compute that

Wi(A, B) = s-lim e PP, (B) = s-lim e/t HB D, (B) = W (A, B)e ™",

t—+o0 t—+oo

or
e AWL(A, B) = Wi(A, B)e 5. (2.2)

Then for f € Dom(B) we have

—isB __ —isB __
lim W, (A, B) <u> f=Ww(A,B) {lim (u) f}
s—0 S s—0 S

= —iW.(A, B)Bf.

Applying Equation (2.2) we find

(Q_M—_Id) W.(A,B)f = W.(A, B) (e_isB—_Id) f.

S S

As the limit on the right hand side exists, so does the limit on the left and they are equal.
So W.(A, B)f € Dom(A) for all f € Dom(B) and thus

—isB _ Id —isB __ 1d
—iAW.(A, B)f = lim <%) Wi(A, B)f = lim W (A, B) (e—> f
S—

s—0 S

— —iW, (A, B)B,

which proves the intertwining relation and that AHy C H.. By Equation (2.2) we have
that H. are invariant under e=*4 for all s € R, which is enough to prove the claim.

For the third claim, we note that Al is a self-adjoint operator on the Hilbert
space Hy (Hs are closed since W, are partial isometries). Furthermore, we have that
Wi (A, B) : Hee(B) — Ha is a unitary and the intertwining relation shows us that By, ()
is unitarily equivalent to A|y, with the unitary equivalence given by Wy (A, B). Hence

Al is purely absolutely continuous and Hy C H,.(A), which completes the proof. [

The following result shows that the wave operators have a partially defined composi-

tion rule, often referred to as the chain rule, due to Kato [92].

Proposition 2.1.4. Let A, B and C be self-adjoint operators on a Hilbert space H. If



CHAPTER 2. SCATTERING THEORY FOR SCHRODINGER OPERATORS 11
Wi (A, B) and W(B,C) exist, then Wi(A,C) exist and

Wi(A,C)=WiL(A B)WL(B,C).
Proof. By part 3 of Proposition 2.1.3 we have Range(W (B, C)) C H,.(B) and thus

lim ||(Id — Poe(B))e"Pe ™ P (C) f|| = 0

t—+oo

for any f € ‘H. Hence we may write

eitAe—itCPaC(O)f — eitAe—itB PaC(B)eitBe—itCPac(C)f
+ eitAe—itB(Id . Pac(B))eitBe—itCPac(C) ,

which converges as t — +o00 to Wi(A, B)WL(B,C)f, since a product of strongly con-
vergent families of uniformly bounded operators converges strongly (a consequence of the

uniform boundedness principle). O

Definition 2.1.5. Let A and B be self-adjoint operators on a Hilbert space H such that
the wave operators Wy (A, B) exist. Let #,(A) denote the point spectrum subspace of

‘H associated to A. We say that the wave operators are asymptotically complete if H_ =
H, = (Hy(A))*. We say that the wave operators are complete if H_ = H, = Ha.(A).

Remark 2.1.6. Asymptotic completeness is a stronger statement than completeness. In
fact, asymptotic completeness is equivalent to the pair of statements Wi (A, B) are com-
plete and og.(A) = 0 [149, Theorem IV.2] (here o4.(A) denotes the singular continuous
spectrum of A).

The completeness of W, (A, B) can actually be reduced to an existence problem.

Proposition 2.1.7. Let A and B be self-adjoint operators on the Hilbert space H and
suppose the wave operators Wi (A, B) exist. Then W1 (A, B) are complete if and only if
Wi (B, A) exist.

Proof. First suppose that both W, (A, B) and W, (B, A) exist. Then by the chain rule

for wave operators (Proposition 2.1.4) we have
Pac(A) = W:I:(Aa A) = W:E(Aa B)W:I:(B7 A)

and thus H,.(A) = Range(Wy,(A, A)) C Range(Wx(A, B)). By Proposition 2.1.3 we have
Range(W.(A, B)) C Ha(A) and thus we have equality.

Now suppose that W, (A, B) exist and are complete. Let f € H,.(A) = Range(P,.(A4)).
As W.(A, B) are complete there exist fy € H such that f = Wi(A, B)fy. Hence we
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have

lim ||f—e™e ™ P (B)fs]| = 0.

t—+oo

Using unitarity we thus obtain
lim |[e"Pe ™4 f — Po(B) f+|| = 0.

So limy_, 1 ePe ™A f = P, .(B) fv. O

Proposition 2.1.7 seems to imply that the problem of completeness is no harder than
existence, however this is not the case. The following common existence result, known as
Cook’s criterion [53], uses the observation that the operator B is often much simpler in
some way than the operator A. Since this is not symmetric in A and B, completeness is

often a much more difficult question.

Theorem 2.1.8 (Cook’s criterion). Let A and B be self-adjoint operators on the Hilbert
space H with Dom(A) = Dom(B). Suppose there is a set D C Dom(B) N Hae(B) which
is dense in Hq.(B) such that for any f € D there is a Ty € R satisfying

/ (B = A)e*B f|| dt < oo. (2.3)
To
Then the wave operators Wi (A, B) exist.
Proof. Fix f € D and let g(t) = e4e~#B f Then g is differentiable and
g'(t) = —ie" (B = A)e " f.

By assumption there exists Ty > 0 such that the inequality (2.3) holds. Then for Tj <

s < t we can compute

t t
lo®) - 9(6)ll < [ Nyl du= [ ]|~ e ] du
For fixed ¢ € H the function h : R — C defined by h(t) = (g(t), ) is differentiable with
dy(t) == (t) = (B — A)e™"P fie™ "),

which is seen to be continuous in ¢. The fundamental theorem of calculus then tells us
that

((9(®) ~ g6 S 0) = [ {(B = A ie ) du.
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Since Dom(A) C H is dense we find

(g(®) =g Al = sup [((g(t) — g(s))f, )|

l¥]|<1,9€Dom(A)

t
< sup / (B = A)e™™P f,ie”™4p)| du
(4) Js

[|]|<1,9€Dom

t
g/ (B —A)e™™P || du.
So we see that

lim [(g(t) —g(s))f]| =0

8,t—00

and thus for all f € D we have that the limits

lim e™e PP, (B)f = tlgglo g(t) (2.4)

t—o00

exist. If f € Hae(B)t = D* then the limit (2.4) exists and is zero. By the density of
D @& D™ we have that the wave operator W, (A, B) exists. O

We can use the wave operators to construct a unitary operator which maps incoming

states to outgoing states.

Definition 2.1.9. Let A and B be self-adjoint operators such that the wave operators
Wi(A, B) exist. Then we define the scattering operator to be

S = S(A, B) = (W.(A, B))'W_(A, B).

Lemma 2.1.10. Let A and B be self-adjoint operators such that the wave operators
Wi(A, B) exist. Then the scattering operator S commutes with A. If in addition the

wave operators Wi (A, B) are complete then the scattering operator is unitary.

Proof. The relation SA = AS follows immediately from the intertwining relation for the

wave operators. To see that S is unitary, we check that for all f, g € H we have
since by completeness we have Range(W, ) = Range(W_). ]

2.1.1 Stationary scattering theory

The descriptions of the wave operator in Section 2.1 have been time-dependent in the sense

that we directly use e*#4eT*B to describe the wave operators W (A, B). It is sometimes
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more useful to consider a time-independent (stationary) approach to scattering theory. In
this section we give an alternative stationary description of the wave operators. We will

make a refinement of this description specific to Schrodinger operators in Section 2.4.2.

Theorem 2.1.11. Let A and B be self-adjoint operators on a Hilbert space H with resol-
vents, defined for z € p(A) N p(B), given by Ra(z) = (A —2)"! and Rp(z) = (B —z)~".
Then for any f € Dom(B) and g € Dom(A) the wave operators Wi (A, B) satisfy

(W (A, B)f.g) — lim © /R (Rp(\ ¥ i2)f, Ra(A T ic)g) dA. (2.5)

e—0t T

Proof. We prove the relation for W, the proof for W_ being similar. For Im(z) > 0 we

o .
P / et dt.
0

For feH,e>0, A€ R and z = X+ ic we define h. 4(t) = e~ HA=©) £ Then we find

have the identity

Ru(2)f = —i / e A= qp = —4 / M= UA=E £ qp — —z’(27r)%[]—"*(X[O,oo)h&A)](/\),
0

0

where we are using the notation x; for the characteristic function of the set I C R and F
for the one dimensional Fourier transform, which we describe in greater detail in Section
2.2.1. Similarly, we can define for g € H the function h. p(t) = e *B~%)g and check that

Ri(2)g = —i(27)2[F" (X0 0oy 5) (V).
We can now use the Parseval identity to obtain
/]R<RB()\ +ie)f, Ra(\ +ig)g) d\ = (27) /R ([F* (X[0,00) e, B)](A), [F* (X[0,00) e, ) [ (X)) A
= 20) [ ) (Ohelt) Yoo (e8]
= (27) /O ety oA fy dt
= (2m) /0 h e e By f) dt. (2.6)

So if g € Dom(W, ) we have

e—0t

lim 25/ e XM Bg YAt = (W,g, f). (2.7)
0
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Thus, by combining Equations (2.6) and (2.7) we obtain

(Weg. £) = lim 22 [ e (et e g, f)dt
0

e—0t

= lim f/ (R(\ +ie) f, Ra(\ +ig)g) d\,
R

e—=0T T
which is the statement of the theorem. O

The following statement is known as Stone’s formula (see [134, Theorem VII.13] for
example) and characterises how the resolvent of a self-adjoint operator can be used to

describe its spectral projections.

Lemma 2.1.12. Let A be a self-adjoint operator on a Hilbert space H and for z € p(A)
define Ra(z) = (A — z)~Y. Then for any f,g € H and any open interval I C R we have

lim = [ (Ra(A+ie)f, Ra(A £ ie)g) A\ = (x1(A) . ). (2.8)

e=>0T Jr
Proof. Let f,g € H. Functional calculus shows that

€

- /I<RA(>\ + ie) f, Ra(\ £ ie)g) A\ = /I (/R p 5 ) d(P,f, g>) dp.

Next we define the function

= [ o

Noting that | f.(\)| < 1 for all A we may apply Fubini’s theorem to interchange the order

of integration and obtain the relation

2 [t i rao g ar= [ LOVARL)

™

We can compute the integral defining f. explicitly to obtain

1, ifixel,
) ). -
llg%fa()\) =933 ifAedl,
0, otherwise.
The result now follows immediately. O]

Corollary 2.1.13. Let A be a self-adjoint operator on a Hilbert space and for z € p(A)
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define Ra(z) = (A — 2)7. Then for any f,g € H we have

lim S [ (Ra(\%ie)f, Ra(\ £ ig)g) d\ = (£, g). (2.9)
=0T Jr
Proof. Take I = R in Lemma 2.1.12 O

2.2 Hamiltonians and dilation

We are interested in a particular choice of operators A and B in the previous section. We
work on the Hilbert space H = L*(R"™) for some n > 1. We will often have need of the
Hilbert space

P=LAS"Y),

where S"! = {x € R" : |z] = 1} and the space L*(R") where R* = [0,00) is the

non-negative half-line. We will often make the identification
Hapee := L*(RT, P) = L*(R*) @ P.
We will also frequently use the Schwarz space S(R™) defined by

S(R™) = {f € C*(R"™) : sup |z*[Dgsf](x)| < oo for all multi-indices a, B} :

reR™

Since C°(R™) C S(R™) we have that S(R"™) is dense in LP(R™) for p € [1, 00).

2.2.1 The free Hamiltonian

Our reference operator of interest is the Laplacian

A —_ — F
=0 i

acting initially on C'2°(R™) C H. The Laplacian and its spectral theory have been studied

extensively in the literature, for a detailed discussion we refer the reader to [154, 149,

135, 55, 95]. To describe the spectral properties of the Laplacian, we recall the Fourier

transform F : H — H defined for f € S(R") by

FAE) = (2n)° / e i) () da (2.10)

n
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and extended by continuity to all of H. We recall that the Fourier transform is a unitary

operator with inverse defined by

Foflle) = m)t [ 9 de, 211

n

The Fourier transform is an isomorphism from S(R") to itself (in fact a homeomorphism
when equipped with the Schwarz topology, see [135, Theorem IX.1]). Using the Fourier
transform we are able to characterise the maximal domain of definition of A and its

spectrum. The following result is well-known (see for example [135, Theorem IX.27]).

Theorem 2.2.1. The Laplacian A is essentially self-adjoint on C2°(R™) and thus has a
unique self-adjoint extension with domain Dom(A) = {f € H : (£ = |EP[Ff](€)) € H}.

Definition 2.2.2. We denote by H, the unique self-adjoint extension of A defined by

Theorem 2.2.1 and sometimes refer to Hy as the free Hamiltonian.

We know that the Fourier transform ‘diagonalises’ the operator H in the sense that

[FHoF™ f1(&) = 17 f (x) (2.12)

for f € Dom(H,).

Definition 2.2.3. We define X? = FHyF to be the multiplication operator, given for
f e SR and z € R" by

(X2 f](@) = |2[* f (2).

We can use the operator Hy to define a class of weighted Sobolev spaces which we
will use throughout this thesis. For a more detailed discussion of Sobolev spaces we refer
the reader to [2, §].

Definition 2.2.4. For any s,t € R the weighted Sobolev space H** = H*'(R") is given
by

B = {f € S®) ¢ ||fll e = ||(1+ XL+ Ho)i f|| < oo}, (2.13)
The main properties of the Sobolev spaces we rely on are summarised in the following
(see [8, Chapter 4]).

Theorem 2.2.5. Fix s,t € R.

(a) The Fourier transform F gives an isomorphism of H>' with H"* and the sesquilinear

map (-, ) : H*' x H=%"t — C defined for f € H>' and g € H=*" by

(f.9)= [ fl@)g(x)da

]Rn
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gives a natural duality between H*' and H=57¢,
(b) For any p < s and m < t the inclusion H>* — HP™ is compact.

(c) For any m > 0 and q : R* — C satisfying |q(x)] < C(1 + |x|)™™ for almost all
x € R" the operator of multiplication by ¢ maps H®' into HS'T™.

(d) The domain of Hy is the Sobolev space H*.

Theorem 2.2.5 (b) is often referred to as Rellich’s compactness theorem (see for ex-
ample [8, Theorem 4.1.5]), which we shall make frequent use of along with the mapping
properties of multiplication operators in Theorem 2.2.5 (c).

The diagonalisation of Equation (2.12) allows us to determine directly the spectrum

Of H().
Lemma 2.2.6. The operator Hy has spectrum o(Hy) = 04.(Hp) = [0, 00).

Proof. This follows from the unitarity of the Fourier transform and the spectrum of mul-

tiplication operators. O

Equation (2.12) is not the ‘correct’ diagonalisation, since it is not multiplication by
the spectral variable. To find the correct diagonalisation, we introduce a second unitary
to rescale the spectral variable appropriately.

Recall that we have defined the spaces P = L*(S"™!) and Hspee = L*(RT) @ P.

Definition 2.2.7. Forn > 2, A € R and w € S* ! we define the operator U : H — Hopec
by
n—=2

UFIN W) =272A"T f(A2w)

and Fy =UF. Forn=1, P =C? and A € R" we define Y : H — L*(R") @ P by
N P
[uf]u):zw(f ( >>.

f(=A
We define the operator Fy : H — L*(RT) @ P by Fy = UF for all dimensions n > 1.

Nl=

The operators F and U are well-known throughout the spectral theory literature: see
[86] for a good discussion of their properties. In dimension n = 1 the unitary U is not
unique, depending on a choice of basis for C2. The diagonalisation of H, provided by Fy
provides a more physical interpretation of the spectrum of H, as the energy parameter
and we will use Fj to construct a diagonalisation for a perturbed Hamiltonian operator
in Section 2.4.2
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Lemma 2.2.8. Forn > 2 the operators U and Fy are unitary and for f € Fy(Dom(H)),
A € RY and w € S* 1 we have

[FoHoEJ (A, w) = Af(\ w). (2.14)

Proof. Tt suffices to check that ¢/ is unitary, since the Fourier transform JF is unitary. For
f,g € L*(R™) we can check directly that

1

Uurs.ug) = /R+/Sn USTO @) Ug) (N, w) dwd = /R+/SM 2102 f(Mw)g(Mw) dwd)
= [ [Tt dodr = [ Flgte)de = (f.9),

where we have made the substitutions A = 72 and o = rw. Thus the operator I/ is unitary
as claimed. For the diagonalisation relation of Equation (2.14) it suffices to show that for
f € Dom(H,) we have the relation

[FoHof](\w) = AlFafI(A,w). (2.15)

Define the operator M : Dom(Hy) — H by [Mf](&) = [£]*f(£). Then by conjugating
both sides of Equation (2.15) with F and F* it suffices to check for f € Dom(Hy) that

UMU™ fI(A,w) = Af (A, w).
So we compute that

UMU* )N, w) = 2720T [MU* fl(\2w) = 272 0°T U f](A\2w)
= >\"+2)\ En f(])\ﬁw\z,w) = )\f()\,&)),

which completes the proof. O

Lemma 2.2.8 shows that the operator F{, provides a direct integral decomposition of
the free Hamiltonian Hy. For a detailed discussion of direct integrals we refer the reader
to [23, Section 7.1] and [74, Section 7.3]

Even though we have stated that the Fourier transform is not the ‘correct’ diagonal-
isation of Hj for scattering purposes, there are still many applications of use to us. We
now turn our attention to developing the functional calculus for Hy explicitly. Since the
Fourier transform provides a diagonalisation of Hy, the spectral theorem tells us exactly
how to do this. For a function f : R™ — C with rapidly decaying Fourier transform, we
can define the operator f(Hy) acting on a fixed ¢ € S(R") by

[f(Ho)y)(x) = [F*Ff(Ho)y|(x) = [F"MFy(x), = ecR", (2.16)
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where f (€) = f(€)?). By writing out the Fourier transforms explicitly, we can write the

operator f(Hy) as an integral operator. For z € R™ we have

[f(Ho)y)(z) = (2m) 72 /]R O F(1E)[FVI(E) dé

=2 [ [ e piePu) dyag

= [ K(x,y)¥(y)dy,

Rn

where the integral kernel K : R™ x R™ — C is defined by
Klzy) = 0" [ " af(eP)ae oy eR
Defining the function g : R® — C by g(&) = f(|¢]?) we have

K(z,y) = (2m)"%[Fgl(y — x). (2.17)

Thus we see that to describe a function f of the free Hamiltonian H, as an integral
operator, we need f to be such that we can take the Fourier transform of g(&) = f(|¢]?).

Some preparatory work is required to compute such integrals.

Lemma 2.2.9. For any r € (0,00) and 0 # y € R™ we have

/ omirwy) Q= (QW)%(r,yD—%JnT,Q(r\yD, (2.18)
Sn—1

where J, denotes the Bessel function of the first kind of order v.

Proof. First we define the constant C), via

Vol(S"1)

On = T . n_ .
fO sin™ 2(91) d@l

By using spherical coordinates, the volume of the n-sphere can be computed as

Vol N 1 / / / / 91 sm (02) cee sin(@n_g) dgn_l d9n_2 tee d02 d91

o

This can be checked in many ways, for example by reducing each integral to a Beta

function. We can evaluate the ; integral, for example, via the substitution u = sin (;)
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to obtain

™ z 1 1
/ sin"~2(6;) dfy = 2 / sin"2(#,) df; = 2 / 21— u?) 2 du
0 0 0
Vs 1 — (=1 (L
:/ UQ(]_—U)_QCIU:ﬁ(n 1 l): ( ) (2)’
0

2 72

where 8 denotes the Beta function and I' the Gamma function. Thus we can write

n—1

272

Cp = — Vol (S"2).

We are now able to evaluate the integral in Equation (2.18). Choose spherical coordinates

so that 6y is the angle between w and y. Thus (w,y) = |y|cos (6;). Then we find
. ™ . 1 . n—3
/ e~ Wy du = C’n/ e irlyleos 01) ginn=2(9,) dg, = Cn/ e~ (1 — )T du.
Sn—1 0 -1
We now recall a Poisson integral from [61, Equation 7.12.7] for z € C and Re(v) > —1

L 1 1 1
/ e (1 —u?)"2du=T (V + 5) m227"2" ], (2).

1

Thus with z = r|y| and v = 25 we find

; - ]. 1 n— n—
[ e as = cur (M5 ) w0l T2 sl

n _n=2
= @2m)2 (rly))™ 7 Jazz(rlyl),
as required. 0

The right hand side of Equation (2.18) is the integral kernel of the Hankel transform,
which when combined with the statement of Lemma 2.2.9 give a description of the Fourier

transform of functions which are invariant under rotations.

Definition 2.2.10. Let S(R™) be the restriction of odd Schwarz functions on all of R to
the half-line. We define the Hankel transform of order v € C with Re(rv) > —1, denoted
H,:S(RT) — S(RT) by

HAw = | YA (A2, (A) dA.

Remark 2.2.11. The Hankel transform is actually the integral transform diagonalising the
differential operator associated to the Bessel differential equation obtained by considering

only the radial component of Hy in polar coordinates. We will make use of this transform
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in Chapter 4 when developing intuition for the form of the wave operators. Although
we have only defined the Hankel transform for ¢» € S(R™), one can check that the Han-
kel transform extends to a unitary operator from L2(R*,rz dr) to itself, see [113]. A

comprehensive collection of Hankel transforms can be found in [126].

Lemma 2.2.12. Suppose ¥ € S(R") is invariant under rotations. Let U be defined by
1;(7“) = r%w(r). Then the Fourier transform of ¥ is given by

[Fol(€) = €177 [Hu29)(I€]), € €R,
where H,, denotes the Hankel transform of order v.

Proof. We take the Fourier transform of ¢ and change to polar coordinates to obtain

[Fel(©) = 2m) / o681y dy = (27) 3 /

" Lp(r) (/ e irEw) dw) dr.
R+ sn—1

n

Applying Lemma 2.2.9 we then have

Lf@ﬂ(f)::<2w>—3/£+r”—1¢«r>(<2w>3<v¢§n—“52Ja220w5D) dr
=167 [ e e e ar

= [¢]7"7 [Ha2 B)(I€]). O

An essential operator in our spectral analysis of Hj is the resolvent operator. For
z € p(Hp) with Arg(z) € (0, 2m), we can define (using the holomorphic functional calculus)

the resolvent operator (often called the free resolvent) by
Ro(2) = (Hy — 2)7". (2.19)

We can apply the techniques just described to obtain an explicit formula for the free

resolvent in any dimension.

Corollary 2.2.13. For z € p(H,) with Arg(z) € (0,2m) the integral kernel of the resolvent
Ro(z) = (Hy — 2)7 ! is given for z,y e R", x £y, by

n—2 n—2

1 _n—2 n—2 _n—2 1
Ry(z,y, 2) :Z(QW) T 21 | —y| 22H%(z§|x—y|), (2.20)

where HYY = J, + 1Y, denotes the Hankel function of the first kind of order v, described
in [1, Chapters 9 and 10].

Proof. For r > 0 define ¢(r) = (r — 2z)™', so that Ry(z) = ¥(Hy). By [125, Equation
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1.4.13] the Hankel transform of ¢(r) = r"= (2 — z)~! is given by

-1 n—2

[Hoz ] (1) = £ m) 2" B, () (2.21)

2

Hence using Equation (2.17) the integral kernel of the free resolvent is given explicitly for
x,y € R" by

n—2 n-—2

Ro(,y,2) = (2m) 2 [FY|(y — o) = ﬁ(%)‘zzwx —y| 7T (2 -y, (2:22)

as claimed. O

In odd dimensions the formula is particularly nice, for example if n = 3 then

1
oiz =y

Ro(z,y, 2) (2.23)

- 4|z —y|
One can explicitly compute the integral kernel of the resolvent in higher odd dimensions
in terms of polynomials in |z — y| also, see for example [56, Theorem 3.3]. The even
dimensional cases are complicated by a logarithmic singularity of the Hankel function
near the origin, as we shall see in Chapter 3 where we discuss expansions of the resolvent

for small z.

2.2.2 The perturbed Hamiltonian

In this section we describe a class of perturbations of our free Hamiltonian H, by real
valued potentials V' satisfying certain decay assumptions. Such operators H = Hy+V are
known as Schrodinger operators and have been studied extensively since the introduction
of the Schrdodinger equation in [147]. The study of such perturbations motivated much
of the development of perturbation theory and thus the literature is vast, we refer the
reader to [21, 23, 95, 135, 136, 137] and the references therein for a more comprehensive
discussion.

The most basic and minimal assumption we make on our potential V' is the following.

Assumption 2.2.14. The function V : R" — R is real-valued and for almost all z € R"
satisfies |V (x)| < C(1 + |z|)~” for some p > 1.

Throughout this thesis we will need to strengthen Assumption 2.2.14 in various places

by requiring greater decay.

Lemma 2.2.15. Suppose that V' satisfies Assumption 2.2.14. Then the operator H =
Ho+V is essentially self-adjoint with o.ss(H) = [0,00). Moreover, C2°(R") is a core for
H.
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Proof. We use the Kato-Rellich theorem (see [135, Theorem X.12| for example). It is
immediate that Dom(H,) C Dom(V) := H. For z € p(H,) we have that Ry(z)V is
compact by [158, Lemma 7.21] and thus V' is Hg-relatively compact. The Kato-Rellich
theorem [135, Theorem X.12] then tells us that H is self-adjoint on Dom(Hy), bounded
from below, and o.s5(H) = 0ess(Ho) = [0,00). That C°(R™) is a core for H follows from
the fact that it is a core for Hj. O

Definition 2.2.16. For a function V satisfying Assumption 2.2.14 we call the operator
H = Hy+V a (short-range) perturbed Hamiltonian.

The following fact, due to Kato [93], guarantees that there are no eigenvalues of H
embedded in the continuous spectrum. A simple proof in the case that V is compactly

supported can be found as [164, Theorem 6.1.1].

Theorem 2.2.17 (Kato’s theorem). Suppose that V' satisfies Assumption 2.2.14. Then

the operator H = Hy + V' has no positive eigenvalues.

The number of eigenvalues is known to be finite for p > 2, although proofs are rather
involved so we provide only references. The statement we use here is [164, Section 7.4.2].

Many explicit bounds on the number of eigenvalues are discussed in [151, Chapter 7].

Theorem 2.2.18. Suppose that V satisfies Assumption 2.2.1/ for some p > 2. Then the
operator H = Hy + V' has finitely many eigenvalues.

2.2.3 The dilation operator

We first consider the (one-dimensional) Dirac operator D = 14 with Dom(D) = C(R) C
L?(R). Tt is well-known that D is essentially self-adjoint and so has a unique self-adjoint
extension which we also denote by D. The one-dimensional Fourier transform shows that
D is unitarily equivalent to the multiplication operator M defined by [M f](§) = £f(§)
and thus o(D) = 0,.(D) = R.

By Stone’s theorem the operator D defines a strongly continuous one-parameter uni-
tary group (V(t))ser acting on L?(R). As is well-known, V (t) acts on f € L*(R) by

V) fl(@) = [e7 fl(z) = flz — 1) (2.24)

so that D is the generator of the translation group on R. Since the operator Hy has
absolutely continuous spectrum o(Hy) = [0,00) we are interested in the Hilbert space
L*(R*). We can naturally identify L?(R*) with L*(R) via the following.

Lemma 2.2.19. The map L : L*(R) — L*R") defined for A € R by [Lf](\) =
A2 f(In (X)) is unitary.
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Proof. We check that for f,g € L*(R) we have

(L5 19)= | TEAWILGIN) dA= [ X T (NJaln () dA= | Flalo) du=1f,0).

where we have made the substitution y = In(\). So the map L is an isometry. The
inverse map L~' : L*(RT) — L?(R) is given for y € R by [L7'g](y) = e2g(e¥). It is

readily checked that L=! is an isometry also and thus L is unitary as claimed. O

The following result shows how the translation group of Equation (2.24) and the

generator of translations act when mapped to L?*(R™) by the unitary L.

Lemma 2.2.20. The group (U (t))wer defined by Uy (t) = LV (—t)L* is given for A € Rt
by

U () F1(\) = e f(e'A)

and the action of the self-adjoint generator Dy of Uy on f € C°(R™) is given, for A € RT,
by

DAV = (F55+ 570

Proof. Direct computation shows that for f € L?(R") and A € RT we have

m\‘_-

U0 = [LV (=)L) = A3V (=)L fl(In (1)
= AL ) (N) + ) = Ahe 2

ez f(mVH) =erf(e'N),

as claimed. We can then use Stone’s theorem to compute the self-adjoint generator D,

of the unitary group (U, (t)) via the computation

= — (%eéf(et)\))
t=0

DA =i ( U070

t=0
(d1 ¢ 1 A
=—i| ——e2 A) + Ae® £ (ef\ = =f )+ =f(\
(Fizehrensactren)| = (Gm+3rm).
which shows that D, takes the form claimed. O]

We call D, the generator of dilations on L?*(RT) and use the group structure to

describe a simple and useful functional calculus for D,.

Lemma 2.2.21. Suppose that ¢ € S(RY) (with S(RT) defined in Definition 2.2.10).
Then for f € Dom(D,) we have

1

[@(D+)f](A)=(27T)_2A[f*w](t)[Uﬂt)f](/\)dt, AERT.



CHAPTER 2. SCATTERING THEORY FOR SCHRODINGER OPERATORS 26

Proof. We let ¢ € S(R") and define for £ € R the multiplication operator [M,f](§) =
©(—&)f(£). Then for A € R we have

[o(D1) [IA) = [LL (D) fI(A) = [Le(=D)L* f](A)
= [LFF o(=D)L" f](A) = [LFMyF"L* f1(N).

For £ € R we can explicitly write

So for A € Rt we find

[p(D1) fI(N) = [LFM,F*L* f)(N) = A2 [FM,F*L* f](In (X))
= (2m)72A7E | [Fol(u —In (\)[L*f](u) du

u

[Fel(u—In(X))e? f(e") du.

N

—

[NIE

= (2m) 72 A"

Now make the substitution ¢ = In (\) — u to obtain

P(D) ) = (2m) A~ / Fol(ln (3) — wet f(e”) du

/R Frol (et e tA) dt
— (27"} / F R (OUL (7N dr.

N

— (2m)"

which completes the proof. O

We can now construct an operator which diagonalises the generator of dilations by

using our unitaries.

Definition 2.2.22. We define the Mellin transform M : L*(RT) — L*(R) by M = FL*,
where L is defined in Lemma 2.2.19 .

Lemma 2.2.23. The Mellin transform is given explicitly for f € C°(R') and x € R by

N|=

MA) = @ [ ) dy (2.25)
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and satisfies M D, M* = M, where M 1is the multiplication operator by the variable in
L*(R).

Proof. Equation (2.25) follows from the definitions of F and L. The diagonalisation
relation is a consequence of the relation D, = L*DL and the fact that the Fourier

transform diagonalises the differentiation operator D. O
We can easily generalise the group of dilations to L?(R™) also.

Definition 2.2.24. We define the dilation group (U, (t))ier on L*(R™) by the formula
U f)(e) = ¥ f(e'a), =R

Lemma 2.2.25. We have that (U,(t)) is a strongly continuous one-parameter unitary

group and the self-adjoint generator D,, of U, is given on f € C°(R"™) by

1 < af n

D, = - — 4+ = , e R"™.
[fW)Z;%%+%m>x
Proof. That (U,(t)) defines a strongly continuous one-parameter unitary group can be
readily checked. Fix f € C°(R"). To determine the self-adjoint generator D,,, we again

use Stone’s theorem to find for z € R™ that

Duflle) = =i (0110

t=0
nt nt d a
= — (ge2f(etx) +ez a(et:p])a% (e%)) .
7j=1
n = f
=—i|5f(x)+ J ) )
(2 j=1 0z;
so that D, is given by the claimed formula. O]

Lemma 2.2.26. The operator D,, anticommutes with the Fourier transform. The operator
U of Definition 2.2.7 satisfies UD,U* = 2D, ® 1d, and FyD,Fj = —2D; ® Id.

Proof. For f € C*(R™) define the operators M; by [M;f](z) = xjaanj' We compute for
£ € R” that
of

e @O M, fl(2) do = (2#)_;/ e M@y, — da.
n 8:6]-

VMm&wﬂwréf

n

Integrating by parts in the xz; variable and using the compact support of f to eliminate
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boundary conditions we obtain for £ € R™ that

0
Ox;

==(m7 | f@e 0 dr = gem)7E | fa)(=ig)e 0 da

M\S

FMA©) == | f@)g- (@ je ) de

—F f](ﬁ)—ﬁja—gj[ F1(8)
= —[(1d + M;) Ff](£)-

Using Lemma 2.2.25 the operator D, is given by

n:—Id+ ZM

So for f € C*(R™) and £ € R" we find

n n

FDuNE) = SFIE) + 5 S IFMEO) = 5 FA€) = = 311+ My)F)(e

1

=~ AFA©) — = D IMFFE) = —[DuFFI9),
7=1

so that D,, anticommutes with F. Fix A\ € Rt and w € S"!. We next check that for

f € C°(R™) that

af

X

LM fI(\w) = 2720 (M f](A2w) = 2720"T Mowyo—(A2w).

J

So for f € C(R™) we use the chain rule to see that

D) = 3 (20 kg ) ) =20k

=2 (g5 1) (@O - ")
Thus for f € C2°(R") we find
UDSI) = S UFO) + 3 UM S)
- %[Uf](A,w )+ < p (dA ®Id) Uf} (\w) — nz_ZQ[L{f](A,w))
|
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and so U D, U* = 2(D,®Id). The final claim now follows from the definition Fy = UF. O
Corollary 2.2.27. We have 0(D,,) = 0,.(D,,) = R.

Proof. Lemma 2.2.26 shows that D, is unitarily equivalent to D, ® Idp (where P =
L?(S™ 1)), which is in turn unitarily equivalent to D®Idp by Lemma 2.2.20. Thus we find
that D,, has purely absolutely continuous spectrum and c4.(D,) = 0..(D®Idp) =R. [

Corollary 2.2.28. Let B = 1 1In (Hy) acting on H = L*(R™). Then we have [D,,, B] = ild.

Proof. Tt is well-known that the operator M : Dom(D) — L?(R) defined for f € C>(R)
and £ € R by [M f](§) = £f(§) satisfies the relation [D, M| = —ild on Dom(D). Define
for g € C°(R*) and A € RT the operator My, on C°(R™) by [Mug](A) = In (A)g(A). We
can compute that

[D,., Bl = FFy[Dy, Bl Fy = F[Fo Do F, Fy BEF

1
= Fi[—2(Dy ®1d), §(M1n ® Id)|Fy = —F§([D4, My, ® 1d) Fy.
Conjugating by the unitary L of Lemma 2.2.19 we find

[Dy, B] = —F;([Dy, M) ® 1d)Fy = —F (L ® 1d)[L* D, L, L* My, L)(L* ® 1d) Fy
= —F(L®Id)[D, M)(L* ® 1d)F, = ild,

as claimed. O

Corollary 2.2.28 shows that the operators B and D, are canonically conjugate and
thus we can use Stone-von Neumann theorem methods of [151, Chapter 4] (with some
modifications, see Lemma 4.2.6) to deduce the compactness of operators of the form
f(Dy)g(B). The basic result is the following.

Theorem 2.2.29 ([151, Theorem 4.1]). If f,g € LP(R™) with p € [2,00) then we have
the inclusion f(X)g(D) € LP(H) (the p-th Schatten class)

1£(X)g(D)Il, < (2m) 7 |1 £1l, 19l

We can use the structure of the dilation group to obtain a useful form of the functional

calculus for D,, in an analogous manner to the functional calculus for Dy in Lemma 2.2.21

Lemma 2.2.30. Suppose that ¢ € S(R). Then for f € Dom(D,,) we have

N

[o(Dn) f1(2) = (2m)~ /R[f*@] (O)[Un(t) f1(2) dt.

Definition 2.2.31. We denote by P. the positive and negative spectral projections of
D,,, so that Py = X[0,00)(Dn), P- = X(~c0,0)(Drn) and P, + P_ = Id.
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The spectral projections Py will be used in the proof of the asymptotic completeness
of the wave operators for the pair (H, Hy) and the absence of singular continuous spectrum
of H in Section 2.3.

2.3 Existence and completeness for Schrodinger op-

erators

In this section we demonstrate both the existence and asymptotic completeness of the wave
operators for Schrodinger operators with potentials satisfying Assumption 2.2.14. The
generator of dilations is used in a rather remarkable way to demonstrate the asymptotic
completeness of the wave operators for a short range potential. This geometric approach
to asymptotic completeness is due to Enss [58, 59, 60]. There are other methods of
obtaining asymptotic completeness, for example the method of Hy-smoothness discussed
in [164, Chapter 1.6]. The technique we present here follows closely that of Perry [128]
(see also [127, Chapter 12] for more details in dimension n = 3).

We first apply Cook’s criterion in the manner described in [106, Section 3.4] to obtain

the existence of the wave operators.

Theorem 2.3.1. Let H = Hy + V with V satisfying Assumption 2.2.14. Then the wave
operators Wy (H, Hy) exist.

Proof. By Cook’s criterion it suffices to show that

/R (|VeritHof| | dt < oo (2.26)

for Ff € C*(R"\ {0}). Suppose that [Ff](§) = 0 for |{| < r and let P. denote the

projection onto functions supported on the ball of radius r in R™. Then we have

Ve ™o f|, < VIl [|Bge™™ 0 f]], + [V Ad = P | 1£]]s -

o ||

The method of stationary phase (see [78, Lemma A.1]) and [164, Lemma 1.2.5] show that
the first term on the right hand side is bounded by any positive integer power of |t|7!.
Since V satisfies Assumption 2.2.14 for some p > 1, the second term on the right hand
side is O(]t|™*) and thus the integral in Equation (2.26) is finite. O

To deduce the compactness of certain operators, we need the following result, which

can be found as [128, Lemma 4].

Theorem 2.3.2. Suppose that f € Cy(R) and that V satisfies Assumption 2.2.14 for
some p > 5. Then the operator f(H) — f(Hy) is compact.
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Proof. The assumption p > 7 guarantees that R(z) — Ry(z) € LP(H) for all p > n and
z € C\ R and is thus compact. By analogous arguments to [150, Lemma 4] one can show
that R(—i)7 R(i)* — Ro(—i)? Ro(i)" is compact for all j,¢ € N and thus by Stone-Weierstrass
the conclusion follows for arbitrary f € Cy(R). O

We now proceed to the proof of asymptotic completeness of the wave operators,
following closely the method of Perry [128]. The key tool in the following argument is the

dilation operator D,, and the Mellin transform diagonalising D,,.

Definition 2.3.3. The Mellin transform M : C°*(R™\ {0}) — L*(R) ® P is defined for
feC®R"\{0}), seRand w e S" ! by

[V

M) = 2m)F [N (w)
0
The Mellin transform extends to a unitary operator M : L?*(R") — L*(R) ® P which
satisfies M D,,M* = M, the operator of multiplication by the first variable on L?(R) ®P.

Recall the non-negative and negative spectral projections P, for D,, of Definition 2.2.31.
As usual for z € C\ R we write R(z) = (H — z)™! and Ro(z) = (Ho — 2)".

Lemma 2.3.4. Let g € CX(R™) have support in an interval [a,b] and let 6 € (0,a). Let
Xa denote the characteristic function of a set A C R". Let k € N and t € (0,+00). For
|z| < dJt| define K, € CP(R™\ {0}) by

Ko (€) = /e g[EP2). (2.27)
Then we have for £t > 0 the estimate
[1PsEoal| < Cu(1+ Jt]) 72

for some constant C},.

Proof. We show only the case t > 0, since the case t < 0 is similar. Using the unitarity of
the Mellin transform we have ||P- K, || = ||X(-00,0MKay||. Since K, € C*(R™\ {0}),
we have for s € R and w € S"! that

[NIES

M () = () [ e Gy

0

The function f : (0,00) — C defined by f(A\) = A"z g(A?) is smooth and compactly
supported. The phase function ¢,s; = ¢ : RT x S"! — R, defined by ¢(\,w) =
tA? —i{Ax,w) — islog (A\), has derivative % = 2M — (z,w) — { has no stationary points
for the allowed range of x,t,s. The method of stationary phase [78, Lemma A.3| then
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gives the pointwise estimate
[MEo(s,w)| < Chg(L+Jt] + |s]) 7.

Integrating this estimate in s and w gives directly the statement of the lemma. O]

Lemma 2.3.5. Let g € C>°(R") have support in an interval [a* b%] and let § € (0,a).
Let x4 denote the characteristic function of a set A C R™. Then for any k € N and
t € (0,4£00) we have

HXB(5|t|)efitHog(H0)Pi‘! < CN7g(1 4 ‘t’)—kmﬂ’

where B(0|t]) = {y € R™ : |y| < d|t|}, the open ball of radius Jlt|.

Proof. For x € R", g € C*(R") and ¢ € C°(R™) define

Yoa(z) = (2m)78 / 6 TR (1612) [Py Fy)(€) de.

n

We consider the equality ¢;1(z) = (K., PrF). The Cauchy-Schwarz inequality then

gives us
e ()] = (Ko, PrFY)| = [(PeKop, FO)| < [P Kol 4] -
By Lemma 2.3.4 we find || P+ K,,|| < Cj,(1+ [t])"**2 and thus
(s (2)] < Cg (14 1) 72 (85|

We thus find

}‘XB(am)e_itHog(HO)Pﬂ‘2 = sup / | [e""0g(Hq) Pst)] (x)‘z dz
[[9l[=1 J |z <5]t]

= sup/ |9 () |* da
[1¥[|=1 J|z| <4t
< cg,g/ (14 [¢) "2+ da
|x|<d|t]
C’(Sn|t|n(1 + W)—Qk-ﬂ
S éé"(l + w)72k+n+1’

from which the claim follows. O

Lemma 2.3.6. Suppose that V satisfies Assumption 2.2.14 for some p > n. Let a > 1
and g € C*(R"). Then the operator B = (H 4+ 1)~*(Wx — 1d)g(Ho) Py is compact.
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Proof. We show that B is the norm limit of compact operators. Consider for +¢ > 0 the
equality

t
R(—i)*(e™ e~ 0 _1d)g(Hy) Py = / R(—i)*e"*H Ve sHog(Hy) Py ds. (2.28)
0

isH ig strongly continuous, s — e~ g( Hy) is norm continuous and

Since the family s — e
the operator R(—i) — Ry(—1i) is compact (see the proof of Theorem 2.3.2); we find that
the right-hand side of Equation (2.28) defines a compact operator for finite ¢. It therefore
suffices to show that the map s — ||R(—i)*e*! Ve "Mog(H,)P.|| defines an integrable

function on (0, £00). So we make for § > 1 the estimate

RE-07Ve g o Pl | € =)V Rol =i I xotaere="" Ral—i)Po() |
‘I—CHR VRO( )X B

By Lemma 2.3.5 the first term decays rapidly in ¢ and is thus integrable. The second term
is integrable by our assumption on the potential. Thus we have shown that the operator

B is the norm limit of compact operators and is hence compact. O

Theorem 2.3.7. Suppose that V' satisfies Assumption 2.2.14 for some p > "+1. Then

the wave operators Wi are asymptotically complete.

Proof. We first show that H has no singular continuous spectrum. Let P4(H) be the
proejection onto the spectral subspace of H associated to the Borel set A C R. For an
interval I, let Ps.; = Ps.(H)P(H), where P,.(H) denotes the projection onto the singular
continuous spectrum of H. Let a,, > 1 and g € C°(R™). By Proposition 2.1.3 we have
W._W; = P,.(H) and WiW, = 1d. So we find

Po(HYWy = Poo(HYWoWWy = Py (H)Poo(H)Wy = 0.

By an adjoint calculation we have Wi Py.(H) = 0. The operators Prg(Hy)(Wi—Id)R(—i)*

are compact. Thus we find

9(Ho)(H + i)™ Py, r = g(Ho)R(—1)* Ps.(H) Pr(H)
:<P++p*) ( ) ( )aPsc( )PI(H)
_(P++P ) ( )(W _Id> ( Z‘>0[Psc([—[)PI(]¥)a

so that g(Ho)R(—i)*Ps. s is compact. Define the function g by g(A\) = g(A\)(A+ i)~ and
choose g such that g =1 on I. Then P,.; is a compact projection, so is finite rank and
hence is zero.

We next show that W_ is complete, with the proof for W, being similar. Suppose
that f € H,.(H) with f € Range(W_)+. Without loss of generality we may suppose that
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there exists g € C°(R*) with g(H)f = f. Then the vectors f; = e ! f converge weakly

to 0 as t — oo. For o > 1 we thus have

A1 = (fe fi) = (R(=D)* fu, R(=)"* fo),

since f € Dom(R(—i)~*). The compactness of R(—i)*(W+ — Id)g(Hp) Py and Theorem
2.3.2 then give

R(—i)" fi — [R(=1)*Wog(Ho) P- fy + R(—i)*W_g(Ho) Py fi] — 0
strongly as t — 0o. So
[1£11* = lim [(fi, Weg(Ho)P-fi) + {fi, W-g(Ho) P+ fi)].

Since e~ leaves Range(W_) invariant and f € Range(W_)* we have that the second

term vanishes. As t — oo, the first vanishes since

(fe. Wag(Ho)P- fi) = (P-g(Ho)e ™ WL f, fo)

and P_g(Hy)e o — 0 strongly as t — oo by an adjoint estimate to Lemma 2.3.5. [

Remark 2.3.8. Theorem 2.3.7 can be proved under the weaker assumption that V' satisfies
Assumption 2.2.14 for some p > 1 (see [164, Theorem 1.6.2]), however the proof method

we have provided emphasises the key role of the generator of dilations in scattering theory.

Proposition 2.3.9. Suppose that V' satisfies Assumption 2.2.14 for some p > 1. The
wave operators Wi (H, Hy) are Fredholm and the number of bound states (eigenvalues
counted with multiplicity) of H = Hy + V', denoted by N, is given by

Index(W,) = —N.

Proof. Note first that by Theorem 2.2.18 the projection P, onto the eigenspace of H
is finite rank. If f € Ker(W.) then the relation WiW, = Id shows f = 0. Suppose
f € Ker(W}). By Theorem 2.3.7 we have that H has no singular continuous spectrum
and thus P,.(H) =1d — P,(H). The relation W, W} = P,.(H) = Id — P,(H) then shows
P,f = f and thus f is an eigenfunction for H. Conversely, if f is an eigenfunction for
H we have Wi f = 0 and thus f € Ker(W7), so that Ker(W}) = P,H. Hence W, are

Fredholm operators and we can compute

Index(W.) = Dim(Ker(W.)) — Dim(Ker(W})) =0— N = —N. O
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2.4 Spectral properties of the perturbed Hamilto-
nian

The existence and asymptotic completeness of the wave operators proved in the previ-
ous section shows that o4.(H) = 04.(Ho) = [0,00). In this section we first describe the
point spectrum of the perturbed Hamiltonian. Then we describe the limiting absorption
principle for boundary values of the resolvent and use this to define a family of gener-
alised eigenfunctions for H. The limiting absorption principle also allows us to obtain
explicit stationary formulas for the wave and scattering operators in terms of generalised
eigenfunctions.

We shall regularly use the well known fact [110, p. 44] that a function in H*? with
s > 1 has a trace (in the sense of restriction) on any smooth (n — 1)-dimensional manifold
embedded in R™.

Theorem 2.4.1. Let Q be a smooth compact (n — 1)-dimensional manifold embedded in
R™ and let dw be the measure induced on €2 by Lebesque measure. Then for any s > % there
exists a bounded linear map 7 : H*® — L*(Q) such that 7f = flq for u € H*° N C(R").

In particular, for A > 0 and s > % we shall often let Q = S~ ! and denote for A > 0
the trace operator by v(A2) : H0 — L2(S"1), whose action on f € H*? is given by

A2 fl(w) = FA2w). (2:29)

2.4.1 The limiting absorption principle

For z ¢ o(H) we let R(z) = (H — z)~!. In this section we show in what sense R(z)
assumes boundary values along the positive real axis, as limits of values from the upper
and lower half plane. Since (0,00) C o(H) we see that such limits cannot exist in B(H),
however we will see that when considered in weaker topologies (that of B(H"', H*™*) for
¢t > 1) such limits do exist.

This fact is known as the limiting absorption principle and has its origins in the
work of Ignatowski [79], who considered the propagation of electromagnetic waves in a
wire, and Friedrichs [67] who established the existence of related limits to construct some
explicit wave operators. The terminology limiting absorption principle was introduced by
Svesnikov [156, 157]. The limiting absorption principle was used by Kato [92] and Kuroda
[102, 103] and established more generally in the work of Vainberg [159]. Proofs of the
limiting absorption principle can be found in many texts on scattering theory, however the
proof presented here follows closely those of Agmon [3, Section 4], Kuroda [106, Chapter
5] and Yafaev[164, Chapter 6.

The proof is rather long and so will be broken into a number of intermediate steps, the

first of which is to prove the limiting absorption principle for Hy. We let Ry(2) = (Ho—z) !
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and consider Ry(z) as an analytic operator valued function on C \ [0, 00) with values in
B(H", H*™) for any t > 1.

Lemma 2.4.2. Lett > 1 and f,g € H*. Then for any X € (0,00) the limits
(Ro(A+10),g) o= lim (Ro(A £ i€) . ) (2:30)
exist. Furthermore, for any A € (0,00) and f € HY the limit
Ro(A£1i0)f := li_l}l(l)Ro()\:EZE)f, (2.31)

taken in the weak topology of H*>7t, exists in H>~t.

Proof. Let t > % and f,g € H*'. We show that the function F : C\ [0,00) — C given by
F(z) = (Ro(2)f, g) has continuous boundary values on both sides of (0,00) (that is for
A € (0,00) the limits lim._,o F'(\ & ig) exist and are continuous in A). By a version of the

elliptic estimate [3, Theorem A.1] we have

1Ro(2) fll g2 < C ISl o (2.32)

for all f € H* and z € C\ R such that K~! <|z| < K for fixed K > 1. For g € H>™*

we obtain

|E(2)] = [(Ro(2) £, 9)| < |[Ro(2) fll e 191l sg-2.0 < ClIF |0 [19] o (2.33)

for another constant C' and K~! < |z| < K. The estimate (2.33) shows that it suffices
to prove that F' assumes continuous boundary values on both sides of (0,00) on a dense
subset of H%'. So for f,g € C>°(R") we have by Equation (2.16) that

FEOFE)
TR

[F fl(k2w)[Fgl(k2w) dw dk.

F(2) = (Ro(2)f.9) = (FRo(2)}. Fg) = / ¢

1 [ kT
_5/0 /Snlk_z

This is a Cauchy type integral, which in the limit can be evaluated using the Plemelj
formula [131, Chapter 14] (see also [161, Theorem 9.8]) to obtain

lim (Ro(A  i2) f. ) (2.34)

— JM; /S [FAO)[Fgl(Aiw) dw + PV ( / ) G2 ﬂgﬁ[fg] ©) df) ,

where the last integral is singular and taken in the principal value sense. Applying [121,
Theorem 20.1] (see also [17, Theorem 2]) to Equation (2.34) shows that F' admits continu-
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ous boundary values on both sides of (0, 00). The existence of the limits in Equation (2.34)
shows that for f € H%! the limit

ll_r)% Ro(A L ie)f, (2.35)

taken in the weak topology of H*™! exists in H> . Then Ry(z)f is bounded near A
when considered as a function with values in H*™' by the estimate (2.32). The weak
compactness of the unit ball in H%~* then shows that the limit (2.35) exists also in H*™*

and is by definition given by the function Ry(A 4 40)f of Equation (2.31). O

Corollary 2.4.3. For anyt > % and f € H% we have the identity

1
TA2

I (oA £ i0)f. /) = 75

[ IehEA)R 2.36)

where 7 is defined by Equation (2.29).

Proof. The result follows immediately by taking f = ¢ in Equation (2.34) and then taking
the imaginary part. O

Corollary 2.4.4. For anyt > 3, f € H* and X € (0,00) the function 1) = Ro(X £10) f

satisfies the differential equation
(Ho— N =f (2.37)

in the sense of distributions.

Proof. For any ¢ € C2°(R") and z ¢ R we have the relation
(Ro(2)f, (Ho — Z)¢) = ([, ).
By Lemma 2.4.2 we thus have for A € (0, 00) the equalities
(f.) = im (Ro(\ & i) f, (Hy — N)g) = (. (Ho — N)g) = ((Ho — M. @)

Since this holds for all ¢ € C°(R™), we find (Hy—\)y = f in the sense of distributions. [
We will now show that the weak limits (2.31) exist in a stronger sense.

Theorem 2.4.5 (Limiting absorption principle for Hy). Consider the resolvent operator
Ro(z) = (Ho — 2)~'. Then for any X € (0,00) and t > 3 the limits

lim Ro(A £ i) = Ro( % i0) (2.38)
E—r

exist in the uniform operator topology of B(H%t, H>™)
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Proof. Let C. = {z € C: +£Im(z) > 0} and C = CLU(0, o). Define the operator-valued
functions RE : Co — B(H%', H>~) by

N Ry(z), if +£Im(z) >0,
Ry (z) = (2.39)
Ro(A£1i0), ifz=X€ (0,00).

From Lemma 2.4.2 we have that the Ra[ define weak operator topology continuous operator-
valued functions on C.. We now show that R(jf are actually continuous on C, in the
uniform operator topology of B(H%!, H*~*). Since for u € H*' we have that ||u|| 2
is equivalent, via the elliptic estimate [76, p. 283, to [||[,, = [|"l| o~ + |[[Ho:|| o« it
suffices to show that both RE and HyRE are continuous in the uniform operator topol-
ogy of B(H" H%'). Since HyRF(z) = Id + zRF () it further suffices to show that the
operators R3 are continuous in the uniform operator topology of B(H%!, H*~*). We will
prove this in several steps.

First we show that Ra—L are continuous on C in the strong topology of B(H*t, H%™).
Note that the inclusion H?>~™ < H%~! is compact for any m < t (a consequence of
Rellich’s compactness theorem, see Theorem 2.2.5 (b)), and that for f € H%' we have
Ro(2)f € H>™™ for any m > % Then for zy € C+ we have

Ri (20)f = lim F3 () (2.40)
exists in H%* by the continuity of Ry(z) € B(H"!, H*>™!) and so in B(H"!, H®™*) by
compactness of the inclusion map H*~' — H%!. For z; € (0,00) we use that the
limit (2.31) exists to see that the limit (2.40) holds in H*>* and thus Ry(zo) defines an
operator in B(H%!, H>7) and so also in B(H®%!, H*~*) by compactness of the inclusion
H?*=t < H%t Thus we have shown that RSE are continuous on C in the strong topology
of B(H%t, H%Y).

Let (2;) C C4 and (f;) € H*' be sequences with z;, — 29 € C4 and lim f; = f € H**
in the weak topology of H%!. Then we can compute for any g € H% that

lim (RF(23);.0) = lim (£, RE(5)9) = (. R (70)g) = (R (20)f.9)
Hence we find the existence of the limit

Jim Ry (2)f; = Ry (20) f (2.41)
in the weak topology of H>~!, considered as the dual of H%'. The estimate (2.32) shows
that the sequence (Rj (z;)f;) is bounded in H>~™ for any m > 3. The compactness of
the inclusion H>~™ — H%~* for m < ¢ then shows that the existence of the limit (2.41)
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gives the existence of the limit

lim B (5)f; = RS (z0)f (242
in the strong topology of H*~* also. We now show that it follows from Equation (2.42)
that R is continuous on C. in the uniform operator topology of B(H®%!, H*t). Suppose
for contradiction that Ra[ is not continuous on C. in the uniform operator topology of
B(H!, H*~*). Then there exists a sequence (z;) C Ci with z; — 25 € Cy and a sequence
(f;) € H*" with || f;]| ;70 = 1 such that

lim ||(Rg (2)) — By (20)) f5] | 0.0 > 0. (2.43)

j—00

We can assume (after passing to a subsequence if necessary) the existence of the weak
limit lim; o f; = f € H*" in the weak topology of H*!. Then by Equation (2.42) we

have

lim Ry (2;)f; = Ry (20)f = Jim, R (20) f;,

J—00

in H%~* (with the limits in the strong topology), which contradicts the inequality (2.43).
O

Definition 2.4.6. A function ¢» € H;Y will be called k-outgoing (for ‘4’) or k-incoming
(for ‘=’) if for k£ > 0 the relation

Y = Ry(k* £140)f (2.44)

holds for some f € H%! and t > % Here the subscript loc denotes that ¢ is locally

integrable, that is ¢ € H*Y(K) for any compact K C R™,

Lemma 2.4.7. Let ¢ € HY be a k-outgoing (or k-incoming) function satisfying the

loc

differential equation
(Ho + V) = k* (2.45)

for some V' satisfying Assumption 2.2.14. Then 1 € H% for all t € R.

Proof. We shall provide a proof for 1) outgoing, the proof for i) incoming being similar.
Since 1 is outgoing there exists 5 > % and f € H%" such that ¢ = Ry(k* +i0)f. Then

we compute

(Ho — k2 = (Hy — k?) (g% Ro(k? + ie) f) = lim (Ho — K*)Ro(k? + i) f
=lim (f + icRo(k* + i) f) = f,

e—0
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by Theorem 2.4.5. By Equation (2.45) we have f = —V71). By Corollary 2.4.3 and the
fact that V' is real-valued, evaluating F f on the sphere of radius k£ we find

et /S |[F £ (kw)|? dw = %Im ((Ro(k* +i0)f, f)) = —%Im(w, Vi) =0. (2.46)

This shows that the restriction of Ff to the sphere of radius & vanishes and so by [3,
Theorem 3.2] we have the function h : R® — C defined by h(£) = [Ff](€)(|€]* — k)7t is
such that h € L} (R") (that is h € L'(K) for all K C R" compact). Define ¢ € H%

loc

by ¢ = lim._,o Ro(k* +ie) f and let g € S(R"). We compute that

/ FAEFgl&) 1€ — k2

W) = IR0 =l | T g -

—0

dg

-/ F©

o |5|2—_k,2[]‘—9] (€) d¢, (2.47)

where we have used that ¢» € H®7  the unitarity of F and Lebesgue’s dominated
convergence theorem. Thus F¢ € Lj (R") and since Equation (2.47) holds for all

g € S(R"), we find F¢ = h in the sense of distributions. Then by [3, Theorem 3.3]
we have ¢p € H>' ¢ H% for all t € R, which proves the result. O

We can now state and prove the limiting absorption principle for general Schrodinger
operators. For 2 € C\ o(H) we let R(z) = (H — z)~! considered as an analytic operator
valued function on C\ o(H) with values in B(H%*, H*~") for any ¢ > 1.

Theorem 2.4.8 (Limiting absorption principle for H). Suppose that V' satisfies Assump-
tion 2.2.14 for some p > 2 and consider the operator R(z) = (H — z)~'. Then for any
A € (0,00) the limits

R(\ £i0) := lim R(\ + ie) (2.48)
E—r

exist in the uniform operator topology of B(H®t, H*~%) for any t > %

Proof. We prove the theorem for R(A+1i0) since the proof for R(A—10) is similar. Without

loss of generality we suppose that t € (%, % + 5) for some £ > 0. We choose ¢ sufficiently

small so that V' defines a compact operator from H 2375 to HOate (possible by Rellich’s

compactness theorem since |V (z)| < C(1 + |z|)~* for some p > 1 and almost all x € R"™).
For any z € C, we define Q(z) € B(H>™t, H>~*) by

Q(2)) = Ro(z + i0) V. (2.49)

From Theorem 2.4.5 and the compactness of V' as an operator from H?~* to H%' we have
that Q(z) defines a compact operator for every z € C,, and that the operator-valued

function @ is continuous on C, in the uniform operator topology of B(H?*~*, H>7).
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For Im(z) > 0 we can use the resolvent equation
R(z) = Ry(2) — Ro(2)VR(2) (2.50)
and the definition of Q(2) to see that for any f € H and ) = R(z)f € H*° we have

(Id + Q(2))¥ = Ro(2) f. (2.51)

We see, by varying f, that H* C Range(Id + Q(z)) C H*>~'. Since the closure of the
domain of the Laplacian with respect to the weight R” 3 z +— (1 + |z[2)~2 is H> we
find Range(Id + Q(z)) = H*~'. Standard Fredholm theory (see [106, Proposition 5.2.1])
then shows that the inverse (Id + Q(z))™! exists in B(H*>™t, H>™).

Now we let z = X\ € (0,00). Then the analytic Fredholm alternative says that Id+Q(\)
is invertible if and only if —1 is not an eigenvalue of Q(A). We now show that for A > 0,

—1 is an eigenvalue of Q(\) if and only if A is an eigenvalue of H.

So we suppose that —1 is an eigenvalue of Q(\) and that ¢ € H*>" is a corresponding
eigenfunction. The definition of @ shows that v = —Rg(\ + i0)V4 which implies that
Y is a /\%—outgoing solution of the equation (Hy + V)1 = Ap. By Lemma 2.4.7 we see
that ¢ € H% for all t, € R. So Ff € C*(R") and hence f has rapid decay. Thus
f € Dom(Hy) and A is an eigenvalue of H, contradicting the fact that H has no positive
eigenvalues.

Conversely, we suppose that A > 0 is an eigenvalue of H with corresponding eigen-
function ¢ € Dom(H). Using Equation (2.50) we find that 1)+ Ro(2)V = (A — z)Ro(2)¢
for 2 € C,. Taking the limit as 2 — X we find ¢ + Rj (A)V¢) = 0 and thus —1 is an
eigenvalue of Q(\). Since H has no positive eigenvalues we find that (Id + Q(z)) ™! exists
for all z € C,.

Since @ is continuous on C, in the uniform operator topology of B(H?>~t, H>™),
it follows that the operator-valued function (Id + Q(z))~! is also continuous on C, in
the uniform operator topology of B(H*~*, H*™"). The resolvent equation (2.50) and the
definition of () give us that

R(z) = (Id + Q(2)) " Ro(2) (2.52)

for Im(z) > 0. Using the continuity properties of (Id + Q(z))~! and Ry(z) it follows that
the limits

lim R(A + ig) = (Id + QM) Ro(\ +1i0) (2.53)

exist in the uniform operator topology of B(H%!, H*~1). O
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Corollary 2.4.9. For any t > % and f € H* we have
R(A+£1i0)f = Ry(A£10)f — Ro(A £ i0)VR(A £10)f. (2.54)

In particular, 1, = R\ +i0)f is a A2 -outgoing solution and ¢_ = R(A —1i0)f is a

)\%—mcommg solution of the differential equation
(Ho+ V) = f. (2.55)

Proof. Using the continuity properties of R(z) established in Theorem 2.4.8 we obtain
Equation (2.54) immediately from Equation (2.50). The fact that ¢, = R(A+0)f is a

)\%—outgoing solution was established and used in the proof of Theorem 2.4.8. O]

We conclude this section by using similar methods to determine the high energy

behaviour of the resolvent. The result is the following.

Lemma 2.4.10. Suppose that p > "TH in Assumption (2.2.14) and define the complex

domain Cy = {z € C: Re(z) > 1 and Im(z) > 0} and t € (3,p— 3). Then VRy(z) and
(Id4+V Ry(2))! can be extended to continuous and uniformly bounded functions from C.
to B(H*, H*"). Similarly, Ro(2)V and (Id + Ro(2)V)~" can be extended to continuous

and uniformly bounded functions from Cy to B(H®~t, H®™t).

Proof. Since for any p > 2 and ¢t € (3,p — 3) we have Ry(z) € B(H"', H*°) is
continuous in z € C; by [85, proof of Lemma 3.1], and since V' € B(H%~* H%') by
assumption, we find that V Ry(z) € B(H", H*') for any t € (1,p — 3).

Since V Ry(z) is compact and has no eigenvalue —1 for z € C; (see the discussion in
the proof of Theorem 2.4.8), the operator (Id + VRy(2))™t € B(H", H*!) exists and is
continuous in z € C;. By [120, Theorem 1] we have that VRy(z) — 0 as |z|] — oo in
C, in the norm of B(H®!, H*) for any t > 1, so that the operator (Id + V Ry(z)) ™" is
uniformly bounded. A similar computation (or duality) can be used to prove the second

claim. O

2.4.2 Generalised eigenfunctions and stationary wave operators

In this section we use the spectral properties of Hy in conjunction with the limiting

absorption principle to define a family of ‘generalised eigenfunctions’ for the operator H.

Definition 2.4.11. For each A > 0 and w € S"! the function ¢y(-,w,\) : R®* — C
defined by

1

¢0(x,w,A) _ ei)\7<x,w>
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satisfies the relation [Hyt (-, w, A)](x) = Abo(z,w, A) and thus defines a ‘generalised eigen-

function’ for the continuous spectrum of Hy.

We now demonstrate how the generalised eigenfunctions give rise to Stone’s formula,

relating the spectral measure for Hy to the limiting absorption principle.

Theorem 2.4.12. For A\ > 0 we have for t > 1, the operator B(\) € B(H", H*™") by
B(A\) = Ro(A +1i0) — Ro(A — i0) is an integral operator with kernel

Ry(x,y, A +1i0) — Ro(z,y, A —i0) = %/\"gz (2m)~ (1) / e @T=y) oy, (2.56)
S§n—1

for xz,y € R".

Proof. Fix A > 0. From Corollary 2.4.3 we have for any f € H% with ¢ > % the relation

SA(Ro(A+ i0) = Ro(A = i0)) £, 1) = T2

| 0D F @R

So we compute that
| hohF@PE

= (2m)™" /S ( /R Flapet e dx) ( s Flype e dy) dw
=(2m)™" /R"

(x)e
/R @) ( /S e~V =) dw) dy da.

We next note that

((Ro(A +1i0) = Ro(A = 10)) £, f) = / [(Ro(A +i0) — Ro(A —10)) f](x) f(y) dy

n

= /n /n (Ro(l‘,y,)\—iO) _RO(‘rvy,)\—FZO))mf(y) dydx

Since f € H% was arbitrary, the claim follows. O

Using the limiting absorption principle, one can define analogous generalised eigen-

functions for the operator H.

Proposition 2.4.13 (Lippmann-Schwinger). Suppose that V satisfies Assumption 2.2.1}
for some p > ”TH Then for all X > 0, w € S™! and m € (%,p — g) there is a unique
solution ¢y € H™™ to

Uy (x,w, \) = o(z,w, A) — [Ro(A £10)Vi(-,w, N)](x), x€R™ (2.57)
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This solution is given by the equation

(2, w,A) = dho(x, w, A) = [R(A £10)Vio (-, w, )] (). (2.58)
Furthermore, for each fized A > 0 and w € S"~* we have

[H@/)i(,w,)\)](x) = A¢i<x7w7A)' (259)

Proof. First note that for all s € (3, p — %) we have Vijo(-,w, \) € H**. So defining ¢y
by Equation (2.58) we find that ¢4 (-,w,A) € H>™™ for all m > %. Apply the operator

Id+ Ry(AFi0)V to both sides of Equation (2.58) in conjunction with the resolvent identity
(Id + Ro(2)V)(Id — R(z)V) = 1d (2.60)

gives that ¢4 (-,w, \) satisfies Equation (2.57). If o4 (-,w,\) € H>™™ were another solu-
tion to Equation (2.57), we apply the operator Id — R(A Fi0)V to both sides of Equation
(2.57) in conjunction with (the adjoint of ) Equation (2.60) to see that ¢+ = 1.. Equation
(2.59) then follows from Corollary 2.4.9. O

Equations (2.57) and (2.58) are known as the Lippmann-Schwinger equations and
were first introduced in a different form in [111, 112]. Equation (2.59) shows that the
1+ define generalised eigenfunctions of the continuous spectrum of H. We now consider
the asymptotics of the generalised eigenfunctions ¢+ as |x| — oo. To do so requires the

introduction of the following operator.

Definition 2.4.14. Define for A > 0 and ¢ > 3 the operator I'y(\) : H** — P by
Lo 1) = [Fofl(hw) = 272X T [Ffl(A2w), weS™,

with Fp from Definition 2.2.7.

Proposition 2.4.15. For A\ >0 and t > % the operator To(A\) : H* — P and its formal
adjoint To(A)* : P — H®™' are uniformly bounded on compact intervals. Moreover, the

operator-valued function I'g(\) is strongly continuous in A > 0.

Proof. For f € H%" and A > 0 we use the estimate (2.32) to obtain for A in some compact

interval the bound
) ) 2
Lo £ = lime [[Bo(A £ i) FIP < C ]l o

and thus I'g(\) is uniformly bounded. To see that I'g(A) is strongly continuous in A > 0
we fix pu, A > 0 and compute that

[(To(n) = To(A) fl(w)* = [[To(p) fiw)I* + [[Lo(A) f(w)[* — 2Re([To (1) fi(w)[To (V) fl(w)).
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So we write

n—2

Cali) A = Gl ([ eesis@a) ([ e par),

which converges to |[To(\)f](w)|? as 4 — A. Thus we find

ITote) = TP = [ 1To(h) = ToOO ) s 0

Sn—1
as  — A, so that T'g(A) is strongly continuous in A. O

We can use the operator I'g(A) to obtain the asymptotics of ¥4 in terms of scattering

data. To do so requires the following definition.

Definition 2.4.16. For r, A > 0 we define the outgoing and incoming spherical waves by
—n=l im%r;m@
we(r,\)=r""2 e 7. (2.61)

Theorem 2.4.17. Suppose that V satisfies Assumption 2.2.14 for some p > "TH Then
for fized w € S™' and X > 0, with ¢¥.(-,w,\) as in Proposition 2.4.13, we have as
|z| — oo that

w:t(wi7 >\) = 1/10(%&)7 >\) + a’:l:(j:7w7 )\)U}$(|$‘7 )\) + ch<|'r’7nT+1)7 (262)

where for x # 0 we have defined & = |x|'z. The coefficient ax can be recovered by the

formula
as(0,w,\) = =12 A1 [T (AN Vibe (-, w, N)](F0), (2.63)

with 0,w € S*! and X\ > 0.

Here o,, denotes a Cesaro averaged asymptotics. We refer to 2.4.17 [164, Theorem
6.7.4] for the proof, which relies on the method of stationary phase. Our only use of
Theorem 2.4.17 is in Section 4.2 to develop intuition for the form of the wave operator

and thus the details are not necessary here.

Definition 2.4.18. For fixed w € S*! and X\ > 0 the coefficient a_(-,w, \) : St — C
of the outgoing spherical wave in the asymptotics (2.62) is called the scattering amplitude

for the energy A\ and direction w.

We will justify the name scattering amplitude in Lemma 2.4.33.
For A > 0, the operator I'g(\) is related to the limiting absorption principle via Stone’s
formula 2.4.12.
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Lemma 2.4.19. For A > 0 and t > 5 the operator To(A\)*To(X) : H* — H"™* satisfies

In particular, 2mil'o(X)*To () is an integral operator with kernel given by Equation (2.56).

Proof. Fort > £, A >0, f € H* and x € R" we check that

1 n . n— !
L) To ) =2 4 2m) I [ gy 7)0) o
Sn—1
e 1 1
=2 l(2r) AT / eA? (@) ( / e M) £(y) dy) dw
S§n—1 n
A’%Q N
= —iIAZ (y—z.w)
s [ ([ e W) f)
Since f € H* was arbitrary, a comparison with Equation (2.56) gives the result. O]

We now factorise the potential V' in order to use the integral kernels defined by
Theorem 2.4.12 and Lemma 2.4.19 to define trace class operators, which we shall use

extensively in Chapter 5. For x € R™ we introduce the notation

1 17 if V(.I') Z O,
o@) = V@I U@ =" (2.64)
-1, ifV(x) <0,

so that V = vUw.

Lemma 2.4.20. Suppose that g1,g2 : R" — C are compactly supported with g = g19s.
For A > 0 define the operator B(\) € B(H) by B(A) = g1 (Ro(A + i0) — Ro(A — ©0)) go.
Then B(\) € LY(H) and

Tr (B(V) = (2“)222;/)‘2(8” ) / () d.

Furthermore, for t > % and X\ > 0 we have the equality Ro(X + i0) — Ro(A — i0) =

2milo(N\)*To(N\) as operators in B(H*', H*™1).
Proof. Fix t > 1 and A > 0. As an operator in B(H%, H*~") we have (see [3, Equation
4.3] and [6, Equation 15]) that A(X) = Ro(A +i0) — Ro(A —i0) is an integral operator

with integral kernel

2 ) n—2 1
A\ x,y) = (27i) )\2/ e @m=y) .
Snfl

for z,y € R™. Direct computation shows that the integral kernel of (27i)['o(A\)*T'o(N) is
the same as that of A(\).
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That B(\) is trace class is proved in [73, Lemma II1.2] (see also the comments on
the bottom of page 32), however we provide an alternative proof. For any ¢ > % direct
computation shows that g;0o(\)* € L%(P,H) and To(N\)g2 € L%(H,P) and thus B()\) €
LYHH).

We can then compute the trace of B(\) by integrating along the diagonal, which
completes the proof. O

Remark 2.4.21. The assumption of compact support on the potential V' is stronger than
necessary to guarantee that the operator B(\) is trace class. It is sufficient that the
multiplication operators corresponding to ¢i, g, map H into H%! for some ¢t > % The
computation of the trace of B(\) was first done by Buslaev [36] (see also Newton [124]

and Bollé and Osborn [31]).

In fact we can differentiate B(\) arbitrarily in A in the trace norm.

Lemma 2.4.22. Suppose that g1, go are compactly supported and g = g1go. For A > 0
define the operator B(\) € LY(H) by B(\) = g1 (Ro(A +140) — Ro(A — i0)) go. Then B(\)
is differentiable in X\ in the norm of LY(H) and for all ¢ € N we have

défl

T BO) = (- 1)lgi (Ro(A +i0)" — Ro(A — i0)") go. (2.65)

In particular for A > 0 and £ € N we have that g, (Ro()\ +1i0)* — Ro(\ — Z'O)f) go has for
x,y € R™ the integral kernel
(2mi)T (%) Az
20-DIC (2+1—1¢) (2m)"

91(2)92(y) / M) 4y 1+ AN 2,y)
Snfl

where A(X, -, ) vanishes on the diagonal and thus

i) (2) A2 —¢Vol (S
Tt (g1 (Ro(A +i0)" — Ro(X —i0)") go) = 25 —)1F)!(F22;+ 1\2 14()8(27r§" / g(x) dz.

(2.66)

Proof. That B(\) is differentiable is proved in [164, Lemma 8.1.8] and so we obtain
Equation (2.65). Differentiating (¢ — 1) times the integral kernel for B(\) we obtain

a1t (27rz — /-1 w2l d7HY .
_ n_2 i (o)
d)\ele(/\’x’y) 2r ) > ( i ) (d)\ﬂ)\ ) 1 /Sn_l e dw.

J

By factoring as the product of two Hilbert-Schmidt operators as in Lemma 2.4.20, each
term in the sum is individually trace class. All terms except the j = ¢ — 1 term vanish
on the diagonal since they contain an (w,z — y)? term, so integrating over the diagonal
gives Equation (2.66). O
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Remark 2.4.23. The differentiability of B(\) and Equation (2.65) can be checked directly
at the level of kernels. Doing so demonstrates that again the assumption of compact
support is stronger than necessary, it is enough that the multiplication operators (1 + | -
g1, (141 -])*g2 map H into H** for some ¢ > 3.

In fact we can easily generalise the above result to all positive integer powers of A(\)

and B(\) as follows.

Lemma 2.4.24. Suppose that V' satisfies Assumption 2.2.14 for some p > 2n. For A > 0
define the operators A(X\) € B(H) and B(X) € B(P) by A(N) = (Do(M)VIo(N)* and
B(A) = v(Ro(A+10) — Ro(A —i0))Uv. Then we have

Tr(A(N)) = (2m) “Tr(B(\))

for all ¢ € N.

Proof. That A(\)* and B(\)* are trace class follows from the fact that A()\) and B(\)
are. We first write down the integral kernels explicitly and then integrate to show the

traces are the same. Fix A > 0 and compute for any f € H*' that

[Lo(A) To(A)f](x) = 272N*F (2m) 3 / N <> Lo (A) f](w) duw

= 27\ (27)” / / oV o) f(y) dy dw
s

= o [(RO(A+@O) Ro(A —0)) f](),

where we have applied Theorem 2.4.12 for the final equality. We can thus determine the

expression

(Co(M)VTo(A))*

=Lo(M)V ( (A)*FO(A)V)Z 'To(N)*

= (271)"IT (AW V ((Ro(X +i0) — Ro(A — i0))V) 1o (A)*
(

)
2mi) UGN VBN T (N)*.

Noting the identity To(X)*To(A) = (277) (R (A+1i0) — Ro(\ —1i0)) we find using cyclicity
of the trace that

Tr(AN)Y) = 2m) "D Te(To(N) VBN T (AN)*) = (2m) ~“Tr(B(N)Y).

We can also show the equality of traces at the level of integral kernels, however this is not

necessary. 0

We now use the operator I'g(\) to construct a generalised Fourier transform which
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diagonalises the perturbed Hamiltonian H.

Definition 2.4.25. Define for A > 0 and ¢ > 3 the operators T'y(\) : H*' — P by
(A =To(N)(Id — VR(A £140)).

Proposition 2.4.26. For A > 0 and t > § the operators T (X) : H*' — P and their for-
mal adjoints T+ (\)* : P — H® are uniformly bounded on compact intervals. Moreover,

the operator-valued functions T+ (\) are strongly continuous in A > 0.

Proof. This follows from Lemma 2.4.15 and the limiting absorption principle for H (The-
orem 2.4.8). O

Definition 2.4.27. For s € R and ¢t > % we define the generalised Fourier transforms
Fy: H" — Hypee by

[FefI(A w) = [T (M) fl(w).

Theorem 2.4.28. Suppose that V' satsifies Assymption 2.2.14. Then the operators F
extend by continuity to bounded operators Fy : H — Ha. which satisfy FLFY = 1d and
FiFy = P,.(H). The operators Fy diagonalise H in the sense that for f € Dom(H) and

¢ : Rt — C measurable we have
[Fro(H)ELflNw) = oV f(\w), AeERT weS" (2.67)
Proof. First note that for f € H% and XA > 0 we have the limits
- Hlime [[Ro(A £ i) f|I = lim (Ro(A + i) — Ro(A —i€)) f, f) = [To(A) .
The limiting absorption principle also gives us for A > 0 the limit
li_r:% |VR(A+ie)f — VR(A+i0) f]|| 0. = 0.
Combining these, we find for any f € H% and A > 0 that

T (M) f? = [To(A)(Id = VR(A £40)) f[?
= lime||Ro(A £ie)(Id — VR(A £ ie)) f)?
— n’lli_r%esHR()\iia)fHQ
d<P>\f7 f)

dx
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by Stone’s theorem (see [164, Equation (0.1.10)]. Integrating over Rt we find

d(P
L e B T

which implies FfF. = P,.(H). For the second partial isometry relation, we proceed by
contradiction. Supposing that F F} # Id, we find there exists g € Hgpe. such that all
f € H% and intervals I C R* we have (FLP;f, g) = 0, which further implies

/I (L (), g) dA = 0.

Since [ is an arbitrary interval we find (' (M) £, g(A,-)) = (f, T+ (A)*g(), -)) = 0 for almost
every A > 0. Since f € H%' is arbitrary we have I'+(\)*g(\,+) = 0 and thus by [164,
Lemma 6.6.4] we find g(A,-) = 0 for almost all A > 0.

To prove the intertwining relation of Equation (2.67), it suffices to check that for all
f € Ce(R™) and g € C.(R") ® L*(S"!) that

0= /R+ (CLN)H = A)f,9(A, ) dA = /R+ (f, (H = NT£(A\)*g(A, ) dA. (2.68)
We readily check that [HoIo(A)*g(A, )](z) = Ag(\, z) and so

[(H = N)TL(A)"g(\, (@) = [(H = A)(Id = R(AF10)V)To(A)"g(A, )](z)
= [(Ho+V = NTo(A)*g(A,-)(x)
— [(H = N)R(AFi0)VTo(A)"g(A, )](x)
=0,

which shows that the final integrand of Equation (2.68) is zero. [

Theorem 2.4.29. Suppose that V' satisfies Assumption 2.2.14 for some p > 1. Then for
allt > 3 and f,g € H* we have

(Wet.q) = / TP NA LN F) dA = (Fof, Fig).

That is the wave operators are giwven by Wy = I} Fyp.
Proof. We first compute for f,g € H% with t > % that
(Lo(M) [, T£(N)g) = (Fo(A) f, To(A)(Id — VR(A £ i€))g)
= (2mi) ™! hm (R(A+1ie) — R\ —ie))f,(Id = VR(A£e))g)
=7t hrr(l) e(Ro(A\ Lie)f, R(\ £ie)g).
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Then by [164, Lemma 6.6.8] we can compute by bringing the limit inside the integral that

7 lim i (Ro(\ £ ig)f, RO\ £ £)g) dX = /D h (To(A) £, T (N)g) dA. (2.69)

E—

One readily checks using Theorem 2.1.11 that

/ (To(N) £, T£(N)g) dX = lim 2¢ / e % (itHo £ oFitH gy q¢
0 0

e—0
which gives the result. O

Definition 2.4.30. Suppose V satisfies Assumption 2.2.14 for some p > "T“ We define
the operators Fi : H — H by Fi = FLU*, where U is as in Definition 2.2.7.

For 0 # £ € R™ we use the notation
St s =gl (2.70)

for the unit vector in the direction of &.

Lemma 2.4.31. Suppose V' satisfies Assumption 2.2.14 for some p > "TH Let ¢4 be the
generalised eigenfunctions for H of Proposition 2.4.13. For f,g € C*(R™) and z,§ € R™

we have

Fefl©) = @)% | ga(e.& JeP)f (@) de, g R (2.71)
and

Figle) = (@m)73 | vulw&leP)g©)de, weR™ (272)
Proof. Fort > " fe H* w e S" ! and XA > 0 we note that

2207 (2m)F T2V f)(w) = ((1d — VR £0)) £ 4(,w, V)
= <f7 wi('v w, )\)>
Since ¢+ € H%!, this immediately implies the formula for F. To determine the adjoint,

we let ¢ > 2 and fix f € H" and g € H with compact support in R™ \ {0}. Then we

have

(FLf.g) =g, Fef) = (2m) % / ng(&)( F)e(a,€, |£|2>dx) dg.

R

Since the integral is absolutely convergent, Fubini’s theorem allows us to interchange the
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order of integration and obtain the formula for F7 as claimed. For arbitrary ¢ € ‘H and

x € R" one should use the formula

[(Figl(x) = (2m)"% lim 9(&) e (w, &, %) A,

ro0 Jr-1<lgl<r
where the limit is taken in H. O]

The operators F. can be considered as ‘generalised Fourier transforms’ which di-
agonalise the operator H = Hy + V in the sense that FL HF; = M, and share many
interesting properties with the Fourier transform. In particular we note that if V=0 we
recover the standard Fourier transform and we have the for f € C°(R™) and £ € R" the

relation
1O = [FFLINE) = @) F | ale, S EPIFLI) da
a7 [ s &Pyt P ) dp s
= [ (en [ et Elestos ot as) s ap

so that the generalised eigenfunctions 14 gives rise to a delta function, as in the case of

the plane waves 1)y and the standard Fourier transform.

2.4.3 The scattering matrix

Let S be the scattering operator for the pair (H, Hy) as defined in Definition 2.1.9. Since
the scattering operator S satisfies [S, Hy] = 0 the spectral theorem asserts that there
exists a family {S(\)}xer+ of unitary operators on P = L?(S"™!) such that for all A € R*
we have [FySE] f](A\,w) = S(A) f(A,w). For A € R the operator S(A) is referred to as the
scattering matrix at energy A and was first studied by Wheeler [162] and Heisenberg [75].
The term ‘scattering matrix’ is historical and due to the fact that in dimension n = 1
we have L?(S°) = C?, so that the scattering matrix is a bona fide matrix-valued function
SRt — M,y(C).

For potentials decaying sufficiently fast, Kuroda [104, 105] used stationary scattering
theory to establish an expression for the scattering matrix in terms of the potential and

resolvent using the limiting absorption principal.

Theorem 2.4.32 ([164, Theorem 6.10]). Suppose that V satisfies Assumption 2.2.1}.
Then the scattering matriz is given for all X € (0,00) by the equation

S(A) = Id — 2milo(A)(V — VR(A 4 i0)V)To(A)*. (2.73)

The operator S(A) is unitary in L*(S"™') and depends norm continuously on X € (0, 00).



CHAPTER 2. SCATTERING THEORY FOR SCHRODINGER OPERATORS 53

Proof. By Theorem 2.4.29 we can write the wave operators in terms of generalised Fourier
transforms and thus S = WiW_ = (F[Fy)*(F* Fy) = Fy(FLF*)Fy. Thus the scattering
matrix is given by S = F, F*. So to prove that Equation (2.73) defines the scattering
matrix it suffices to check for any ¢ > 1 and f € H%' that S()\) defined by Equation
(2.73) satisfies

[Fy fl\w) = SOV[F_fl(\w), \eRF wes™,
which by Definition 2.4.27 is equivalent to the relation

FL)f = STV f. (2.74)
So we compute the right hand side of Equation (2.74) as

SOVT_(A\)f = T_(A\)f — 2milo(\)(V — VR(A + i0)V)To(A) T_(\) f
= To(A\)(Id — VR(A — i0)) f
— 2miTo(A)(V = VRO + i0)V)To(A) To(A)(Id — VR(A — i0)) f
=To(A)f = To(MVR(A —10) f
—2miTo(A\)(V = VRO + i0)V)To(A)* To(A)(Id — VR(A — i0))

The left hand side of Equation (2.74) can be written as
T4 (A)f = To(A\)f = To(WVR(A +i0) .
Taking the difference of the two expressions shows that Equation (2.74) is equivalent to

To(A)(R(A — i0) — R(A + i0)) f
= 21T (A)(V = VR(A +i0)V)To(A)*To(A) (Id — VR(A — i0)) .

We recall the identity 2milo(A\)o(A)* = Ro(A +i0) — Ro(A —i0) (see Lemma 2.4.19) and
thus it suffices to check

RO\ +i0)— R(\ — i0) = V(Id— R(A + i0)V)(Ro(A + i0) — Ro(A — i0))(Id — VR(\ — 40)),
(2.75)

where both sides are considered as mappings from H%' to H%~t. For z € p(H), Equation
(2.75) follows from resolvent identities (see Equation (2.50)) and for z = A 440 the result
follows by the limiting absorption principle (Theorems 2.4.5 and 2.4.8). O

We can use the Lippmann-Schwinger equation to explicitly determine the integral

kernel of the scattering matrix in terms of the scattering amplitude of Definition 2.4.18.
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Lemma 2.4.33. [164, Theorem 6.7.8] Suppose that V satisfies Assumption 2.2.14 for
some p > "TH Then for A\ > 0 the operator S(\) —1d € B(P) is an integral operator with

integral kernel

~ n+1

S(0,w,\) = (2mi)(27) " "T AT a_(0,w, \),

where a_ is the scattering amplitude of Definition 2.4.18.

Proof. Note that for ¢t > 2 and f € H" we can write

[Co(N) fl(w) = 272N (21) 72 (£, %o (-, w, \)),

where here we are considering (-,-) as the duality between H%! and H®~*. Thus by

Equation (2.63) we have the scattering amplitude a4 given by the absolutely convergent

integral
nel ne 1
a_(0,w,\) = —2712m) T AT | e EONV (1) (z,w, A) da
Rn
= —2712m) T AT (V= VRN +i0)V)o (-, w, A), o -, 0, N)).
Comparing with Equation (2.73) completes the proof. H

Birman and Krein [25] note that for trace class perturbations V' the operator S(\)—1Id
defines a compact operator on P for all A € RT. In fact much stronger summability
conditions for the scattering operator are known. The following can be found as [164,
Proposition 8.1.5], we omit the proof since it requires substantial techniques from the

method of Hy-smoothness.

Theorem 2.4.34. Suppose that V' satisfies Assumption 2.2.14 for some p > 1. Then for
all A >0 and p > Z%i we have S(\) —1d € LP(P), the p-th Schatten class . In particular,
if p>mn then S(\) — Id is trace class.

In fact the proof of Theorem 2.4.34 can be used to establish differentiability of the

scattering matrix in the Schatten norms also. The following is [164, Proposition 8.1.9].

Proposition 2.4.35. Let ¢ € NU{0} and p > 1 and suppose that V satisfies Assumption
2.2.14 for some p > £+ 1+ ”le. Then the scattering matriz S : RY — LP(P) is {
times continuously differentiable in LP(H). In particular, if p > € +n then S is { times

differentiable in trace norm.

2.5 Levinson’s theorem

Levinson’s theorem [108] is a fundamental result in scattering theory relating the number

of bound states of a Hamiltonian H = Hy + V' to a quantity related to the ‘total phase
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shift’. The original proof of Levinson’s theorem uses classical ODE theory, complex
analysis and the subtleties of a scattering object known as the Jost function. As such the
proof is specific to one dimension. In this section we describe the time-delay operator and
the spectral shift function, important quantities in scattering theory which can be used
to prove and generalise Levinson’s theorem to higher dimensions. We discuss the high
energy behaviour of the time-delay operator and spectral shift function and how they

relate to Levinson’s theorem. We conclude with several simple examples.

2.5.1 Time delay

In this section we describe intuitively the time delay of a quantum mechanical system
and construct an operator, known as the Eisenbud-Wigner time delay operator which is
defined to be the time delay in the spectral representation and can be explicitly described
in terms of the scattering matrix. The time delay of particles was first considered by
Eisenbud [57] and Wigner [163] in a stationary manner.

To define the time delay, we consider for » > 0 the orthogonal projection P, onto the
functions with support in the ball of radius r in H. For f € H a measure of the total

time spent in P.H is given by

/ || P £|[ . (2.76)
R

For any f € H, the quantities e"®Ho f and e ™ W_f agree in the limit as ¢ — —oo. The

difference of times spent in P,H of these states is given by

AT, (f) = /R (1w p|[* — || e f]) (2.77)

As r — oo one expects a finite limit (at least for a dense set of f € H). We will show that
there exists a self-adjoint operator 7', called the Eisenbud-Wigner time delay operator,

which satisfies

(1.7f) = lim AT(). (278)

This time-dependent definition of the time-delay operator was introduced in [82] and fur-
ther discussed in [83]. Proofs of Equations (2.77) and (2.78) were first given in [114] in the
case that the scattering matrix is scalar and later extended in [86]. An alternative defini-
tion of time delay is provided in [122]. A thorough and physically motivated discussion of
the time delay operator is given in [115], see also [48]. The operator T is given explicitly in
terms of the scattering matrix. To prove such a result requires some intermediary results
on the differentiability of the scattering matrix.

Recall from Theorem 2.4.1 for 1 > 0 the trace operator y(p) : C°(R™) — P defined
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by [y(p)f](w) = f(pw). Tt is well-known that for any s > § and m € R the operator
~v(p) extends to an element of B(H*™,P). The following result, which demonstrates the

differentiability of the trace map, is due to Jensen [86, Lemma 3.3].

Lemma 2.5.1. Let m € R, k > 0 an integer and s > k + 5. Then p — ~v(p) is k times

continuously differentiable in norm on B(H>™,P).

To construct the time delay operator we also need differentiability properties of the
boundary values of the free resolvent along the positive real axis. The following result is

a combination of [86, Lemma 3.4].

Lemma 2.5.2. Suppose that V' satsifies Assumption 2.2.1/ for some p > 2. Suppose that
s,m > g Then X\ — R(A 4 1i0) is continuously differentiable as a map from (0,00) to
B(H—I,S’Hl,—m).

With the differentiability of the trace and free resolvent established, we can use the
stationary formula for the scattering matrix of Theorem 2.4.32 to determine the differen-
tiability of the scattering matrix.

We are now ready to construct the time delay operator as in [86, Theorem 3.7].

Theorem 2.5.3. Let V satisfy Assumption 2.2.14 for some e >0 and p > 2+ € and let
T be defined by

Dom(T") = {f € H : Pay(Ho)f = f for some [a,b] C (0,00)} C Dom(H,)

with T = —iF3S(-)*S'(-)Fy. The operator T is essentially self-adjoint on Dom(T') and T

commutes with Hy.

Proof. By Proposition 2.4.35 we have that the scattering matrix is differentiable in the
pth Schatten class £7(P) C B(P) for all p > 2=L. Unitarity of the scattering matrix then

implies the relation

0= (S)SA) = SA)S(A) + (5" (A)"5(N)

and thus for each A € (0,00) we find —iS(X)*S’(A) is a bounded self-adjoint operator in
B(P). So T is densely-defined, symmetric and for each [a,b] C (0,00) we have TPy
is a bounded self-adjoint operator. So T is essentially self-adjoint on Dom(7"). That T’

commutes with Hy follows from the definition in terms of S. O

We refer to T" as the Eisenbud-Wigner time delay operator, or simply the time delay.
The explicit representation of 7" in Theorem 2.5.3 was first given in [152]. We note that
here we have only discussed time delay for Euclidean Schrédinger operators, however time
delay is a more fundamental concept of a scattering system and its definition generalises

to a more abstract setting. We refer to [139] for a discussion of such topics.
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Lemma 2.5.4. Suppose that V' satisfies Assumption 2.2.14 for some p > n+ 1. Then
for all X € RT the operator S(\)*S’(X) is trace class on P.

Proof. By Theorem 2.4.34 the operator S’()\) is trace class. Since the trace class operators
form an ideal, the product S(\)*S’()) is trace class also. O

2.5.2 The spectral shift function

The spectral shift function was first introduced by Lifshits to study the size of the eigen-
value shift for finite rank perturbations B of a lattice model operator Ay in quantum
mechanics and later extended in [109] to computing the trace of f(Ag+ B) — f(Ap) for a

large class of functions. Lifshits suggested the formula
Tr(f(Ao + B) — F(Ay)) / FVEO Ao + B, Ag) dX (2.79)

where the function £(-, Ag + B, Ag) depends only on the self-adjoint operators Ay and
Ag + B. The extension from discrete models to continuous models was first studied by
Krein [100], who provided a suitable class of perturbations for which the spectral shift
function ¢ exists and Equation (2.79) holds. In [101] Krein showed that the spectral shift
function exists and satisfies Equation (2.79) if the operator (49 + B — z)™' — (49 — 2) !
is trace class for some (and hence all) z € C\ R. The approach of Krein is based on
the theory of perturbation determinants as in Definition 2.5.5 (see [33], [99], [70, Section
IV.3] and [151, Chapter 5] for more details).

Definition 2.5.5. Suppose that # is a Hilbert space and A is a trace class operator on
‘H. Then we define

Det(Id + A) = [ [ (1 + p;(A
7=1

where the j; denote the eigenvalues of A. The absolute convergence of the product is
guaranteed by the assumption that A is trace class. If A € LP(H) (the p-th Schatten

class) for some p € N then we can define the regularised determinant by

Det,(Id+ A) = H < (14 p5(A))exp (p_ (_gl)guj(A)e>>.

Definition 2.5.6. Let A and B = A + V be self-adjoint operators on H such that
V(A — z)~" defines a trace class operator for some (and hence all) z € p(A). Then we
define for z € p(A) the function

D(z) = Det(Id + V(A — 2)71).
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The analytic Fredholm alternative tells us that D(z) is defined and holomorphic on
the set p(A) and that D(z) # 0 for all z € p(A) N p(B). Furthermore for z € p(A) N p(B)
we have [164, Equation 0.9.3] the equality

D' 2)D'(2) =Tr((A—2)"' — (B —2)™).
The first theorem of Krein demonstrates the existence of the spectral shift function for a

trace class perturbation V.

Theorem 2.5.7. [164, Theorem 0.9.1] Let A and B be self-adjoint operators on H such
that V := B — A is trace class. Then for almost all X € R the limit

ENAB) =7t lim Arg(D(A + ic)) (2.80)
exists and satisfies
/ €\ A, B))|d) < Hle and /g(A,A, B)dx = Te(V).
R R

Proposition 2.5.8. [164, Proposition 0.9.1] Let A and B be self-adjoint operators on
H such that V := B — A is trace class. On component intervals of the set p(A) N p(B)
of common reqular points of the operators A and B the spectral shift function £(\, A, B)
assumes constant integer values. If X is an isolated eigenvalue of finite multiplicity Ma(\)
of the operator A and Mp(\) of the operator B, then

EA+0,A,B) —&(N—0,A,B) = Mus(\) — Mp()N).

The second theorem of Krein establishes Equation (2.79) for trace class perturbations

V.

Theorem 2.5.9. [164, Theorem 0.9.3] Let A and B be self-adjoint operators on H such
that V := B — A is trace class and suppose that f € C'(R) and its derivative admits the

representative
O = [ e Namt
R

for a finite (complex) measure m and almost all X\ € R. Then f(B) — f(A) € LY(H) and

we have the trace formula

Tr(f(B) /f €0 A, B)dA. (2.81)

We now specialise again to the operators Hy and H = Hy+V. The following statement

gives a relationship between the spectral shift function, the scattering matrix and the time
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delay operator.

Theorem 2.5.10. Suppose V € L (H). Then we have
Det(S(\)) = e 27X (2.82)
for almost all X\ € 0,.(Hy). Furthermore, we have
Tr(S(A)*S'(N)) = —2mig'(N). (2.83)

Equation (2.82) dates back to an observation of Beth and Uhlenbeck [22] relating
a phase shift to the second virial coefficient, and was first proved in the context of the
spectral shift function by Birman and Krein [25]. Unfortunately the above definition
needs some modification since our multiplication operator V' is not usually compact. To

fix this, we consider relatively trace class perturbations.

Lemma 2.5.11. [73, Proposition II1.1] Suppose that V' satisfies Assumption 2.2.14 for
some p > ”+1 and fix ¢ > |inf o,(H)|. Then the operators Hy + ¢ and H + ¢ are positive
definite cmd we have the difference R(—c)™— Ro(—c)™ is trace class for any integer m > p.

Define the operators G = R(—c)™ and Gy = Ro(—c)™. Then we can use Theo-
rem 2.5.7 to define the spectral shift function for the pair (G,Gy) and lead us to the

following definition.

Definition 2.5.12. Suppose that V' satisfies Assumption 2.2.14 for some p > n. We
define the spectral shift function for the pair (H, Hy) to be the function

—£(A+0)™™, G,Gy), if A>—¢,
0 if A\— <e.

5()‘7 Hv HO) =

The spectral shift function is determined uniquely by the constraint {(\, H, Hy) = 0 for
A < —c. We will often just write () for the spectral shift function of the pair (H, Hy)

and drop the reference to these operators.
The spectral shift function satisfies the following properties.

Theorem 2.5.13. [164, Theorem 0.9.7] Suppose that V satisfies Assumption 2.2.14 for
some p > n. Then the spectral shift function & of Definition 2.5.12 satisfies the estimate

m [ IOV A) 7 4A < IR0 = Ro(—0)", < oc

and is related to the scattering matriz by Equation (2.82). Furthermore, if f : R — C has
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two locally bounded derivatives and for some € > 0 we have

(A™LF(N) =0 (2.84)
as A — oo then the trace formula of Equation (2.81) holds. The conclusion of Proposition

2.5.8 holds also.

In Chapter 5 we will use Equation (2.82) to determine the value of the spectral shift
function as A — 0 from above.

We have the following statement regarding the properties of Det(S(\)) due to Guillopé
[73, Theorem III.1].

Lemma 2.5.14. Suppose that V = q1q2 with q1,q2 € C°(R™). Then for all A > 0 and
p > |5] we have

Det (S(X))
~ Det, (Id + g Ro(A — |
N Det, (Id + ¢1 Ro(A + zO <£1 < @R (A + ZO)‘D) (1 Ro(A — 20)92)6)) .

Remark 2.5.15. If n=1and p=1orn = 2,3 and p = 2 we only require that V' satisfies
Assumption 4.3.1 to obtain the statement of Lemma 2.5.14 (see [164, Section 9.1]).

We also recall the following [164, Proposition 9.1.3].
Lemma 2.5.16. Suppose that p satisfies Assumption 4.3.1. Ifn=1,letp > 1, ifn=2,3
let p>2 and if n >4 let p > n. Define for z € C\ R the function
D,(z) = Det,(Id + g1 Ro(2)g2)-

Then we have

lim Dy(z) =1

|z| =00

uniformly in Arg(z). By the limiting absorption principle this limit extends to the positive

real axis also.

Combining the results of Lemmas 2.5.14 and 2.5.16 with Theorem 2.5.13 we can

determine the high-energy behaviour of the spectral shift function.

Lemma 2.5.17. Suppose that V = q1q2 with ¢1,q2 € C°(R™). Ifn =1, let p > 1, if
n=23letp>2andifn>4let p>n. Then we have the limit

p—1
lim ( 2mi€ (A ((nRo( X+ i0)g2)" — ( Ro(X — iO)q2)€)> = 2mm

A—00
/=1
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for some m € Z.
Proof. Using Lemma 2.5.14 and Theorem 2.5.13 we have

Detp (Id + quo()\ — ZO)QQ)

= Det(S(\)) exp Y (_gl)gTr ((@rRo(A +10)g2)" — (1 Ro(A — z’O)(h)Z))
= exp ( 271'25 + qu()()\ + ZO)(]Q) (qu()()\ — ZO)(]Q)Z)) .

By Lemma 2.5.16 we have

A—oo Det,, (Id + q1 Ro(X +10)q2)

=1,

from which the result follows. O

Remark 2.5.18. We can fix a branch of the meromorphic function In Det,(Id + ¢1 Ro(2)g2)
by the condition

lim arg Det,(Id + ¢1 Ro(2)g2) = 0.

|z]—o0
Fixing this branch gives m = 0 in Lemma 2.5.17 and we take this convention for the
results of Chapter 5.

We now demonstrate some further special properties of the spectral shift function
for Schrodinger operators. We enumerate the eigenvalues of H in increasing order as
A < -+ < Ay < A1 <0 and write M ()) for the multiplicity of the eigenvalue \r. We
also write Ny = M (0).

Theorem 2.5.19 (Birman-Krein). Suppose that V' satisfies Assumption 2.2.14 for some
p > n. Then for any differentiable f such that Equation (2.81) holds we have

Tr(f(H Zf (M) M (Ax) + f(0)(£(0—) = £(0+) — No) (2.85)

o / FOVTE(S(A) S/ () dA.

Proof. Suppose that 0 is an eigenvalue of H, so that when enumerated the distinct eigen-

values of H are A < -+ < Ay < A\; = 0. The case when 0 is not an eigenvalue is similar.
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We begin by applying Proposition 2.5.8 and the trace formula (2.81) to note that

Te(F(H) — F(Ho)) /f N dA = /f d/\+/f

_ d>\+z /A k FVEN) A + i f’(A)g(A)dA

/ .

The spectral shift function is constant in intervals between eigenvalues by Proposition 2.5.8

and so we obtain

K-1

Tr(f(H) — f(Ho)) = EAx—)(f(Ak) — f(—00)) + (fOR)EN—) = fF( M 1)E(Arg1+))

k=2

F(FO)E0-) — FR)ERat) + / " FVEN) dA

]~

FOR(E=) — EOwb)) + F0)E(0—) + / T PO0E) dA

k=2

M)~

FOWM) — FO)No + £(0 / 0

e
Il

1

We note that by [164, Lemma 9.1.20] we have |(g,) € C*((0,00)) provided p > n. We
integrate by parts and apply Equation (2.83) (valid by Theorem 2.5.13) to obtain

Te(F(H) — F(Ho)) = 3 FOWM ) — F(0)No + £(0 / I
k=1
=Y FOWM\) = F(0)No + f(0)€(0-)
k=1
+(F(e)8(00) = FOS0) + 5= [ FVTHSO)S )
Noting that f(oco) = 0 completes the proof. ]

We will discuss further in Chapter 5 how the value of £(0+) depends on the existence
of resonances in each dimension after developing the relevant low energy expansions of the
resolvent. Such results have been discussed in dimension n # 2,4 in [73, Theorem II1.2]
using perturbation determinant methods and the low energy behaviour of the resolvent
discussed in Chapter 3. The Birman-Krein formula can also be obtained (in odd dimen-
sions) using the Helffer-Sjostrand functional calculus, see [56, Theorem 3.51] for example.
The Birman-Krein formula can also be shown to hold in other scattering contexts, such

as for massive Dirac operators in R? [51, Theorem 4.2] and for obstacle scattering [155,
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Theorem 6.1]. A discussion of the spectral shift function and Birman-Krein formula for
scattering on asymptotically cylindrical manifolds can be found in [119]. A discussion of

the spectral shift function in supersymmetric scattering can be found in [32] and [118].

2.5.3 Trace class properties of the scattering matrix

In this section we describe the high-energy behaviour of the scattering operator in the trace
norm using the expression for Det(S())) of Lemma 2.5.14. As a result we determine, using
pseudodifferential expansions of the resolvent and the limiting absorption principle, the
leading order high-energy asymptotics of the spectral shift function ¢ and its derivative.
These leading order asymptotics are related to the heat kernel expansion as t — 0% of
the trace of the difference e™t — e~t0,

To evaluate some further traces, we need to be able to integrate polynomials over

S™~1. We use the following result [65].

Lemma 2.5.20. Let o be a multi-index of length n and let P, : R® — C be given by

P,(x) =z =x{* - 2% . Then

0, if some «; is odd,

NEEay , if all a; are even.

Lemma 2.5.21. Suppose that « is a multi-index of length n, g € C°(R™) and let X =
g0®, a differential operator of order |a|. Then fort > 0 we have

Tr (Xe o) = (=)Ir (QIT“)('z;T')S () 5" (/ng(x) dx)

if all aj are even and Tr (Xe ") = 0 otherwise.

Proof. We compute the trace as

ey« 2 o) ([ ).

If any of the components «; is odd, then by changing to polar coordinates we find that
Tr (Xe_tHO) = 0 by Lemma 2.5.20. If all of the a; are even we obtain

e S (] ) ([ o)
_()eln (e T (e ( / o) dgj) |

(2m)"
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where we have used polar coordinates and Lemma 2.5.20 to compute the spherical integral.
O

Lemma 2.5.22. Suppose that a is a multi-indez of length n, g1,92 € CP(R™) and let
g = g192. Let X = g20% be a differential operator of order |a|. Fix { € N with { < %MI

if n is even. Then for A > 0 we have

Tr (X (R (A +i0)" — Ro(X — i0)") g1)

_ (E)femiT (m;li (anﬂ)/\w_é(/ng(x)dx)

((—1)T (§+ [t '0“) (2m)n

if all a; are even and Tr (X (Ro()\ +i0)* — Ro(\ — i())f) gl) = 0 otherwise. If n is even
and ¢ > %MI then Tr (X (Ro(X +i0)* — Ro(A — i0)") g1) = 0 also.

Proof. Fix A > 0. The integral kernel of B(\) = (Ry(A 4 i0) — Ro(A —i0)) g1 is given by

(2mi)A2 !

B\, z,y) = 22y

1
i) [ e
S§n—1

Letting A(A) = X (Ro(A+1i0) — Ry(A —i0)) g1 we see by Lemma 2.4.20 that A(\) has

integral kernel

n+1a\71

(i)l (2mi) A2

A\ x,y) = 22

1
92($)91 (y) / wf‘l .. -w;jf”e‘m (wy—1) duw.
sn-1

Applying now the techniques of Lemma 2.4.22 we differentiate (¢ — 1) times to find that

the operator Ay(\) = X (Ro(\ +i0)* — Ro(\ — i0)%)g; has integral kernel

(—i)lel(2ma)T (el ) "5
20 (2 41— ¢+ 15) (2mpr

+ A(A7 x? y)?

AZ()‘a x, y) =

L
92(1')91 (y) / w?l C.. wgne—zk2 (wy—1) dw

Sn—1

where fl(/\, -,-) has vanishing trace. Integrating over the diagonal gives that

Tr (X (Ro(A +i0)" — Ro(A —i0)") g1)
(i)l @mi)r (o) A5 o
20— (3+1-¢+15) @n) </ng($) d$> </sn1w1 e dw) '

If some o is odd we find Tr (X (Ro(X +40)* — Ro(A — i0)) g1) = 0 by Lemma 2.5.20. If
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all a; are even we have

Tr (X (Ro(A +1i0)" — Ro(A —i0)") g )

Gt (). T () — ([ ),

(6= (3 +1-¢+15) 2m)r

again by Lemma 2.5.20. O

For the next statement, we introduce for m € NU {0} and f € C2°(R™) the notation
fm) = [Hy, [Hy, [+, [Ho, f]---]]] (where the expression has m commutators). Note that

) is a differential operator of order m.

Lemma 2.5.23. Suppose that q1,q2 € C°(R"™) with V- = q1qo. Then for all z € C\ R,
¢ eN and K € NU{0} we have

K

(@1Ro(2)g2)" = ¢n Z (=) Gy (R)VED) Ve Ry ()| g + g1 Preg(2) o,
Ik|=0

(2.86)
where Pk ¢(z) is of order at most —20 — K — 1, k is a multi-indez of length (¢ — 1) and

(1k| +0)!

Celh) = T Tl s ) a7 2 (F 0

When ¢ = 1 we have no remainder term. For all z € C\R, M € N and K € NU {0} we

have

(2.87)
+ (=) (Ro(2)V)Y I R(2),
where Pk . (z) has order (at most) —2m — K — 3 and k is a multi-index of length m.

Proof. Equation (2.86) follows from the pseudodifferential calculus of [46, Lemma 6.11].
For Equation (2.87), we write

R(z = (-1 W)™ Ro(2) + (—1)M ™ (Ro(2)V)M 1 R(2).

m=1
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Applying again [46, Lemma 6.11] we have

M
R( = Z 1y (VD) ) Ry ()R Py ()

m=1 \ [k|=0

+ (=DM (Ro(2)V) "I R(2),

where Pk ,,,(2) has order (at most) —2m — K — 3. O

Since V' € C°(R™) and for £ € N and k a multi-index of length £ we have V (k1) ...}/ (k)
is a differential operator of order |k| with smooth compactly supported coefficients, we

can write

4
Ve Ly = N g0 (2.88)

|r|=0

with 7 a multi-index with n components and g, € C2°(R™). With this notation, we obtain
the following heat kernel expansion due to Colin de Verdiere [160] in odd dimensions (see
also [56, Theorem 3.64] for a general proof and [15] for explicit computations of some
coefficients). We provide a detailed proof using the pseudodifferential expansion of Lemma
2.5.23 and the trace formulae of Lemma 2.5.21. As a result we obtain an expression for the
coefficients which differs from [56, Theorem 3.64] or [15], although is equivalent. This new
expression is necessary for a comparison with the high-energy behaviour of the scattering

operator, as we show in Theorem 2.5.29.

Proposition 2.5.24. Suppose that V. € C*(R™). Then for any J € N we have the

expansion
J
Tr (e " — 7)) = Z a;(n, V)t~ + E(t),
j=1

where E;(t) = O (t7117%) ast — 0. For j € N we define the set

Quik(j) = {(m,k,r) €{0,1,...., M} x{0,1,...,K}™ x {0,1,...,K}": |r| <|k|,
7|

all r; are even and m + |k| + 1 — 5 :j}.

The constants a;(n, V') are given by

|| 1)K (1l L (raztl
V)= > Sl L) T (% )</nV(w)gk,r(x)dx>,

(m7kvr)€Q1\/l,K(j) (2 ) (m + )(m + ‘k|>
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where we have used the notation of Equation (2.88).

Proof. Fix t > 0. By [56, Theorem 3.64] we have e ' — e7t0 ¢ L£1(H). Choose a > 0
such that a > |A| for all A € 0,,(H) and define the vertical line v, = {—a— 7 +iv : v € R}.
We write

1 1
o—tH _ o—tHo _ / ie—t(HoJrsV) ds = —t/ Ve tHo+sV) qq
o ds 0

Cauchy’s integral theorem tells us that for all s € [0, 1] we have

1 1
eft(HoJrsV) _ _/ eftz(z o HO _ Sv)*l dz = —— eftst(Z) dZ,
271 e 2mi Yt

where we have introduced the notation Ry(z) = (Hy + sV — z)~'. An application of
Lemma 2.5.23 gives us for all M, K € NU {0} the expansion

M
=) Z 1) G (R V) Y ) Ry ()R g Py (2)

m=0\ [k|=0

+ (_1)M+15M+1(RO(Z)V)M+1RS(Z).

Thus we write

1
H0+SV) — _ - —tz
Tr (Ve™ ) = Tr(2m,/ e P Ry(z) dz)
- —tz ym k| gm (k1) .. 17 (Bm) m+|k|+1
= Tr(Qm/ g g O (R)VV Vm) Ry (z)m IR dz)

m=0 |k|=0

M
1 1
—Tr (— e " E sV Pk (2)dz—— e_tz(—1)M+13M+1V(RO(Z)V)M+1RS(z)dz)

T m=0 Tt

M K
1
= —Tr<—, / e Y N (1)t () VYV ED Ly ) Ry ()R dz)

We now apply Cauchy’s integral formula again to obtain

1 —t2 mAlk 41 . mlkl+1 L —tz —m—|k|-1
5 ] © Ry(2) dz = (1) 5] © (z — Hy) dz

Yt
(_1)m+|k’|+1 dm—Hk\ . 75771—&-|k|

— —tz . —_ —tHy
(m + [k|)! dzmk ¢ ) [e=ro (m + |k|)!
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Hence we find

M K
Tr (Ve—t(Ho-‘rSV)) — Z Z m—l—\k‘\ %tm—HHTr (VV (k1) ... V(km)e—tH())
m=0 |k|=0

+€MK(t>3)

Integrating out the s variable we have

M K m
_ Z Z ((—1_)’_ 1+)|](f|+1fn|_}§6)' tm+‘k‘+1Tr (vv(kl) . V(km)e—tHo)
m m .

We now use Lemma 2.5.21 to write

o~ ()G (k)

(-
2 (-t D)(m + [K])]

UL LIR Rty | (Vv(kl) .. V(km)e—tHo)

M K |k| . _n#lr|
_ (=) (1) G ()T (2) - T (2 =
=20 Gt D+ R @A)

where the sum is over all multi-indices r of length n such that all r; are even. We now

collect together powers of . For 7 € N we define the set
Qumx(j) = {(m,k,r) e{0,1,..., M} x{0,1,..., K} x{0,1,...,K}" :|r| < |k|,

all r; are even andm—|—|k|+1—|—;|:j}

and the coeflicients

_i)rl(—1ymtRI rAl L (ratl

1 EN(2m)n
(m,k,r)€Qn, k (7) (m + 1)(m + [k])!(2m)

The a;(n,V) allow us to write

M+4+1

M K m+|k|+1c (k‘)
tm+|k|+1T Vv{k1} V{km} —tHo) _ ‘ v t_@+j alt
mZOHZO m+ 1)(m + |k|)! T e ) ]Zl%(na 2 4+ G(t),




CHAPTER 2. SCATTERING THEORY FOR SCHRODINGER OPERATORS 69

where G(t) = O(tM*272) as t — 0F. Thus we have the expansion

1
Tr (eftH _ eftHo) = Z a;j(n, V)t*%ﬂ' +G(t) — t/o enmk(t,s).

J=1

It remains to check the behaviour of the final remainder term, which consists of two types
of terms. Recall that the operator Pk ,,(z) has order (at most) —2m — K — 3. By [46,
Lemma 6.12] there exists a constant C' (depending on V', m and K but not z) such that

Choose K = n — m, large enough so that quo(z)er%*% defines a trace-class operator.

So we use Holder’s inequality for Schatten classes to find

1

IV Pim(2)l]; < C ||an o)™ 5+

) .

We can now estimate the remainder term via

1
)/ sm/e_tzPKm(z)dzds
0 T

<

C
< / eat-‘rl
L m+1lJg

dw.

VAN

(@)

@

8

£
—
VR
7 N

)

+
| =
N——

no

+

o

(Y]
~

N

as t — 0+. A similar estimate shows that

i

as t — 0%. Taking J = M + 1 completes the proof. ]

=0 (tM*+2)

1
/ sM+1/ V(Ro(2)V)MT Ry(2)e " dzds
0 Yt 1

Remark 2.5.25. The heat kernel coefficients a;(n, V') are well-known and have been com-

puted for small j by many authors, see for example [15] and [160] in this context. The
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first few are

aj(n,V) = ! (3) Vol(S"™) /n V(z)dx,

2(2m)n
as(n,V) = (%21(\;01)871 /n V(z)*dz,
as(n, V) = —F(Eég:)(gn ) /. (V(a:)3+%][VV](x)\2> dz.

The expression for the a;(n, V') provided by Proposition 2.5.24 provides a systematic way

of computing these coefficients.

Truncating the heat kernel expansion of Proposition 2.5.24 at J = [ 5] we can write

for t > 0 the expression
Tr (e —e7'0) = Z a;(n, V"2 + Epn (1) (2.89)
® a_ )" +1
% / N2 T e N + uGL%J (n,V) + EL%J (1),
=T (5-4) Jo 2
where we have separated out the constant term in even dimensions as

(V) = (_”#atg (V). (2.90)

Definition 2.5.26. We define the high-energy polynomial for &' to be p, : (0,00) — C
given for A € (0,00) by

Z (V) \3-i-1, Z (2mi)a;(n V))\’_J 1
Jj=1 7j=1 __J)

By [144, Theorem 1.2] the high-energy polynomial p, is related to the spectral shift
function by /\lim (—2mig' (A) — pn(N)) = 0.
—00

We can explicitly determine p,, for small n as p; = ps = 0,

_ (2mi)AT=Vol(S?) @ri)A iy (3,V)
) = =S [ Viar = SRR
_ (2mi)Vol(S?) o
p4()\) = —W /R4 V(l’) dx = (27’(’2)(11(4, V)

We can use Proposition 2.5.24 and the Birman-Krein trace formula to analyse the

integrability of the (derivative of) the spectral shift function on R*.
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Lemma 2.5.27. If n = 1,2,3 suppose that V satisfies Assumption 4.5.1. If n > 4
suppose that V-€ CP(R™). Then the function Tr (S(-)*S'(+)) — pn is integrable on RY. In
particular, if n = 1,2 we have Tr (S(-)*S’(+)) € LY(R™).

Proof. Since £,y € C'((0,00)) by [164, Lemma 9.1.20] it suffices to check integrability
in a neighbourhood of zero and a neighbourhood of infinity. The lowest power in the
high-energy polynomial p, is A~z and thus pn is integrable in a neighbourhood of zero.
That £ is integrable in a neighbourhood of zero is the statement of [90, Theorem 5.2].
This can also be proved directly by using the resolvent expansions of [88, 85, 87, 89] and
Equation (2.73) to analyse the small A behaviour of Tr (S(A)*S’(A)) as in [52, Lemma
5.1].

For the claim regarding the integrability in a neighbourhood of infinity, we use the
high-energy asymptotics of [132, Theorem 1]. The result is that as A — oo we have the

expansion

Tr (S(\)*S"(\)) — i ¢;(n, V)A2 7971, (2.91)

j=13+1

We note also that there is no coefficient of A= in even dimensions by [90, Theorem 5.3].

The expansion (2.91) implies that for sufficiently large A we have the estimate
[Tr (S(A)*S"(N) = pa(A)] < CAZTLE172,

from which the integrability of Tr (S(-)*S’(:)) — p, in a neighbourhood of infinity follows.
[l

We now analyse the high-energy behaviour of the (determinant of the) scattering
matrix using the limiting absorption principle and the pseudodifferential expansion of

Lemma 2.5.23. To do so we define the following high-energy polynomial.

Definition 2.5.28. We define the high-energy polynomial for £ to be P, : (0,00) — C
given for A € (0,00) by

125+] L5] .
c] ~ (2mi)a;(n, V)

A2 = AN TIN5

F(——j—i—l)

Pu(N) = 2miB, (V) +

Jj=1 Jj=1

We note also that P! = p,,, with p,, the high-energy polynomial for " of Definition 2.5.26.
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We can explicitly compute the lowest order polynomials, finding P, = 0,

P() = %/R V() dz = —2417: [ Ve = i)

~ (2mi) Az Vol(S?) _ (2mi)Ae _(2mi)ai(3, V)2
P3()\) 22y /R3 V(z)de = — 12 /R3 V(z)de = 0 :
P\ = ——(27”2)( 2\:;1(8 ) /R 4V(x)da;+—(2”ig$§8 ) /R V(@)da.

Theorem 2.5.29. Suppose that q1,q2 € C2°(R™) with V' = q1q2. Then for all X > 0 and
J € N we have

J

> <(_£1) Tr (1 Ro(A +i0)g2)* — (qnRo(X — Z'0))692)) = =2 G V)N + By (),

(=1

j=1

(2.92)

where E;(A\) = O (A\27773) as A — oo and Ej; is differentiable. If n is even we have
Cj(n,V) =0 for all j > 5. If n is even and j < § or n is odd the coefficients Cj(n, V')

are given by

(2mi)a;(n, V)

Cj(n,V) = m;

(2.93)

with the a;(n, V') the heat kernel coefficients of Proposition 2.5.24. Note also that for n
even we have Cn(n, V) = 2mif3, (V).

Proof. For A > 0, we have

(2mi) A"z Vol(S*1)
2(2m)n R
 (2mi)ay(n, V)N
r(3)

by Lemma 2.4.20, with no need for any kind of expansion. We now consider the ¢ > 2

Tr (q1 (Ro(A +i0)— Ro(A —i0)) q2) = V(z)dx

terms in the sum. For z € C\ R we use Lemma 2.5.23 to obtain the expansion

—1)¢
( g) (1Ro(2)@)"
(=1)* = Ik|+1 (k1) (ke_1) O+ k| (=1)*
= ;D Z(—l) Coa(B)VE - VIR Ry (2) ¢+ @ Pre(2)q |
|k|=0

where Pk 4(z) is of order (at most) —2¢ — K — 1. By the limiting absorption principle,
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this equality extends to z = A +40 for A € (0, 00) and thus we find
(_WTr(( (Ro(A +10)g2)" — (g1 Ro(A — i0))qa)"
7 q1{{f19 i0)q2) (q1Ro( i0))g2) )
K (_1)é+|k|+1
=Tr(a| ) Tcg,l(k)vw - VD (Ro(A 4 30) M — Ry (X — 40) ) | g
|k|=0

+ (_gl)eq1 (Pics(\+i0) — Ppy(A— i0) q2) .

We now use the expansion of Equation (2.88) to write

(_€1>£Tr (@1 (Ro(A +10)g2)" — (@1 Ro(A — i0)g2)")

K |k (_1)€+\k\+1 . ] N
=Tr|q Z Z TCZ—l(k)%Qk,ra (RO(A + ZO) —PLO(}\ - ZO) ) 42

|k|=0 |r|=0

+ (_El)z q1 (Pre(A+1i0) — Ppe(A — iO))QQ) :

Ignoring for a moment the remainder term we find using Lemma 2.4.22 that

|k[=0 |r|=0

K |k
( DD DM ()i 0 (Ro(A + i0)TH — Ry(A — ¢0)f+’f)) q2>

K |k . el
) 1) @G () ()P (B) - D( N
%:om o (e+ 1k = DT (3+1— ¢~ k] + ) 2m)r / (2)grr(7) da

Lemma 2.4.22 also gives that for n even all terms with ¢ + |k| —

‘ > 5 vanish. We now
collect together the powers of A\. For j € N we define the set

Qrx(j) = {(e,k,r) c{l,...,L}yx{0,...,K}* x{0,..., K}"

Lrl < |k| < K,
all r; are even, and ¢ + |k| — ‘%' _ j}
So we write
K |kl
ZTY< | 22 2 (DI G (Ragesd” (Ro(A + i0) = Ro( — 10)*H) Q2>
|k|=0 |r|=0
J

== Ci(n,V)A: 7,
=2
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where the coefficients C;(n, V') are given by

Ci(n,V) = Z (_1)““6‘(27Ti)cé—1(/€)(—i)‘T|F (%) T (rn2+1

- w >/ V() grp(z) da.
rreQrr() C+ [kl =1)IT (5 +1—0—[k|+ 7) (2m)r  Jrn

Direct comparison with Proposition 2.5.24 shows that we have the relation

(2mi)a;(n, V)

We now return to the remainder term. Due to the form of the remainder terms
Pr o(A £ 10) the difference g1 (P (A +i0) — Pr (A —i0)) g2 is always trace-class, as we
now show. The proof of [46, Lemma 6.12] shows that Pk (A £140) is a linear combination

of terms of the form
M
[T AmRo(X £ i0)
m=1

for some M, a,, € N and differential operators A,, of order a,, < 2a,, with smooth

compactly supported coefficients and

Each A,, can be factored as fmflmgm for fo, gm € C°(R™) and A, also of order a,,.
Taking the difference and factorising we find

<HA Ro(\ +140)® HA Ro(X — i0)® )
_Z (HA Ro(\ — i0) O"">(Ap(RO()\+iO)°‘P—RO()\—zO )o7) (HA Ro(\ +i0)" )

p=1 \m<p m>p

each term of which is trace-class by Lemma 2.4.22. Holder’s inequality for the trace norm
then shows that

(HA Ro(\ +40)® HA Ro(\ —i0)® )
Mm 1 ~
<3 |l (H Ao (0 me) ‘ |
p=1
Apr1gpi1 < H Ro(A + io)amfm+1> 72

m<p
p<m<M

1

Aygy (Ro(A -+ 0)% = Ro(A = i0)°) fyia |

X
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where we use the convention fy;41 = 1. By [3, Theorem A.1] (see also [120, Theorem 1])

we have for any « > 0 and differential operator A of order a < 2a the estimate
g1 ARy (X % i0)go|| = O (Af%w%)
as A — 0o. By Lemma 2.5.22 we have the estimate
g1 A (Ro(A +10)% — Ro(A — i0)®) go|, < CAZTF3,

Combining these we obtain

M M
0 <H 01 Ang2Ro(A +i0)™ — ] a1 AmgaRo(A — iO)“’”) %

m=1 m=1 1
M

— N st d (H 19 ()\%am+“2‘>> <0 (A%*f*%)
p=1 mF#p

as A — oo. By varying K we obtain Equation (2.92). That F is differentiable follows
from the observation that the left-hand side of Equation (2.92) is differentiable, as is each
power of A on the right-hand side. O

Remark 2.5.30. Choosing J > | 7] in Theorem 2.5.29 gives

5 (S5t (hal+ i0)) = (ala - 0)) ) = =Pl - Q)

=1
with E(\) = O(A\"2) as A — oo with E differentiable. A comparison with Lemma 2.5.17
and using the convention of Remark 2.5.18 gives the relation

lim (—2mi€(\) — Pa(\)) = 0,

A—00

justifying the terminology of P, being the high-energy polynomial for &.

2.5.4 Levinson’s theorem

Levinson’s original theorem [108] gives, in one dimension, a relation between the number
of bound states of a system and a quantity related to the scattering data of the system.
The original proof makes use of the Jost functions [91] and relies heavily on complex anal-
ysis. Such techniques are specific to one dimension and not easily generalisable to higher
dimensions, except in the case of spherically symmetric potentials which can essentially be
reduced to a one dimensional problem, see [123, Section 5] and [137, Theorem XI.59]. We

will present in Chapter 5 a proof based based on the index of the wave operator, which will
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allow us to obtain analogous statements in higher dimensions. Statements of Levinson’s
theorem require slight modification when certain obstructions, called resonances, exist at
zero energy. The nature of these obstructions depends on the parity of the dimension,
and they cannot occur for dimension n > 5. We will develop the required machinery to
motivate definitions of resonances in Chapter 3, however for now we make reference to

them without providing a precise definition.

Theorem 2.5.31 (Levinson’s theorem in one dimension). Let n = 1 and suppose that V
satisfies Assumption 2.2.14 for some p > 2. Then the number of bound states (eigenvalues

counted with multiplicity) N of the operator H = Hy + V is given by

1
—N=—
271

/ T (SO S(A) dA + % (Mp(0) — 1), (2.94)

where Mp(0) =1 if there exists a resonance or H = Hy, and Mg(0) = 0 otherwise.

Levinson’s theorem is more complicated in even dimensions due to the nature of the

logarithmic singularity of the perturbed resolvent R(z) = (H — z)~! near z = 0.

Theorem 2.5.32 (Levinson’s theorem in two dimensions). Let n = 2 and suppose that
V' satisfies Assumption 2.2.14 for some p > 11. Then the number of bound states (eigen-
values counted with multiplicity) of H = Ho + V' is given by

N=_—— / T T (SO) ST O)) dA + Mo (0) + / V(z)da, (2.95)

2
where M,(0) € {0,1,2} is the number of p-resonances.

Theorem 2.5.32 was originally proved in [26, Theorem 6.3], although the proof is rather
complicated and requires a good deal of supplementary arguments from the reader. In
Chapter 5 we provide a new proof based on the index of the wave operator in the case of
no p-resonances. The extra term involving the integral of the potential in Equation (2.95)

is related to the high energy behaviour of the scattering matrix via

%Log(Det(S(oo))) - i /R Vix)de (2.96)
The intricate behaviour of the scattering matrix at infinity plays a role in Levinson’s
theorem in all dimensions and is rather subtle. The fact that the term on the right
hand side of Equation (2.96) does not appear under the A integral with Tr(S(\)*S’(\)) is
peculiar to even dimensions.

In three dimensions (and all higher dimensions), the large A behaviour of the scattering
matrix means that the function Tr(S(-)*S’(+)) is no longer integrable (see Theorem 2.5.34)

and thus we require additional correction terms to Levinson’s theorem. Such correction
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terms are a feature for all n > 3, however quickly become very difficult to compute (see
for example [73, Section V], [143, Theorem 1.2] and [56, Section 3.11]). The following
statement is due to [31] and can be deduced also from [124] under the assumption that
the spectral shift function belongs to C'(R™T), although as in the dimension n = 2 case a

good deal of additional argument from the reader is required to make the proofs work.

Theorem 2.5.33 (Levinson’s theorem in three dimensions). Let n = 3 and suppose
that V' satisfies Assumption 2.2.14 for some p > 5. Then the number of bound states
(eigenvalues counted with multiplicity) of H = Ho + V is given by

> 1
N = —,/ <Tr(S(A)*S’()\))) — (3, V)A—%) A\ + = Mg(0),
2mi J 2
where Mg(0) = 1 if there is a zero-energy resonance and Mg(0) = 0 otherwise. The

constant ¢y is given by
)

a3,V)=—- V(z)dx.

E R3

A higher dimensional version of Levinson’s theorem can be obtained from the Birman-
Krein trace formula with knowledge of heat asymptotics, although as in lower dimensions
requires knowledge of the spectral shift function at zero. We have the following, due in
odd dimensions to Guillopé [73, Theorem IV.5] (see also [56, Theorem 3.66]). We provide

only a sketch of the proof as there are many subleties.

Theorem 2.5.34. [Levinson’s theorem in higher dimensions] Suppose that V- € C°(R™).
Then the number of bound states of H = Hy+ V' 1s given by

1

. 1252
N = * g _ . n2—j _
N=_— /0 Tr(S(A)*S'(N) ; c;(n, V)A d\ — Ny

— (£(04) = £(0—-)) = Bu(V),

where the cj(n, V) and B,(V') are constants depending on V' and its derivatives with b, = 0

forn odd.

Proof sketch. From Proposition 2.5.24 we have the limit

t—0t+

15
0= lim (Tr (e —e7H0) = ay(n, V)t’“"ﬁ).
j=1

Using Equation (2.89) and the Birman-Krein trace formula in the form of Theorem 2.5.19
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we obtain

0 = lim (L / T ety (SO)™S' (V) A+ e M M (A)

t—0+ \ 271
_ N —€(04) — ZJ il V) / T ARl g (v)>
j=1 r (g - k) 0
> nT_lJ N §—k—1
= lim L/ e—t>\ Tr (S(/\)*S/()\)) . (27TZ)CLJ (77,, V))\ O
t—ot \ 2me J, — T (% — k)

k=1

1 o

= lim —/ e (Tr (S(N)*S' (X)) = pu(N) dX = £(04) — B (V).
t—0t+ 271 Jq

Here the constant §,(V) is as in Equation (2.90). An application of Lemma 2.5.27 and

the dominated convergence theorem then allows us to bring the limit as t — 07 inside

the integral to obtain

£(04) = = / T (TSNS N) — pu(N)) dA — Bu(V).

27

]

The key element missing in Theorem 2.5.34 is the difference £(0+) — £(0—) of the
spectral shift function from the left and right at zero. The value £(0—) = —N + N
is determined by Theorem 2.5.13 and thus the only unknown element in statements of
Levinson’s theorem is the value £(0+), which we determine in Chapter 5 to be dependent

on the existence of resonances. In fact we can rewrite Levinson’s theorem as

o 125+
£(0+) = QLm/O Tr(S(N)*S'(N)) — z; c;(n, VA2 I7H ) dX — B,(V). (2.97)
j=

We shall not have occasion to use any higher order terms, although they can be computed
if necessary (see [56, Theorem 3.64] for more details). These coefficients will return in
Chapter 5 when we study high energy corrections to the scattering operator and in Chapter

6 when we study spectral flow.
An interesting point to note is that in all even dimensions, Levinson’s theorem has

an additional term outside of the integral expression. This additional term is given in low
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dimensions by

Bo(V) = —\2/(();;8)2) /R2 V(x)de,

B.(V) = % /R V(@)

Bs(V) = —\é‘éf)ﬁ) /R 6 (V(@?’ + %HW](:E)P) du.

Here we have used the coefficients ¢;(n, V') to determine the 3,(V).

2.5.5 Examples

In this section we demonstrate some explicit low dimensional examples, explicitly comput-
ing the scattering operator and describing the bound states and any anomalous behaviour.
In dimension n = 1, we see that for fixed energy A € R™ we have the unitary scattering
matrix S(\) € B(L*(S°)) = My(C). In our definition of ¢« we have made a choice of basis
of C?. Some authors use a different convention which leads to different forms of the
scattering matrix. Recall that U : L?(R) — L*(R™, C?) is unitary and defined by

Some authors prefer to use the map V : L*(R) — L*(R™,C?) defined by

FOZ)+F(=A2)
2

FOZ)—F(=A7)
2

D=

Vf)(r) =272\~

The operator V is unitary and related to U by the change of basis,

which satisfies BT'U(A, -)B = V(A ).

The first example we consider is the finite square well in dimension n = 1.

FExample 2.5.35. We fix Ey, L > 0 and define the function V' : R — R by

0, if |z| > L,
B, if|z| <L

Vi(x) =

The potential V' is a step function which is only non-zero inside the region [—L, L] with
depth —Fy. We note that V' satisfies Assumption 2.2.14 for any p > 1 and thus all of
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our results apply. In particular, the operator H = Hy + V has finitely many non-positive
eigenvalues.

1 1
Recall the change of basis matrix B = 273 (1 ) from the standard polar decom-

position of L*(R*,C?) into the basis provided by the operator V. The scattering matrix
is given explicitly by

0

1 ‘
B*ls )\ B = — —2iA2 L ( A L
e () o (o)

(525 )® tan (B0 L) i

Due to the symmetry of the potential V', the expression for S is much nicer when decom-
posed according to V rather than ¢. An interesting point to note is that the poles of S(-)
lie on the imaginary axis and correspond precisely to the bound states of H, see [19] for
a numerical discussion of the behaviour of such poles.

We note that if EO%L # mm for any m € Z and EO%L % (m+ 1)m for any m € Z
then we find Det(S(0)) = —1 and we call this the generic case, which corresponds to the
non-existence of resonances. See Theorem 4.1.3 for more details.

If there exists m € Z such that EO%L = mm or EO%L = (m + 1) then Det(S(0)) = 1,

which is atypical and corresponds to the existence of resonances. A

Remark 2.5.36. Example 2.5.35 can be extended to higher dimensions in a straightforward
manner, decomposing the scattering matrix into spherical harmonics. The explicit terms

are however rather difficult to describe, involving ratios of Bessel functions.

We next consider another one dimensional example in which scattering quantities can

be computed explicitly, known as the Poschl-Teller potential.
Ezxample 2.5.37 (Poschl-Teller potential). For fixed & € R and § > 0 we define the

potential

a?B(B—1)

Vo) = o o)

For k > 0 solutions to the equation (Hy + V)¢ = —k%*) can be determined explicitly in
terms of hypergeometric functions (see [49, Equation 9]). Note that if 5 = 0,1 then we
have V' = 0. For § # 0,1 the scattering matrix can be determined explicitly (see [49,
Equations (14) and (15)]) as

T(1+ik)(ik) D(1+ik)D(ik)D(B—ik)D(1—f—ik)  T(ik)D(8—ik)D(1—B—ik)
1+ik—B)L(ik+B) [(8)*I'(1-p)? I(—ik)I'(1-B)I'(B)

_ T(1+ik)I(B—ik)T(1—B—ik) I'(B—ik)T(1—B—ik)
B 'S(k)B =  TO-kLBI(1-5) , T R)(—ik)
I(
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One can compute directly that

» (-1 0
som- (7 1)

provided that 5 ¢ Z. A

The above examples demonstrate that even simple potentials V' can result in extremely
complicated scattering behaviour and bound state solutions. In fact for most potentials
the Schrodinger equation cannot be solved analytically, the list of exactly solveable po-

tentials is short (see [4] and [35] for some limited examples).

Example 2.5.38. Suppose that ¢ € C*°(R) is such that ¢(£+o00) = ¢4 for some ¢ € R\ {0}
with ¢ + ¢ =1 and ¢(x) # 0 for all z € R. Then we define V = %ﬂ and compute that

(HO + V)SO = 07

whilst ¢ ¢ L*(R). Such a function will be called a zero energy resonance in Chapter 3.

In this case one can show directly (see [56, Remark on p. 46]) that

2c,c. A — 2
S(0) = ( . . ) :
¢ —cp 200

Direct computation shows that Det(S(0)) = 1. A



Chapter 3
Resolvent expansions and resonances

In this chapter we develop low energy expansions of operators related to the resolvents
Ry(z) and R(z). The expansions we consider here follow the technique of Jensen and
Nenciu [89] and can be found throughout the literature. In particular, there are no
new results in this chapter. In dimension n < 4, such expansions are complicated by
analytic obstructions to invertibility at zero, which give rise to definitions of zero-energy
resonances. These resolvent expansions can be used to analyse the behaviour of the
scattering matrix at zero-energy and the form of the wave operator in 4.0.1, which allows
us to proveide new proofs of Levinson’s theorem.

We decompose the potential V into V = vUv where v(z) = |V(z)|2 and U(z) =
sign(V'). Such a factorisation is well-known and was first used in the work of Birman [24]
and Schwinger [148]. For z € C\ R with Im(z2) > 0, we let k = —iz2. We have the

symmetrised resolvent identity

R(—k*) — Ro(—k*) = —Ro(—k*v(U + vRo(—k*)v) v Ro(—k?)
—: —Ro(—k?)vM (k) 'wRy(—k?). (3.1)

Thus we see to obtain expansions of the resolvent R(—k?) it suffices to consider the known

expansions of the operators Ry(—k?) and (the inverse of)
M (k) := U + vRo(—k*)v. (3.2)

The analysis of the inverse of M (k) as k — 0 is sensitive to the fine structure of the
spectrum of H near zero. In particular the presence of zero energy resonances will force
multiple uses of the Feshbach inversion method of Lemma 3.1.1. We shall find that such
obstructions cannot occur for n > 5. Also the inversion of M (k) is sensitive to the parity
of the dimension, due to the fact that the integral kernel of the free resolvent has a
logarithmic singularity near &£ = 0 in even dimensions. As such, our analysis is split into

six different cases. We begin with the easiest cases of n > 5 odd to demonstrate the use

82
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of Lemma 3.1.1 and end with the most involved cases of dimension n = 2 and n = 1.
Throughout this chapter we will have to strengthen the decay assumptions on the
potential to guarantee that the operators we consider are bounded. The most general

assumption we shall need is the following.
Assumption 3.0.1. We suppose that the potential satisfies Assumption 2.2.14 for
1. p>”T+lifn211;
2. p>T7itn=17,8,9,10;
3. p>Titn=2>5,6;
4. p>12ifn =4
5. p>5ifn=3;
6. p>11if n =2; and
7.p>Tiftn=1

We do not claim that Assumption 3.0.1 gives the optimal decay required for the
existence of the expansions in each case. For ease of exposition, we prefer to give in each
dimension only a sufficient value of p required for all expansions to exist. More optimal
results can be found in the cited references in each section.

The expansions we obtain for the operator M (k) are summarised in the following

result.

Theorem 3.0.2. Suppose that V' satisfies Assumption 3.0.1. Then for sufficiently small

k and with n = m we have the expansion

M(k)™ = —k2A+ k7 %g(k) A, + k*h(k)B, + R(k),

where A,, B, =0 forn > 5, A, =0 forn = 1,3, g(k),h(k) = O(n™Y), A, A,, B, are

bounded operators and R(k) is uniformly bounded in k.

For ease of exposition, we have used the phrase ‘for sufficiently small k...  as short-
hand for the statement ‘there exists ky > 0 such that for all 0 < |k| < ko...”. The
coefficient operators A, and B, are related to the presence of analytic obstructions to
invertibility, called resonances. Their behaviour is dimension dependent, with a single
type of resonance occurring in dimensions n = 1, 3,4 and two distinct types occurring in
dimension n = 2. Despite the fact that there is only one type, resonances occurring in
dimension n = 4 behave more similarly to those in dimension n = 2 due to the nature of

the obstruction and the logarithmic singularity of the free resolvent.
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3.1 Algebraic and analytic preliminaries

The starting point for our analysis is the following inversion formulae for particular

operator-valued matrices (see [89, Section 2]).

Lemma 3.1.1. Let A be a closed operator on H, Q a projection and suppose A + Q has

a bounded inverse. Then A has a bounded inverse if and only if
B=Q-QA+Q)'Q
has a bounded inverse in QH. In this case A™1 is given by
C=A+Q)"+(A+Q)'QB QA+ Q)" (3.3)

Proof. Suppose that B has a bounded inverse and let C' be as in Equation (3.3). Then

we can check the relations

AC=(A+Q-Q)C
=Id+QB7'QA+Q) " -Q((A+Q) '+ (A+Q)'QB'Q(A+Q)™)
=Ild+ (Q-B-QA+Q)'Q)B'QA+ Q)"
= 1d.

A similar calculation shows that CA = Id so that A has a bounded inverse given by

A™1 = . Next suppose that A has a bounded inverse. Then the operator
D=(A+QA N (A+Q)— (A+Q)=QId+ATQ
defines a bounded operator on QH. We then compute that

BD=(Q—-Q(A+Q)'Q)Qd+ A HQ
=QId—(A+Q)'+A ' —(4+Q)'Q4A™HQ
=Q(d—(A+Q) ' +A47 -AT"+(A+ Q)™ Q
- Q?

the identity on QH. A similar calculation shows that DB = () and thus the operator B
has a bounded inverse on QH given by B! = D. O

Corollary 3.1.2. Let F' C C have zero as an accumulation point. Let A(z), z € F, be a
family of bounded operators of the form

A(z) = Ag + zA1(2) (3.4)
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with Ay(2) uniformly bounded as z — 0 and Aq self-adjoint. Suppose 0 is an isolated
point of the spectrum of Ag, and let Q) be the orthogonal projection onto Ker(Ay). Then
for sufficiently small z € F the operator B(z) : QH — QH defined by

B(2) = Q- QUAR) + ©)71Q) = 3. ((HQLA () + Q)11

is uniformly bounded as z — 0. The operator A(z) has a bounded inverse in H if and
only if B(z) has a bounded inverse in QH. In this case

AR =(A(R) + Q)7 + 2 (A(2) + Q) T'QB(2) T Q(A(2) + Q)

Proof. By construction the operator Ay + @ is invertible. Define Dy = (Ag + @Q)~!. For
sufficiently small z the operator A;(z) satisfies ||zA;(2)Dol|| < 1 and so we can compute

the Neumann expansion

(A(2) + Q) = (Ao + Q + zA1(2)) ! = Do(Id + zA;(2) Do) !

= DQ Z Z] Al Do)

Since @ is the projection onto Ker(Ag) and Ay is self-adjoint, we find Q@ = Q(A¢+Q) Dy =
@D, and so by taking adjoints Do) = @) also. We can thus compute

B(z) =2 1(Q - Q(A(x) + Q)7'Q) = =~ (Q Q (DOZ )27 (A1(2) Do)’ ) Q)

=z (Q — QDoQ — QDy (Z (—=1)/2(Ay(2) Do)’ Q)

j=1

=) (-1YFQ[A1(2) (A + Q)T TQ.

Jj=0

Since A;(z) is uniformly bounded as z — 0 we see that B(z) is also. The fact that A(z)

has a bounded inverse if and only if B(z) has a bounded inverse given by

AR)T = (A(2) + Q)T+ 2T AR) + Q)T'QB(2) TIQ(A(2) + Q)7
now follows from Lemma 3.1.1. O

The next lemma is a form of what is known as the Feshbach formula.

Lemma 3.1.3. Let A be an operator-valued matriz on the direct sum of Hilbert spaces
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a11 A12
A=
Q21 Q22

with a;;  H; — H;. Suppose that a1y and asy are closed and a2 and as; are bounded.

H="H, & H,

Suppose aso has a bounded inverse. Then A has a bounded inverse if and only if
B = (a1 — apa3 azn) "
exists and is bounded. Furthermore we have
e < B —Ba12a2_21 > '
—Oay G B a5y G91 Ba12Gys + gy

Proof. Suppose that B exists and is bounded and let
O — B —Ba,lg(l;;
—agglamB a2_21a213a12a2_21 + a2_21 .
Then we can compute directly that

-1

aj; a2 B —Baysay,
AC = 1 1 —1 -1
o1 A92 ) a/21B Q9o &213(112(122 + Qo9

-1 -1 -1 -1 -1
- (CLHB — a12a22 (Ing —a113a12a22 + a12a22 angalgaQQ + CL126L22 )

a1 B — an B —ag1 Baysagy + ax Bajsay, + 1d
We can then calculate each term individually, finding first
(AC) 11 = a11 B — a12a5 a1 B = (a11 — a12a5 1) B = Idy, .
Next we have

_ —1 —1 -1 —1
(AC)lg = —allBalgaQZ + A12099 a213a12a22 + 12099
—1 —1 -1 -1
= —CLllBCL126L22 + anBalg — (CLH — Q12099 CLQl)BCL12CL22 -+ 12099
-1 -1 -1
= —anBanayy + a1 Bay — aiay5 + ai2a5;

=0.

We see immediately that (AC)y; = 0 and (AC)9y = Idy,. A similar calculation shows
that CA = Idy and thus A has a bounded inverse given by C. For the converse, we
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suppose that A has a bounded inverse given by

C11 C12
C= .
Co1 C22

We now use the relations AC' = C'A = Id to demonstrate the existence of the operator

B. The relation AC = Id gives us the four equations

ajicii + a2cp = Idy,,  aniciz + ajacae = 0, (3.5)
az1C11 + ac = 0,,  agiCia + acoy = Idy,. (3.6)
The invertibility of asy and Equation (3.6) then immediately gives us ¢y = —aqy; asic11.

Combining with Equation (3.5) we find

-1 -1
IdH1 = a11€C11 + G12C21 = G11C11 — Q12095 A21C11 = (an — Q12099 a21)011

so that ay; — a12a521a21 is a left inverse for c¢;;. Similarly the relation CA = Idy gives us

the four equations

cria11 + ciaao1 = Idy,,,  carain + coa1 = 0, (3.7)
ci11@12 + Ci2a22 = 0, o112 + Ca2a92 = Id'Hg' (3-8)
The invertibility of asy and Equation (3.8) then immediately gives us cjp = —ci1a12a5; -

Combining with Equation (3.7) we find
-1 -1
Idm = C11Q11 + C12G21 = C11G11 — C11Q12095 Q21 = Cll(an — Q12099 @21)7

so that ay; — a12a2_21a21 is a right inverse of ¢;; also. Thus we have shown ¢;; = (a1 —

a12a2_21a21)—1 = B exists and defines a bounded operator. O

We shall now give a broad overview of how the above algebraic results will be used.
If the operator M (k) is of the form M (k) = Ag + kA;(k) with Ag self-adjoint and not
invertible and A; (k) uniformly bounded as k — 0, define the orthogonal projection Q)
onto the kernel of Ag. Then for sufficiently small & we have ||kA;(k)|| < 1 and thus we
can compute the inverse of M (k) + Q1 = Ag + Q1 + kA, (k) via a Neumann expansion.
Then by Lemma 3.1.1 the operator M (k) is invertible if and only if

Bi(k) = Q1 — Q1(M (k) + Q1) 'Qs

is invertible. If By (k) can be written as By (k) = As + kA3(k) with A, invertible, then for

sufficiently small k& we can invert B;(k) via a Neumann expansion and find the inverse of
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M (k) as
M(k)™ = (M(k)+ Q1) + (M(k) + Q1) " Q1B1(k) 'Qu(M(k) + Q1) "

If By (k) has self-adjoint leading term A, which is not invertible, we repeat the procedure
by defining 5 to be the orthogonal projection onto the kernel of A, so that the operator
By (k) is invertible if and only if

By(k) = Qo — Qa2(Bi(k) + Q2) ' Q2

is invertible. Write By(k) = Ay +kA;5(k). If the leading term A4 of By(k) is invertible, we
can again use (for sufficiently small k, taking a new kq if necessary) a Neumann expansion

to obtain

Bi(k)™' = (Bi(k) + Q2) ' + (Bi(k) + Q2) ' Q2Ba(k) ' Qa(Bi (k) + @Q2) .

Substituting back into the formula for M (k)~! we obtain

Mk)™ = (M(k)+ Q1) "+ (M (k) + Q1) ' Qu(Bi(k) + Q2) ' Q1(M (k) + Q1)
+ (M (k) + Q1) ' Qu(Bi(k) + Q2) ' Q2Ba(k) ' Q2(Bi(k) + Q2) ' Qu(M (k) + Q1) .

If the self-adjoint leading term A4 of Bs(k) is not invertible, we repeat the procedure by
defining the orthogonal projection (3 onto the kernel of A4. Due to general resolvent
estimates (see [89]), the procedure terminates after a finite number of steps. In fact, we
shall show that at most three projections are required (this occurs in the case n = 2) and

the final inversion formula takes the form

M(k)™ = (M(k) + Q1) + (M (k) + Q1) ' Q1(Bi(k) + Q2) ' Q1(M(k) + Q1) ™"

M(k) + Q1) "' Qu(Bi(k) + Q2) ™' Q2 B2 (k) "' Qa(Bi(k) + Q2) ' Qu(M (k) + Q1)
+Q1) ' Qu(Bi(k) + Q2) ' Q2(Ba(k) + Q2) ' Qa(Bi(k) + Q2) Q1 (M (k)+Q1) !
M (k) + Q1) 'Q1(Bi(k) + Q2) ' Q2(Ba(k) + Q2) ' Q3 B3 (k) ' Qs

By(k) + Q2) "' Qa(Bu(k) + Qo) T Qu(M (k) + Q1) ™"

Another key feature to note is that the above is only a heuristic, in some of our
applications the leading term is multiplied by a function of k£ and this is the scenario in
which an application of Corollary 3.1.2 is more appropriate. In some cases the leading
term is of the form A+n~'B and thus it is easier to decompose the Hilbert space into the
span of complementary projections. In this case an application of Lemma 3.1.3 is more
appropriate. We note also that by construction the projections satisfy Q3 < Q2 < Q1.

The advantage of the Feshbach method just described is that it allows us to system-
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atically isolate the obstructions to invertibility of the operator M (k) into the range of a
finite number of decreasing projections, which can be related to the spectrum of H using
analytic methods.

We now note several algebraic identities which will be frequently used in our expan-

sions.

Lemma 3.1.4. Suppose that Ag is a bounded self-adjoint operator on a Hilbert space H
and that Q1 is the orthogonal projection onto Ker(Ag) with zero an isolated point of the
spectrum. Then the operator Ag+ Q1 is invertible with inverse Dy = (Ag+Q1) " satisfying

the relations

Q1= DoQ1 = Q1 Dy.

Proof. Since @) is the projection onto Ker(Ay) we have the relation Q1A = 0 and thus
we find

Q1 =Q1(Ac+Q1)D = Q1 D.

Taking adjoints gives us D@, = @ also, since Dy is a self-adjoint operator. n

Remark 3.1.5. If Q > 4 is an orthogonal projection and QA = AqQ) = Ay then we have
the additional relations Q Dy = Dy(Q) = Dy, which follow immediately from the fact that
Q is the identity on QH.

We end this section by describing a result which will allow us to show that the inversion
procedure terminates in each dimension. The termination of the Feshbach procedure of
Lemma 3.1.1 is guaranteed by more abstract bounds on the resolvent, however the next

result also allows us to deduce useful relationships between certain integral operators.

Lemma 3.1.6. Suppose that f € L*(R") N CY(R™) satisfies f(0) = 0. Then forn > 3 we

have

1

. 2 .
i L ereE T O 4=

1
re €]
If in addition we have (z + |z|72f(z)) € L*(R™) then Equation (3.9) holds in dimension

n=1,2 also.

(O] de. (3.9)

Proof. Since f € L'(R™) and f(0) = 0 we know that | f(r)| = O(r) as r — 0. We compute
for any R > 0 that

L 2 = = n—>s 2
/Rn wﬂf@)‘ df—/Snl/O 70| f(rw)|? dr dw
R o0
_ n—>s 2 e )
_/Sn_l/o "0 f(rw)] drdw+/sn_1/R "7 f(rw)|? dr dw.
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The integral from R to infinity always converges given the assumptions on f, so we must
consider only the integral from 0 to Ry. Since |f(r)] = O(r) as r — 0 we see that the
integral over [0, R] converges for all n > 3. Applying the dominated convergence theorem
now gives the equality of Equation (3.9).

If in addition we have that |z|~2f(z) € L*(R™) then we obtain | f(r)] = O(r®) asr — 0
and thus the integral over [0, R] converges in dimension n = 1,2 also. An application of

the dominated convergence theorem completes the proof. O]

3.2 Expansions of the operator M (k)

We follow the method outlined in [89]. The expansions we present have been computed in
various forms throughout the literature, in particular in dimension n = 1 in [89, 116], in
dimension n = 2 in [63, 89, 166] in dimension n = 3 in [64, 88], in dimension n = 4 in [62,
87] and in dimension n > 5 in [71, 72, 85]. The older papers [85, 87, 83, 116] compute a
non-symmetrised resolvent expansion whilst the more recent papers use the symmetrised
technique outlined in [89)].

Due to the dependence of the integral kernel of Ry(z) on the parity of the dimension
n our analysis is divided into odd and even dimensions. There are no resonances for
n > 5, the only poles of the resolvent at z = 0 arising from the presence of zero energy
eigenvalues. As a result the analysis is much simpler in dimension n > 5 and so we
consider this first. As a general rule, the logarithmic behaviour of the integral kernel of
Ry(z) makes the analysis more difficult in even dimensions.

As discussed in Corollary 2.2.13 for z € C\ [0, 00) with Im(z2) > 0 (here we are using
the principal branch of the logarithm) the integral kernel of the resolvent Ry(z) is given
by

Ro(e,y,2) = 227 2m) "2 fo =y 72 HL (23]a — o), (3.10)

where H,Sl) is the Hankel function of the first kind of order v. We will use the variable

k = —iz? so that 2 = —k2. For n = 1 we thus have the expansion
Rofoy, 8 = 23 E oty (3.11)
0\+4y 9, 9 p' . .
p=0
For n > 3 odd we have the expansion
o
RO(£7 Y, _k2) = ’.CL’ - y’f(an) Z Cn,pkp‘x - y‘p (312)

p=0

Here the ¢, , are numerical coefficients whose value is not needed and can be found in [89,
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Section 3], although we note that ¢,; = 0 and in fact ¢,,, =0 for p =1,3,...,n —4 by
[85, Lemma 3.3] (the argument here is purely combinatorial and uses an expansion of the

heat kernel). If n is even we obtain

Ro(x,y, —k*) = k"> In (klz — y|) > cnph™|z — y[* + 2 — y| =" " dy k™| — y|™
p=0 p=0

(3.13)

where the ¢, , and d,, are numerical coefficients whose value will be recalled as needed
and can be found in [89, Section 3.

The above expansions are only formal and one needs to be more precise in what sense
they are valid, truncating after finitely many terms. The expansions of Equation (3.11),
(3.12) and (3.13) will be used in conjunction with the definition

M(k) = U + vRy(—k*)v

to determine expansions of M (k) in each dimension.

3.2.1 Dimension n > 5 odd

In this section we employ the methods of [89] to compute an expansion of M (k)~! for
n > 5 odd. For our purposes only the lowest order term in our expansions will be needed
and thus we only compute the first term in the expansion, although we remark that
more terms could be computed if necessary. We will refer to [85] for some boundedness
properties of the operators involved in our expansions. The symmetrised expansions we
present have appeared in [71].

The assumptions we make on the potential depend heavily on the dimension.
Assumption 3.2.1. If n > 5 is odd we assume that V satisfies Assumption 2.2.14 for
1. p>Tif n =75,
2. p>6ifn =179 and
3. p>ifn>11.

We make the following definition, based the asymptotic expansion of Ry(—k?) in
Equation (3.12).

Definition 3.2.2. Suppose that n > 5 is odd and V satisfies Assumption 3.2.1. We
define for p € N the integral operators G, with integral kernels

Gy, y) = coplr — y|> 1P
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and for p > 1 define the operators M, by the integral kernels

My(z,y) = v(2)Gp(z,y)v(Y).

For p = 0 we define the operator M, by the integral kernel

(Mo = U)(z,y) = v(z)Go(x, y)v(y).

Note that we have M; = 0 by [85, Lemma 3.3]. Thus by the definition of M (k) we

have the expansion
M(k) = U + vRo(—k*)v = My + K> M, + E*Ro(k),

where Ry(k) is uniformly bounded in F = {k € C : Re(k) > 0 and |k| < 1}.

Lemma 3.2.3. Suppose that n > 5 is odd and V' satisfies Assumption 3.2.1. Then the

operators My and M, are bounded and Ry is uniformly bounded in norm for k € F.

Proof. We have by [85, Lemma 3.4] that Gy, Gy € B(H %, HY7") for all ¢ > 1 and
Gy € B(H™ Y HM) for t > 2 and p satisfying Assumption 3.2.1. Thus the operators M
and My are bounded also. O

Note that M is a compact self-adjoint perturbation of U and so has essential spec-
trum contained in {—1,1}. Thus 0 is an isolated point of the spectrum of M, and
DimKer(Mj) < oo. If 0 is an eigenvalue of H then M, is not invertible, however we
can use the Feshbach inversion method to overcome this and make the following defini-

tion.

Definition 3.2.4. If the operator M, is invertible then we say that zero is a regular point
of the spectrum of H. If M is not invertible, we say that zero is an exceptional point of
the spectrum of H. For an exceptional point we can define the orthogonal projection )4
onto the kernel of My and note that My + @, is invertible on H, so that we may define

the operator
Dy = (Mo + Q1)

Since M, is a compact perturbation of U (an invertible operator), the Fredholm
alternative guarantees that (), is a finite rank operator.

We will now apply Lemma 3.1.1 with A = M (k) and the projection ;. Thus we
need to show that M (k) 4+ @1 has a bounded inverse on H.

Lemma 3.2.5. Suppose that n > 5 is odd and V' satisfies Assumption 3.2.1 and that zero
is an exceptional point of the spectrum of H. Define the operator Dy = (My + Q1) .
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Then for sufficiently small k we have that M (k) + Q1 is invertible on H. Furthermore,

we have the expansion
(M(k) + Q1)~" = Dy — k2Dy My Dy + E* Ry (k), (3.14)
where Ry (k) is uniformly bounded in k.
Proof. For sufficiently small k£ we find that
Hk2M2D0 + k3R0(k)D0H <1

We can thus use a Neumann expansion to compute that

-1

(M(E) + Q)" = (MO +Q+ KMy + k3RO(k))_1 — Dy (Id 4 (K*M; + k3R0(k))DO)
— D, (Id + Z ( (KM, + k3R0(k:))D0>j>
= Dy — kDo MyDgy — k3 Do Ry (k) Dy

> . j
+3 (-1)D, ( (K2M, + k:SRO(k))DO> Dy,
J=2
Defining the operator
- ~ J
Ry (k) = —DyRo(k)Dy + Z 1Y k3D, ( (K2M, +k3R0(k))D0> Do

completes the proof. n

Lemma 3.1.1 states that M (k) is invertible if and only if the operator

Bi(k) :== Q1 — Qi1(M(k) + Q1) Qu,

is invertible on Q1 H and in this case

M(k)™" = (M (k) + Q1) ™" + (M(k) + Q)" '@ Bi(k) ' Qu(M (k) + Q1)

We thus need to determine an inverse for Bi(k). Using Lemma 3.2.5 and the fact that

Q1 = Q1 DoQ; (see Lemma 3.1.4) we can first determine an expansion for B (k).

Lemma 3.2.6. Suppose that n > 5 is odd and V' satisfies Assumption 3.2.1 and that zero

18 an exceptional point of the spectrum of H. Then for sufficiently small k we have the
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expansion

Bi(k) = K*Qi1M>Qy — K*Q1 Ry (k). (3.15)
Proof. We compute that

Bi(k) = Q1 — Qu(M(k)+ Q1) 'Q1 = Q1 — Q1 <D0 — k*DoMs Dy + kgﬁfl(@) 1
= Q1 — Q1 DyQ) + K*Q1DoMDoQ; — K*Q1 Ry (k)Q,
= k2Q1M2Q1 - nglél(k)7

where we have used the relations Q1 Dy = D@1 = @1 of Lemma 3.1.4 several times. [

Hence the invertibility of B;(k) depends on the invertibility of the operator Q1 MsQy
on Q1 H.

Lemma 3.2.7. [71, Lemma 5.3] Suppose that n > 5 is odd and V' satisfies Assump-
tion 3.2.1 and that zero is an exceptional point of the spectrum of H. Then the oper-
ator Q1 MsQ) is invertible on Q1H. Furthermore, for f € QiH we have the relation

(Gouf,vf) = (Govf, Govf).

Proof. Take f € Q1H, so that (U + vGyv)f = 0, and suppose Q1 M>Q1f = 0. We note

that the resolvent expansion (3.12) implies the weak operator topology limit

lim ]{?_Q(Ro(k’z) - Go) = GQ.

k—0

Note also that vf € LY(R") and z — |zvf € LY(R"), so that F(vf) € L'(R™) N C*(R™).
So we find

(QuGQ1f, f) = (Gavf,vf) = lim (k™*(Ro(k?) = Go)of.vf)

~ lim k2 / (g = k)7 = [ FENN© NI de

k—0
1

=lm | erer =y P @NIOF

-/ 1 IF (NI dg

= <GOUf7 GOUf>7
where we have used Lemma 3.1.6 to bring the limit inside the integral. The relation
(Gouf,vf) = (Govf,Gov f) follows from the above equalities. Since Q1 M>Q1f = 0 the

final equality implies that F(vf) = 0 which in turn gives vf = 0. So we see that
Ker(Q1M>Q1) = {0} and the claim is proved. O
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We now have a well-defined bounded operator D; = (Q1M>Q1)™* on QH. Noting
that Dy = Q1D,Q we see that D, is finite rank.

Lemma 3.2.8. Suppose that n > 5 is odd and V' satisfies Assumption 3.2.1 and that zero
15 an exceptional point of the spectrum of H. Then for sufficiently small k the operator

By (k) is invertible and we have the expansion
Bi(k)™' = k72D + k7' D1Q1 Ry (k)Q1 Dy + K> Ro (k)

where Rg(l{?) is uniformly bounded in k and Dy = (Q1M>Q,)™".

Proof. For sufficiently small k£ we have the estimate

Hk@lél(k)QlDl <1

We thus begin with Equation (3.15) to compute the Neumann expansion

Bi(k)~ = <k‘2Q1M2Q1 — ngIRI(k>) = k™D, (Id — kQ1]‘~31(k’)Q1D1>_1

= k72D, (Id + kQuR (k)Q1 D1 + > K (Ry (k) QlDl)J) :
j=2

Defining Ry (k) = > e ki=2(Ry(k)’QDy)’ completes the proof. O
We finally have the required tools for our expansion of M (k).

Theorem 3.2.9. Suppose that n > 5 is odd and V satisfies Assumption 3.2.1 and that
zero is an exceptional point for the spectrum of H. Then for sufficiently small k we have

the expansion
M(k)™ = k72Q1D1Q1 + Ry(k), (3.16)

where the operator Rs(k) is uniformly bounded in k.

Proof. We apply Lemma 3.1.1 to A = M (k) and use Lemmas 3.2.5 and 3.2.8 to obtain

M (k)™ = (M(k) + Q1) + (M(k) + Q1) "' Qi Bi (k) " Qu(M (k) + Q1)
= Dy — k*DoMyDy + k* Ry (k) + (Do — k*DoM2Dy + k* Ry (k)
x Q1 (k72D +k 7 D1Q1 Ry (k) Q1 D1+ k> Ro(k)) Q1 (Do — k* Do Mo Do+ K* Ry (K)).

Expanding out the product shows that

(M (k) + Q1) '@ Bi(k) ' Qu(M (k) + Q1) " = k2Q1D1Q1 — Q1 D1Q1 Mz Dy
+ kilQlDlQlélaf)QlDlQl + kR4(k):
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where Ry (k) is uniformly bounded for k € F. Thus we find M (k)~' = k~2Q1D,Q1+Rs(k),

where we have defined the operator

R3(k) = Dy — k? DoMyDy + k?’f{l(k) — 1 D1Q1 MyDy
+ k71Q1D1Q1R1(k)Q1D1Q1 + kR4(k>7

which is uniformly bounded in k. 0

Finally we characterise the zero eigenspace of H in terms of the operators just de-

scribed. The following result is implicit in [85] and can be found as [71, Lemma 5.5].

Lemma 3.2.10. /71, Lemma 5.5] Suppose that n > 5 is odd and V' satisfies Assumption
3.2.1 and that zero is an exceptional point of the spectrum of H. Then the projection onto

the eigenspace at zero is Py = GovQ1D1Q1vG).

Proof. Suppose that Dim(Q1#H) = Ny and let (cp])NO be an orthonormal basis for Q1 H

Then we have
0= Myp; = UMyp; = U(Ugp; +vGovp;) = @; + UvGouy;.

Write ¢; = Uvy; for (wj) C H a linearly independent set (see [71, Lemma 5.1]), s
that

0= UUij —+ UUGovUUij = UU(l/Jj + GOV¢j),

which implies ©; + GoV1; = 0. Thus for any f € H we may write

No
QvGof = Z vGof, ;)¢ Z f,Gove)p

Jj=1 =

No No
Z (f.GoVy)o; = = > (f i)
j=1 j=1

We let (A;;) be the matrix representation of ()1 M2(Q) with respect to (goj)j 1, so that

Ay = (i, Q1 MaQ105) = (vpi, Govp;j) = (Govws, Gove;) = (i, ©;5),

where we have used the relation (Govf,vg) = (Govf, Govg) valid for all f,g € Q1H (see
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Lemma 3.2.7). Then for f € H we may calculate that

No
Pof = GovQD1QuGof = GovQ D; (— > (Fbihe ) Z GovQDp;(f, ;)
j=1
No No No No
= - Z Z GOUQl p]@p<f % Z Z GOUQOP - p]<f ¢]>
j=1 p=1 j=1 p=1
No Np
= (AT f, ).
j=1 p=1

In particular for f = v, we find Py, = 1, and so the range of P, is the span of (;bm)ﬁozl

and since P, is self-adjoint it is the desired projection onto the kernel of H. m

The operator P, arises when considering the lowest order term in the expansion of
R(—k?) = Ro(—k?) — Ro(=k*)vM (k) "wRo(—k?),

as we now demonstrate.

Theorem 3.2.11. Suppose that n > 5 is odd and V' satisfies Assumption 3.2.1. Then for

sufficiently small k we have the expansion
R(—k?) — Ro(—k?) = —k72Py + R(k), (3.17)

where R(k) is uniformly bounded.

Proof. We note that

R(—k?) — Ro(—k?) = —Ro(—k*)oM (k) vRo(—k?)
—(Gov + Ry(k))(k?QuD1 Q1 + R3(k))(vGo + Ry(k))
= —]C_2G0’UQ1D1Q1UG0 + R(k’)

An application of Lemma 3.2.10 completes the proof. O]

3.2.2 Dimension n > 5 even

In this section we compute the low energy behaviour of the operator M (k) in even di-
mensions n > 5. We use the Feshbach inversion formula as described in [89]. Such
expansions have been considered in a different context in [72] and first appeared in a
non-symmetrised form in [85], to which we will refer for some boundedness properties of
the operators involved in our expansions. The statements and proofs in this section are

rather similar to the case n > 5 odd, however are made more cumbersome by the presence
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of the logarithmic behaviour of the Hankel function appearing in the integral kernel of
Ro(—k?). We thus introduce the variable = In (k)™ (we are using the principal branch
of the logarithm).

We require stronger assumptions on the potential than Assumption 2.2.14.
Assumption 3.2.12. If n > 5 is even we assume that V' satisfies Assumption 2.2.14 for
1. p>Tif n =6,
2. p>6ifn =810 and
3. p>ifn>12.

We recall that if n is even we have the expansion

Ro(x,y,2) = K"l (klz —y|) Y cuph™la =y + |z —y[70D Y doph™ |z —y/*

p=0 p=0

(3.18)

Considering the terms in the expansion of Ry(z,y, k?) of Equation (3.18) with loga-

rithmic coefficients leads to the following operator definitions.

Definition 3.2.13. For 0 < p < 7 —2 we define the operators G, 1 = 0 and the integral

operators Gy, o with the integral kernels

G2p,0 (ZE, y) = dn,|'r - y|2p+2—n'

For p > § — 1 we define the operators G, 9 and G, 1 by the integral kernels

Gopo(@,y) = |z =y (cnzp I (|2 = y]) + dn2pn2) .

G2p,—1(m7y) = Cn,p|x - y|2p'

For (0,0) # (p,q) € N x {0, —1} we can further define the operators Moo = U + vGy v
and M, , = vG)p 0.

We will only need the first few terms in this expansion, although it is helpful to see

how each is defined. We may then write using the definition of M (k) the expansion
M(k) = U + vRo(—k*)v = My + k* My + k*n~ ' Ro(k)

with Ry(k) uniformly bounded in k. The labelling convention we use is that a pair (i, ;)
of subscripts refers to an operator with coefficient k‘n’. We make the following definition

of exceptional points.
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Definition 3.2.14. We say that zero is a reqular point for H if the operator My is
invertible. If M, is not invertible, we say zero is an exceptional point for H and define
the operator ()1 to be the orthogonal projection onto the kernel of M;y. The operator
My + Q1 is then invertible and we let Dy = (Myo + Q1)

We now proceed as in the odd case to obtain an expansion for M (k).

Lemma 3.2.15. Suppose that n > 5 is even and V satisfies Assumption 3.2.12 and that

zero is an exceptional point for H. Then for sufficiently small k we have the expansion
(M (k) + Q1)™" = Do — k*DoyMs oDy + k'~ Ry(K),
where Rg(k) is uniformly bounded in k and Dy = (Moo + Q1) ™.
Proof. For sufficiently small k£ we have the estimate
HkQMQ,DDO + k4n‘1R0(k)DoH <1
We are thus able to compute using a Neumann expansion the expansion

(M(k) + Q1) = (Moo + KMo + k' Ro(k) + Q1)
= Do(Id + k> My oDy + k*n ' Ro(k)Dy) "
= Do(Id — k> My oDy — k*n ' Ro(k) Dy + k*n~' Ry (k)),

where Rl(k:) is uniformly bounded in k. The result follows by defining the remainder
Ry (k) = Ro(k) + R (k). O

We next define the operator By (k) by
Bi(k) = Q1 — Qi(M (k) + Q1) ' Q1. (3.19)

Lemma 3.2.16. Suppose that n > 5 is even and V satisfies Assumption 3.2.12 and that

zero is an exceptional point for H. Then for sufficiently small k we have the expansion
Bi(k) = k*Q1Ma20Q1 — Qik* Ro(k).
Proof. We compute using the definition of B;(k) and Lemma 3.2.15 that

Bi(k) = Q1 — Q1(M(k) + Q1) "'Q1 = Q1 — Q1(Do — k*DyMy Do + k*n~" Ry (k))Q,
= K’ Q1 M0Q:1 — K*Qin ' Ry (k) Q1

where we have used the relations Q1 Dy = Do@1 = @ (see Lemma 3.1.4). ]
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We see that the invertibility of Bj(k) depends on the invertibility of the operator
Q1M50Q:1. The following result shows that the Feshbach procedure of Lemma 3.1.1

terminates.

Lemma 3.2.17. [72, Lemma 5.2] Suppose that n > 5 is even and V' satisfies Assumption
3.2.12. Then the operator Q1 Mz Q)1 is invertible on Q1H.

Proof. The proof is identical to that of Lemma 3.2.7 with the operator Ms replaced by

M, since the integral kernels are scalar multiples of each other. O]

We can now determine an expansion for the inverse of the operator By (k). We write

D, = (QlMQ,OQl)_l on O 'H.

Lemma 3.2.18. Suppose that n > 5 is even and V satisfies Assumption 3.2.12 and that

zero is an exceptional point for H. Then for sufficiently small k we have the expansion
Bi(k)™' = kD1 — E*D1Qin ' Ry(k)Q1 Dy + k' Ry(k),
where Rs(k) is uniformly bounded in k and Dy = (Qy MsQ1)~".
Proof. For sufficiently small k£ we have the estimate
[k Qun Bak)@iDy | <1

We are thus able to compute using the definition of By (k) and Lemma 3.2.17 the Neumann

expansion

Bi(k)™' = (K Q1 MaoQr — K* Qi ' Ra(k)Q1) ™" = k72D (Id — k*Qun ' Re(k)Q1 D) ™
= ki_2D1 - k2D1Q1n_1R2<I€)Q1D1 + an_lég(k’),
where Rs3(k) is uniformly bounded in k. O
We can now use Lemma 3.1.1 to invert M (k).
Theorem 3.2.19. Suppose that n > 5 is even and V' satisfies Assumption 3.2.12 and that
zero is an exceptional point for H. Then for sufficiently small k we have the expansion

M (k)™ = k2Q1D1Q1 + 0 ' Re(k),

where Rg(k) is uniformly bounded in k.

Proof. We use Lemma 3.2.15 to find

(M(k)+ Q1) 'Q1= Q1 — kzDoMz,le + k:477_1]:22(k:)621,
Q1M (k) + Q1) = Q1 — K*Q1 My Dy + k* Qi Ry(k).
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We can thus use Lemma 3.2.18 to find

(M(k) 4+ Q1) "'QiBi(k) ' Qu(M (k) + Q1) "

= (Q1 — K’ DoMaoQ1 + k0" Ry(k) Q1) (k> Dy — K*D1Qun " Ro(k)Q1 Do + k™" Ry(k))
X (Q1 — k*Q1 M2 Dy + K*Qin ' Ry(k))

= k7Q1D:1Q1 + n ' Rs(k),

where Rs(k) is uniformly bounded in k. Lemma 3.1.1 then gives us the expansion

M(k)™ = (M(k) + Q1) + (M(k) + Q1) 'Q1B1(k) ' Qu(M (k) + Q1)
= Dy — k*DyMy oDy + k47771]%2(k) +k72Q1D1Q1 + 7771]%5(/?)
=k7*Q1D:Q; + 7771]%6“7)7

where Rg(k) is uniformly bounded in k. O

We observe that despite the logarithmic singularity in the integral kernel of Ry(—k?),
the leading behaviour is identical to that of the case n > 5 odd. We will demonstrate
shortly that this is no longer the case in dimension n = 2,4 and must be handled with

care.

Lemma 3.2.20. [72, Lemma 5.3] Suppose that n > 5 is even and V satisfies As-
sumption 3.2.12. Then the projection Py onto the zero eigenspace of H 1is the operator
Go,0vQ1D1Q1vGoy.

Proof. The proof is identical to that of Lemma 3.2.10, so we omit the details. O]

Theorem 3.2.21. Suppose that n > 5 is even and V' satisfies Assumption 3.2.12. Then

for sufficiently small k we have
R(—k?) — R(—k*) = —k 2Py + R(k), (3.20)

where R(k) is uniformly bounded.

The proof is identical to the odd dimensional case.

3.2.3 Dimension n =4

In this section we demonstrate an expansion for the symmetrised resolvent in dimension
n = 4. Such results have been demonstrated in the unsymmetrised case in [87] and have
been used in various contexts, see [62]. We will again employ the Feshbach inversion
method of [89] discussed at the beginning of this chapter. The resolvent expansions are

similar to those found in the case n > 5 even, however are sensitive to extra obstructions
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to the invertibility of the operator M (k) near zero arising from the presence of zero
eigenvalues and of another phenomena, called a zero energy resonance. Our inversion
procedure will lead to a natural definition of zero energy resonance in dimension n = 4.

Throughout this section we make the following assumption on the potential.

Assumption 3.2.22. We assume the potential V' satisfies Assumption 2.2.14 for some
p > 12.

Equation (3.13) in dimension n = 4 reads
Ro(w,y,2) = K In (klz —y|) Y caph™lz =y + |z —y| 72> dipk™ |z —y|?  (3.21)
p=0 p=0
and leads to the following operator definitions.

Definition 3.2.23. Suppose that n = 4 and V satisfies Assumption 3.2.22. Define the
integral operator G by the kernel

Goo(z,y) = dyplr — y| >

and for integers p > 1 the integral operators Go, and G, 1 by the kernels

Gapo(z,y) = (cagpIn (|z — y|) + daopio) |z — y[*72,

Gop,—1(2,y) = Caoplx — Yy

Further define the operators My = U + vGopv and My, ; = vGap ;v for j = 0, —1 and
p > 1 an integer.

The operator Ga, ; is the operator coefficient of the term % In (k)” in Equation (3.21).
As in the previous section we introduce the variable n = In (k)_l. Then using the definition

of M (k) we have the expansions
M(k) = U +vRy(—k*)v = Moo + k> Moo + k*n~ "My, + k'~ Ry (k) (3.22)
and
M(k) = Moo+ k*Mag + k*n ™ My, _y + k" Myo + k' "My 1 + k7' Ry(k),  (3.23)

where Ry(k) and R;(k) are uniformly bounded for k € F. The expansion of Equa-
tion (3.22) does not have sufficiently many terms for some of the more involved calcula-
tions and in these situations we will consider the expansion of Equation (3.23). We also

define the projection P = ||v||™> (-, v)v which is by definition a scalar multiple of My _;.
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Definition 3.2.24. Suppose that n = 4 and V satisfies Assumption 3.2.22. We say that
zero is a regular point of the spectrum of H if the operator M is invertible. If zero is not
a regular point of the spectrum of H, we define (); to be the orthogonal projection onto
the kernel of Mygo. Then My + @ is invertible and we can define Dy = (Mpo + Q1) .
We say there is an exceptional point of the first kind it ()1 M, 1)1 is invertible on QH. If
Q1 M5 1@ is not invertible, we define ()5 to be the orthogonal projection onto the kernel
of Q1Ms,_1Q; (as an operator on Q1H). Then Q1M _1Q1 + Q2 is invertible on QH. If
Q1 = Q2 we say there is an exceptional point of the second kind. Otherwise, we say there

is an exceptional point of the third kind.

In our definition, @2 # 0 (an exceptional point of the second kind) will be shown
to correspond to the existence of an eigenvalue whilst ()7 # 0 will lead to a definition
of resonance in dimension n = 4. Before proceeding to our expansion of M(k)~!, we
characterise the range of the projections )1 and (), in terms of solutions to the equation
Hvy = 0. We can characterise the image of the projections )1 and ) in terms of the

spectrum of H.

Lemma 3.2.25. [62, Lemma 7.1] Suppose that n = 4 and V' satisfies Assumption 3.2.22.
Then 0 # f € QiH if and only if f = Uvg for some g € H>~t for some t > 0 such that

Hg =0 in the sense of distributions.

Proof. Composing with Hy shows that Hg = 0 if and only if (Id + GpoV)g = 0. So
suppose that f € Q1H which gives us (U + vGov)f = 0 and upon multiplying by U we

obtain

f(@) = =U(2)v(2)[Goovfl(x) = dioU(z)v(z) | |o =yl *v(y)f(y) dy.

R4

Thus we define the function g by

g(x) =dao [ |z —y|v(y)f(y) dy = —[Goovf](x). (3.24)

R4

Since vf € H*? we find by [85, Lemma 2.3] that g € H>~ for some ¢ > 0. By construction

we have f = Uvg and we have the relation
0=g+ Goovf =g+ GooVg = (Id+ GooV)g,

so that g satisfies Hg = 0 in the sense of distributions. For the converse, suppose f = Uvg

for some non-zero g satisfying Hg = 0. Then we have
(U +vGoov)f =vg+vGooVg=v{Id+ GooV)g =0,

so that f € Q1 H. ]
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Lemma 3.2.26. [62, Lemma 7.2] Suppose n = 4 and V satisfies Assumption 3.2.22.
Then 0 # f € QoH if and only if f = Uvg for some 0 # g € H such that Hg = 0 in the

sense of distributions.

Proof. Suppose that f € QQoH. Since Q2 < )1 we have by Lemma 3.2.25 that f = Uvg
and it suffices to show g € H. We note that PQ,; = 0 implies

/R4 v(y)f(y)dy = 0. (3.25)
By Lemma 3.2.25 we have that g satisfies Equation (3.24). Equation (3.25) gives
(1) [ o)) dy =0
and thus
ola) = dia [ (lo =9l = (1+ o)) ) ) .

For z # y € R™ we have the estimate (see [87, Equation (2.8)])

(L+ [y (L+ [yl )  (326)

o=yl = A+ [ <5
| | (L+|z)zle —y2 - L+ [2fP)]z -yl

Both terms on the right hand side of the estimate (3.26) are the integral kernels of Riesz
operators (see [153, Chapter V.1]). Define the operators Ly, Ly : C°(R*) — C°(R?) by

the integral kernels

Li(x,y) = W—;?JP and  Lo(z,y) = ﬁ
By Theorem 2.2.5 we have that for & € R the operator ¢, of multiplication by the function
Go = (1+]-]?)% maps H>' — H*' for any s,t € R. For t > 0 we have by [153, Chapter
V] Ly : HOY — HO U and Ly, : HOY — H%72 Since quvf € H®' we find for
Jj=1,2that q_;L;q1v: H — H and thus g € H.
For the converse, suppose f = Uvg and use Equations (3.24) and (3.25) to show

g(x) = dag /R4 (lz =yl = QA+ =) ") v(y) f(y) dy + dao(1 + [z*)" /R4 v(y) f(y) dy.
(3.27)

Then by assumption g € ‘H and the first term in Equation (3.27) is in H by the estimate
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(3.26), which forces the second term in Equation (3.27) to be in H also. That is

<R4 Sz (14 |x|2)_1/

R4

v(y) f(y) dy) cH.

which forces 0 = Pf = Q1 PQ,f and so f € H. m

Corollary 3.2.27. Suppose that n =4 and V satisfies Assumption 3.2.22. Then
Rank(Ql) < Rank(Qg) + 1.

Proof. Suppose that 0 # fi, fo € Q1H and let gy, go be the corresponding distributional
solutions of Hg = 0. Then we just need to show there exists a constant ¢ € C and a
function h € H such that g, — cg; = h, which follows from Equation (3.27). O

The invertibility of the operator M (k) depends on the nature of the singularity at the

point zero, however the following result will be used in each exceptional case.

Lemma 3.2.28. Suppose that n = 4 and V satisfies Assumption 3.2.22, and that zero
1s not a reqular point of the spectrum of H. Then for sufficiently small k we have the

expansion
(M(E) + Q1) = Dy — k> DoMy oDy — k> DoMy_1 Do — k*n~ ' Ry(), (3.28)
where Ry(k) is uniformly bounded in k and Dy = (Moo + Q1)
Proof. For sufficiently small & we have the estimate
[[M (k) — Moo+ Qull, < 1.
We are thus able to compute the Neumann expansion

(M (k) + Q1) = (Moo + Q1 + k> My + k*n "My 1 + k' My
+ kT IMy A KT R ()
= Do(Id + k* My o Do + k*n~ ' My, 1 Do + k* My 0Dy
+ k' My 1Dy + /f477_1D0R1(]€))_1
= Do(Id — k* Mo oDy — k*n~ "My Dy — k* M, 0Dy
— k' M,y 1Dy — k' DoRy () + k' Ry (k)
= Dy — k*DoMayDo — k*n~ " DoMs _1 Do + k27771]%2(k)7

as claimed. O
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Remark 3.2.29. If we use the extra terms in Equation (3.23) we find

(M(k) + Q1) = Dy — k*DoMa gDy — k*n~" Do My, 1Dy — k* DyM, 0Dy
— k'™ 'DoMy 1Dy + k* Do My gDy Ma oDy
+ k'~ (DoManDo My 1 Do + DoMs _y DoMynDy)
+ k*n > DoMs,_1DoMs Do — kS Ry (K),

where R} (k) is uniformly bounded in k.

We can now handle the relatively simple case of exceptional points of the first kind,
which corresponds to resonances with no eigenvalues. Lemma 3.1.1 tells us that M (k) is
invertible if and only if B (k) defined by

Bi(k) == Q1 — Qi (M(k) + Q1) '

is invertible.

Lemma 3.2.30. Suppose that n = 4 and V satisfies Assumption 3.2.22, and that zero
is an exceptional point of the first kind. Then for sufficiently small k we have By(k) is
wwertible and there exist c¢i,co € C and a uniformly bounded function ¢ : F — C such
that

Bi(k)™" = (KPer + k27 ey + ke (k) T Qo

Proof. We have (see Lemma 3.1.4) the relations Q1Dy = D@1 = )1 and thus using
Lemma 3.2.28 we find

Q1 (M(E)+ Q1) Q1= (Do — k*DoMy0 Do — k*n~ DoMy,_1 Dy — k477_1R2(k)> Q1
= Q1 — K*Q1 M2 0Q1 — K0 ' Q1 Ms_1Q; — k47771Q1R2(/€)Q1-
Since ()1 is a rank one operator in the case of an exceptional point of the first kind by
Corollary 3.2.27, we find that Q1 M30(Q1 = 11 for some constant c¢;, and similarly we

have Q1 My _1Q1 = c@Q; for some constant c;. In the same manner we find there exists
¢3 : ' — C such that Q,Ry(k)Q1 = &3(k)Q1. Then we have

Bi(k) = Q1 — Q1 (M (k) + Q1>_1 (@
=0Q1— <Do — k*DoMa oDy — k*n~' DoMs, 1Dy — /fQU_IRz(kJ))

= k2Q MaoQy + E*n Qi Mo, _1Qy + K> Q1 Ra(k)Qy
= (k:201 + an_lcg + k:477_1&3(k))Ql.

We compute the inverse as By (k) ™' = (k2¢; 4+ k20 'ey + k*n~1¢(k)) ™ Q1 as claimed. [
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We can now use Lemma 3.1.1 to compute the inverse of M (k). We define a recurring

function of k to ease the rather involved calculations,
g1(k) = (e + 7 ea + K2 'E(R)
We will use the formula
M(k)™ = (M(k) + Q1) + (M(k) + Q1) "' Q1B (k) ' Qu(M (k) + Q1) .

Note that the first term in this expansion has already been obtained in Lemma 3.2.28.

Theorem 3.2.31. Suppose thatn = 4 and V' satisfies Assumption 3.2.22, and that zero is

an exceptional point of the first kind. Then for sufficiently small k we have the expansion

M(k)™ =k 2g,(k)Q1 + Do — g1(k)(DoMa,0Q1 + Q1 Ma0Dy)
- Uﬁlgl(k)(DoMz,qu + Q1 My _1Dy) + k2R4(/f),

where Ry(k) is uniformly bounded in k and Do = (Moo + Q1)~".

Proof. Lemma 3.1.1 gives us that

M (k)™ = (M(k) + Q1) + (M(k) + Q1) ' Q1 Bi (k) 'Qu(M (k) + Q1) !
= (M(k)+ Q1) + g(k)(M (k) + Q1) 'Qr(M (k) + Q1)

To handle the second term we make, using Lemma 3.2.28 the computations

(M(k)+Q1)'Q1 = (Do — k*DoMo oDy — k*n~ ' DoMs, 1Dy — an_lféz(k?)) 1
= Q1 — k*DoMs Q1 — k*n ' DoMy,_1Qy — kzﬂ_lfstz(/f)Ql

and

Q1M (k) + Q1) = (Do — k*DoMs oDy — k*n~ ' DoMs, 1Dy — k277_1]5tz(k))
= Q1 — K°Q1MaoDy — k*n ' Q1 Ma,_1 Dy — k27]71Q1R2(/€)-

We thus make the computation

gr(F)(M(E) + Q1) Qu(M (k) + Q1) "
g1(k) <Q1 — k*DoyMy Q1 — k*n ' DoMsy Q1 — k277_1}?2(k)Q1>
(

X (Q1 — k*Qi1MaoDy — k*n~'Q1Ma,_1 Dy — k’277_1Q1R2(k‘)>

91(k)(Q1 — K Q1 Ms0Dg — k* DoMsoQy1 — k*n~ ' (DoMa,_1Q1 + Q1M1 Do) + Ry(k),
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where Rs(k) is uniformly bounded in k. So we find the inverse of M (k) as

M(k)™ = (M(k) + Q1) + k7 2gu (k) (M (k) + Q1) ' Qu(M (k) + Q1)
= Dy — k*DyMs g Do — k*n ' DoMa,_1 Dy — k*n~ Ry(k)
+ g1(k) (Q1 — kK*Q1M29Do — k* Do M5 0Q1 — an_IRS(k))
= g1(k)Q1 + Do — kg1 (k)(Q1My0Do + DoManQ1) + k*n~" Ry(k)
=g1(k)Q1+ Do — ¢35 (QlMQ,oDo + Do Ms0Q1)
+ k20 (DoMa,—1Q1 + Q1 Ma,_1 Do) + k* Ry(k)

where R,(k) is uniformly bounded in k. O

The nature of the singularity in the case of exceptional points of the second and third
kind requires a little more care to handle, although is not significantly worse. We will need
to use the extra terms in the expansion of (M (k) +Q1)~! in Remark 3.2.29. If there is an
exceptional point of the second kind for H then the operator ()1 M, 1)1 is not invertible
on ()1H and we define ()3 to be the orthogonal projection onto the kernel of Q1 My _1Q);.
Then the operator Q1 My _1Q1 + ()2 is invertible on Q2H.

Lemma 3.2.32. [62, Lemma 7.4] Suppose that n = 4 and V' satisfies Assumption 3.2.22.
Then the operator Qe Ms Q2 ts invertible on QaH.

Proof. Suppose that f € QoM is such that Q2Ms0Q2f = 0. Then (Goovf,vf) = 0. Note
also that vf € L'(R") and x — |z|vf € L'(R™), so that F(vf) € L'Y(R")NC*(R"). Using
that Pf =0 for f € Q2H we have the limits

(Gogvf,vf) —hm<k Ro(k?) — Go)vf,vf>:l£if>rg)<k_2(Ro(k2)—Go)vf,vf>
~tim [ (7~ <|5|2+k2>-1) Flw P FE) e
[ e A
~ i [ AZOOIET g [ g menior ag

= (Go,ovf, Go,ovf%

where we have used Lemma 3.1.6 to bring the limit inside the integral. Since f satisfies
Q2 M Qo f = 0, we find (Gaovf,vf = 0. Thus F(vf) =0 and so vf = 0, which implies
that Ker(QovG2ovQ2) = {0}. O

If zero is an exceptional point of the second kind, we have )1 = ()2 and so we can
define Dy = (Q1M30Q1)" as an operator on Q1H = Q2H. The operator Dy satisfies the
relation Dy = Q1 D2()1 and is thus Hilbert-Schmidt.

Theorem 3.2.33. Suppose that n = 4 and V' satisfies Assumption 3.2.22 and that zero

15 an exceptional point of the second kind. Then for sufficiently small k we have the
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expansion
M(K)™ = k72Q1DoQ1 — 17 QuDa@Qi Ma_1Q1D5Q1 + Ry (),

where R7(k) is uniformly bounded in k and K is bounded and Dy = (Q1MQ1) ™ .

Proof. We have the identity QaMs_1 = Q2P = PQy = M, _1Q2 = 0, since for any
f € QaH we have

0= (Q1PQ.f, f) = (Pf,Pf) =|IPfI].

Then we can compute using the expansion in Remark 3.2.29 the relation

Qu(M (k) + Q1) ™'
= Q1 — K Q1 MapQ1 — Ky ' Q1Mo _1Q1 — k' Q1 M4 0Q1
— k' Qi My 1Qy + K*Q1 Mo gDy Ms g Q4
+ k' N Qi MaoyDoMy,1Qy + Q1 My 1 DoMsgQy) + k*n 2Qi Moy _1Q1 Mo Q4
— Ko~ QR (k)@
= Q1 — K*Q1 M2 Q1 — k' Qi1 MyoQ1 — k' Qi My Q1 + k' Q1 Mg Do MsnQ:
— K0~ QuR (k)Q1.

Note that we have used several times the relations Q1 = Q)> and Qo P = P@Qs = 0. Thus

we can write Bi(k) as

Bi(k) = Q1 — Qi(M(k) + Q1) '@
= E*Q1 Mo Q1 + k' Qi MuoQ1 + k' ' QiMy_1Q1 — k' Q1Mo 0 Do Ma Q1
+ kS QLR (K) Q.

Since each of the operators involved is bounded, we have for sufficiently small k£ the

estimate

Hk2Q1 <M4,0Q1D2 + 7771M4,71Q1D2 — Mo DogMsoQ1 Do + kQﬁflélz(/f)QlDﬁ ‘ <1
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Thus we can use a Neumann expansion to determine the inverse of B(k) as

Bi(k) ™' =k (Q1MaoQ1 + K Qi1 MaoQ1 + Ky Q1M _1Q1 — k*Q1 Ma,0 Do Ms Q4

+ kT QuURy(K)Q1)

=k Dy(Id + K*Q1 M4 0Q1 D2 + k*n " Q1 My _1Q1 Dy — k*Q1M9Do Ms oQ1 D>
+ kK QUL (R)Q1 D)

= k72 Dy (1d — k*Q1 My Q1 Dy — K0~ ' Q1 My, _1Q1 Dy + k*Q1 Mg Do Ms 0Q1 D,
— KT QLR (k) Q1 Dy + KRy (k)

= k7?Dy — DyQ1 My 0Q1 Dy — " DaQa My, _1Q1 D5 + Q1Mo 0Dy MagQ1 Dy
— E*n ' Rs(k),

where Ry(k) and Rs(k) are uniformly bounded in k. We can compute using Remark 3.2.29
that

(M(k) 4+ Q1) 'Q1 = Q1 — k*DoMsoQ1 — k*n ' Do My, Q1 — k* Do My 0Qy
— k' ' DoMy_1Q1 + k* Do Ma gDy MaoQ1 + k*n™ (DoMayDoMa _1Q4
+ DoMp,_1 DoMsgQ1) + k*n > Do M,y Do Mo, _1 Q1 — kS~ Ry (k)@

= Q1 — k*DoMsoQy — k*DoM, Q1 — k*n " DoM, 10,
+ k* Dy My gDy My o Q1 + k*n~ " Do My, DoMsoQy — kS Ry (k)Q,

and similarly

Qi(M(k)+ Q1) ' =Q1 — kQQlMQ,ODO — k’277_1Q1M2,—1D0 — k‘4Q1M4,0D0
- k47771Q1M4,71D0 + k4Q1M2,0D0M2,0D0 + k47771(Q1M2,0D0M2,71D0
+ Q1M _1DoMsDy) + k47772Q1M2,71D0M2,71D0 — k67771Q1é/2(/€)

= Q1 — k*Q1 Mz oDy — k*Q1 My oDy — k*n~'Q1 My 1 Dy
+ k'Q1 M0 Do My oDy + k*n™ Q1 Mo gDoMs, 1 Dy — kSn71Q Ry (k).

We can then make the computation

(M(k) + Q)" Q1 Bi(k) ' Qu(M (k) + Q1) = k72QiDoQ1 — 17" Q1 D2Q1 My, 1Q1 D201
— Q1DyQ1 M,y Q1 D2Q, — DoMy Q1 DoQy — Q1 D2Qy My oDy + k2 Rs (k)

where Rg(k) is uniformly bounded in k. Applying Lemma 3.1.1 then gives

M(k)™ = Do+ k2Q1D2Q1 — 7 'Q1DsQ1 My, _1Q1D2Q1 + R:(k),

where R;(k) is uniformly bounded in k. O
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We now proceed to the case of an exceptional point of the third kind, which covers

the simultaneous existence of a resonance and a zero eigenvalue for H.

Definition 3.2.34. Suppose that n = 4 and V satisfies Assumption 3.2.22. We define
the operator T} = ()1 — ()2 acting on Q1H and decompose Q1H = T1H & QH. Let
Dy = (Q2M3Q9)~". We further define on Q;H the related operator

. T, —Ty My oD
T, = ! N (3.29)
—D2M2,0T1 D2M2,0T1M2,0D2

Lemma 3.2.35. Suppose that V' satisfies Assumption 3.2.22 and that zero is an excep-
tional point of the third kind for H. Then the operator Ty defined by Equation (3.29) is a

finite rank operator.

Proof. Since ()1 > )2 by Corollary 3.2.27 we have that )1 — Q)2 = T} is a rank one

operator, which implies 7} is a finite rank operator. O

Since the operator 77 is rank one, there exists constants di,ds,ds € C such that
T1M470T1 = d1T17 TIMQ,flTl = d2T1 and T1M270D2M270T1 = dng. Then for sufﬁciently
small k£ we may define the function h : F' — C by

h(k) = (dy +n~'dy — d3) .

Lemma 3.2.36. Suppose thatn = 4 and V' satisfies Assumption 3.2.22 and that zero is an
exceptional point of the third kind for H. Then there exist bounded operators A, B, C' such
that for sufficiently small k and with Ty is as in Definition 3.2.34 we have the expansion

Bi(k)™t = k7 2h(k)Ty + k72Dy — h(k)T AT, — D2AD,
— ﬁ_lh<k’)TlBT1 — n_2h<k)T10T1 + k677_1R9(k)

where Dy = (QaMs0Qs)~" and Ry(k) is uniformly bounded in k.

Proof. Note that Q2P = P(Qs = 0 so that we can write in the direct sum decomposition
the equality

Bi(k) = K*Q1 MaoQ1 + k10 ' Q1 Mo, _1Q1 + k' Q1 My oQ1 + k'~ ' Q1 My 10y
+ kT QuRy(F)Qy
— k2 <T1M2,0T1 + 0 'Y Mo1 Ty TiMapQo
Q2Ms Ty Q2M3 Q2
+ kS Rg (k)
= Bo(k) + K*A+ k' 'B+E*'n?C + kGU_IRS(k).

) + A+ KB+ k20
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Here we have defined the coefficient operators

A= Q1 MyoQr — Q1M oDy Ms Q1
B = Q1M _1Q1 — Q1 MsoDoMs, _1Q1 — Q1 Ma,_1 Do Ms Q1

C=—Q 1My _1DoMy Q.
Lemma 3.1.3 tells us that the invertibility of By(k) depends on the invertibility of the

operator Q2 Ms Q2 (which is guaranteed by Lemma 3.2.32) and the invertibility of

a(k) = TyMaoTy + 0~ TiMa Ty — TyMa g Do Mo o Ty = h(k)™'T1,

Thus we find a(k)™! = h(k)T; and the inverse of By(k) is given by

T —T,MyoD
Bo(k)™ = k™2h(k) ! PR ) 4 k2D,
—DoMs Ty Dy My oT1 Moo Do

Then for sufficiently small & we can thus invert By (k) via a Neumann expansion to obtain

By (k)™ = (By(k) + K*A + kK*'n 'B + k*n72C + kSn ' Rg(k)) ™

— Bo(k)"N(Id + K*ABo(k) ™' + k*n ' BBy(k) ™ + k*n2CBy (k)™
+ kS Rs(k)Bo(k) ™)~

= Bo(k) ™' — k*Bo(k) ' ABy (k) — k*n ' By(k) ' BBy(k) ™!
— k2 By(k)*CBy(k) ™t 4+ kSn Ry (k)

= k2h(k) ( h ~1iMoD ) +k72Dy — k*Bo(k) " ABo(k) ™!
—D2M2,0T1 D2M2,0T1M2,0D2
— kA By(k) ' BBy(k) ™t — k*'n72By (k) TLCBy (k) + kS Ry (k)

= k2h(k)Ty + k~2Dy — k*By(k) P ABy (k)™
— k* By(k) ' BBy(k) ™ — k*n 2By (k) LC'By(k)™Y) + kSt Ry (k),

where Ry(k) is uniformly bounded in k. Expanding out the By(k)~! terms we obtain

By (k)™ = k7 2h(k)Ty + k™2Dy — h(k)Ty AT, — D, AD,
— 7 h(k)T\ BTy — ' DyBDy — 7 2h(k)T1CTy — 7 2DyC Dy + kS~ Ry (k)

Noting that DyQs = Q2Dy = Dy and Q2Ms 1 = My _1Q2 = 0 we can further simplify to
the expression

By (k)™ = k72h(k)Ty + k72Dy — h(k)TL AT, — D2 AD,
— 7 h(k)T BTy — n 2h(k)TiCTy + kS~ Ry (),
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as claimed. 0

We are now finally ready to invert M (k) in the case of an exceptional point of the
third kind.

Theorem 3.2.37. Suppose that n = 4 and V' satisfies Assumption 3.2.22 and that zero
15 an exceptional point of the third kind for H. Then for sufficiently small k we have

M(k)fl = k7?Q1D-Q1 + k72h(k)Q1T1Q1 + h(k)(Q1D2Q1 Ma gDy + Do My nQ1D2(1)
+ 07 (k) (DoMa,1Q1Ti Q1 + Q1T1Q1 Mo, 1 Do + Q1 Ti BT1Q1)
+ -7 'Q1DyQ1 My _1Q1D2Qy + RlO(k)a

where Rlo(k) is uniformly bounded in k.

Proof. Lemma 3.1.1 shows that
M (k)™ = (M(k) + Q1) + (M(k) + Q)" Qi Bi(k) ' Qu(M (k) + Q1) .

Remark 3.2.29 handles the first term (M (k) + @Q;)~'. Using Lemma 3.1.4 we find the
relations Q1 Dy = D@1 = 1 and so Remark 3.2.29 allows us to show that

(M (k) 4+ Q1)""Q1 = Q1 — kK*DoMooQ1 — k*n ' Do My, _1Q1 — k* Do My oQ1
— k' ' DoMy_1Q1 + k* Do Ma gDy MaoQ1 + k*n™ (DoMagDoMa Q4
+ DoMay 1 DoMy Q1) + k*n ?DoMy,_1DoMsy _1Qy — kS Ry (k) Qy

and similarly

Q1(M(k)+ Q1) = Q1 — K’ Q1 Ma0Do — k*n~ ' Q1Mo _1 Dy — k*Q1 My 0Dy
— k' Qi My 1Dy + k*Q1 Mz 0 Do Ma gDy + k*n™ (Q1 M0 Do Ms 1 Dy
+ Q1Mo _1DgMsoDy) + k*n~2Q1 Mo, _1DoMs 1Dy — k67771Q1R/2(k)-

Note that unlike in Theorem 3.2.33 many terms do not vanish. We use Lemma 3.2.36 to

expand out

(M(k) + Q1) QuBi(k) ' Qu(M (k) + Qi)™

= k2Q1D2Q1 + k*h(k)Q1T1Q1 + h(k)(Q1D2Q1 Ma0Dg + DoMs0Q1D2Q1)
+ 1 (DoMa_1Q1D2Q1 + Q1 D2Q1 M1 Dy) + nilh(k)(DOMQ,lellel
+ QT Q1M1 Do + QT BT1Q1) + Rio(k),

where Rlo(k) is uniformly bounded in k. The relations Dy@Q1 P = DyQ2P = 0 combined

with the observation that all terms in the expansion of (M (k) + @Q1)~' are uniformly
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bounded in k gives the statement of the theorem. O
The above calculations lead us to a natural definition of resonances.

Definition 3.2.38. Suppose that n = 4 and V satisfies Assumption 3.2.22. Then if
Q2 # Q1 # 0 we fix p € Q1H © Q2H and note that by Lemma 3.2.25 there exists
Y € H% (for some ¢ > 0) such that ¢ = Uvtp. We say that ¢ is a zero energy resonance

for H. We define a normalised resonance 1 by the condition

[lod]]; = (4m) "

We note that the definition of resonance here differs slightly from that of [87, p. 405],
although the two are equivalent. The following characterisation of the zero eigenspace is

implicit in [87] and can be found as [62, Lemma 7.5].

Lemma 3.2.39. [62, Lemma 7.5] Suppose that n = 4 and V satisfies Assumption 3.2.22.
Then the projection Py onto the eigenspace at zero is given by GoovQaD2Q2vGy .

Proof. Let ((pj)jyzol be an orthonormal basis for (Q2#H. Then by the definition of @); and
the fact Q2 < 1 we have

0= U(U + UGQ(ﬂJ)QOj = (Id + UUGO’QU)QOJ' = ¢j + UUGQQUQOj.

Letting v; = —Goovp; we see that the v; are linearly independent and that ¢; = Uvy;.
Thus for any f € ‘H we have

No No No
QavGoof =Y (QuvGoof,i)p; = Y (f, Goovey)ps = = > (frihy) ;.
j=1 j=1 j=1

Let (A;;) be the matrix representation of the operator Q2M, _1(Qs. Then we find

Aij = <90i7 Q2M4,—1Q2§0j> = <G0,0U<P1;7 GO,OU%’> = <G0,0V¢z‘, G0,0V¢j> = <¢i7¢j>-

Then for f € H we have

No No
Go,00Q2D2Q2vGoo f = — (Z (f, ¢j>Go,oUQ2D2Q2<Pj) ==Y Goov@a(AZ"ei(f. )

j=1 7,7=1
No No

= - Z GO,OU(Ai_jl)%Oz‘<f; Vi) = Z (Ai—jl)wi<fv ¥j)-
i,j=1 4,j=1

In particular for f = wm we find GO’OUQQDQQQUG[)’O’[?DT” = wm So G()’O/UQQDQQQ/UGO’O is
0

the identity on span(wj)évzl and is the identity on QQoH and is thus the projection onto

the zero eigenspace of H. O]
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We conclude this section by determining a low energy expansion of the resolvent
R(—FK?).
Theorem 3.2.40. Suppose n = 4 and V satisfies Assumption 3.2.22. Then for suffi-

ciently small k we have

R(—/{IQ) — Ro(—kQ) = —kizpo — kiQh(k)Go’[ﬂ)QljﬂlQlUGoyo
+ 07 (Goovn ' Q1D2Q1 My, 1Q1D2Q10Go ) + R(k),

where R(k) is uniformly bounded in k.
Proof. We begin with the relation

R(—k*) — Ro(—k*) = —Ro(—k*)vM (k) 'vRo(—k?).

Multiplying the expansion of Ry(—k?) in Equation (3.21) with the expansion of M (k)™!
found in Theorem 3.2.37 yields the result immediately. O

3.2.4 Dimension n =3

1

In this section we demonstrate the expansion of the operator M (k)™ near k = 0 in

dimension n = 3 and use this to define a zero-energy resonance. The results of this
section are a straightforward application of the results of [89]. Such expansions have been
considered in a different context in [64] and first appeared in a non-symmetrised form in
[88].

The assumption on the potential required in this section is the following.
Assumption 3.2.41. Suppose that n = 3. We assume that V satisfies Assumption 2.2.14

for some p > 5.

In dimension n = 3 Equation (3.12) reads

Ro(l’, Y, _k2) = ’l’ - ylil Z 037p]€p‘l’ - y‘p (330)

p=0

The above expansion leads to the following operator definitions.

Definition 3.2.42. Suppose that n = 3 and V satisfies Assumption 3.2.41. We define
for p € N the integral operators G; by the kernels

Gylx,y) = (4mp) o —y[P~

and for p > 1 the integral operators M), by the kernels

M,(z,y) = Pv(x)Gp(x, y)v(y).
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We also define the operator M, by the kernel
(Mo — U)(z,y) = v(x)Go(z, y)v(y).
Then from the definition of M (k) we have
M(k) = U + vRo(—k*)v = My + kM + K*M, + k3 Ry(k),

where Ry (k) is uniformly bounded for k € F = {k € C: Re(k) > 0 and |k| < 1}.

Lemma 3.2.43. Suppose that n = 3 and V' satisfies Assumption 3.2.41. Then for k € F
the operator M (k) — My is Hilbert-Schmidt.

Proof. The operator M (k) — My has the kernel
(M(k) = Mo)(z,y) = k™ o(a) (4m) o —y|~H (7 = 1u(y)
and thus we have the estimate
(M (k) — Mo)(z, y)| < (4m) 7 |v(2)|Jv(y)].

Hence we see that M (k) — My € L£L(H) provided |v(z)| < C(1 4 |z|)~% for some p > 5,

which is our assumption on V. 0

We can further define the projection P : H — H by
[Pf](x) = [o]l;” v(x) /Rd () f(y)dy = [[o][5” (v, fHu(z).

The projection P is related to M; by the formula M; = i(4mr)~! |]U||§ P.
Note that M, is a compact self-adjoint perturbation of U and thus has essential
spectrum oess(Mp) C {—1,1}. So 0 is an isolated point of the spectrum of M, and

Dim(Ker(Mj)) < co. These considerations lead us to the following definition.

Definition 3.2.44. Suppose that n = 3 and V satisfies Assumption 3.2.41. We say that
zero is a reqular point of the spectrum of H if the operator M, is invertible. If zero is
not a regular point of the spectrum of H, we define (); to be the orthogonal projection
onto the kernel of My. Then My + Q) is invertible and we can define Dy = (M + Q)L
We say there is an exceptional point of the first kind if (Q1M;(); is invertible on Q1 H. If
Q1 M:1Q)1 is not invertible, we define ()5 to be the orthogonal projection onto the kernel of
Q1 M1Q; (as an operator on Q1H). Then Q1 M;Q1 + Q2 is invertible (with inverse defined
to be Dy) on Q1 H. If Q1 = Q2 we say there is an exceptional point of the second kind.

Otherwise, we say there is an exceptional point of the third kind.
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We will show @3 # 0 (an exceptional point of the second kind) corresponds to the
existence of an eigenvalue at zero whilst ()1 # 0 corresponds to the existence of a resonance
in dimension n = 3. By definition, the projections )1 and ()2 are finite rank operators

and Q2 < Q1. The following expansion will be used in each exceptional case.

Lemma 3.2.45. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero
18 not a reqular point of the spectrum of H. Then for sufficiently small k we have the

eTpansion
(M (k) + Q1) = Dy — kDyM, Dy — k* DMy Dq + k* Do My Do M, Dy + kgﬁl(k)

where Ry (k) is uniformly bounded in k and Dy = (My 4+ Q1)

Proof. For sufficiently small & we have the estimate
HkM1D0 + K2 MyDy + k?’fzo(k)DoH <1,

since each of the operators is bounded. We are thus able to factor and use a Neumann

expansion to find

(MK + Q)™ = (M + kM + KMy + KR (k) + Q1>1

- —1
— Dy (Id + kM, Do + K> My Do + k3R0(k:)D0>

= D, (Id — kM, Dy — k*MyDy — k* Ry (k) Dy + i (=1 (M (k) — Mo)Do)j>
=2
— Dy~ EDGM, Dy — E2DuMy Dy — K Dufolk) Dy + 3 (—17 Do((M(k) — M) Dy
j=2
Computing the lowest order term in the sum as k?DyM; DyM; Dy and defining
Ry (k) = —DoM,DoM, Dy — kDo Ro(k) Do + k2 i (—=1)? Do((M (k) — My)Dy)?
j=2

completes the proof. O
Remark 3.2.46. We can further compute the lowest order terms in R; (k) to obtain
Ry (k) = —DoM; Dy M, Dy — k(DoMsDy + DoM;DoM; DoM;Dg) + k2R(k).

Corollary 3.1.2 shows that M (k) is invertible if and only if the operator

Bi(k) = k" (Q1 — Qu(M (k) + Q1) Qn) (3.31)
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is invertible on @1 and in this case
M) = (M) + Q1) "+ kM (M) + Q1) Q1B1(k) ' Qu(M (k) + Q1) .

So we now investigate the invertibility of the operator By (k) for sufficiently small k.

Lemma 3.2.47. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is
an exceptional point of the first kind for H. Then for sufficiently small k we have the

expansion

Bi(k) = Q1 M1Q1 + kQ1 M>Qy — Q1M Do M, Q1 — kQQlél(k)Ql'

Proof. We substitute the result of Lemma 3.2.45 into the definition of B; (k) in Equation
(3.31) to obtain

kBi(k) = Q1 — Q1(M(k) + Q1) ' Qs
— Oy —Q (DO — kDoM, Dy — k*DoMsDq + k2 Do M, Dy M, Dy + k3R1(k)> O
= Q1 — Q1DoQ1 + kQ1 Do M1 DoQ1 + k*Q1 Do M>DoQ1
— K*Qi M Do M Q1 — K* Q1 Ry (k)Qu
= kQ M1Qq + K2Qi MyQy — K2Q My DoM, Q1 — K2Q Ry (k)Q1,

where we have used Lemma 3.1.4 several times. OJ

If the term Q1 M;Q); is invertible (there is an exceptional point of the first kind) then
we can invert By (k) for small k& using a Neumann series and thus obtain an expansion for
M (k)= also. Since the operator Q, M;Q; has rank one, this can only occur if Rank(Q;) =
1. In this case we can define the operator D; = (Q;M;Q;)~!. The result is the following.

Lemma 3.2.48. Suppose that V' satisfies Assumption 3.2.41 and that zero is an excep-
tional point of the first kind for H. Then for sufficiently small k we have the expansion

By(k)™' = Dy — kD1Q1M;Q1 Dy + kD1Q1 M, Dy M,Q1 Dy + k> Ry(k),

where Rg(l{?) is uniformly bounded in k and Dy = (Q:M1Q,)™".
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Proof. We compute that

Bi(k)™ = <Q1M1Q1 + kQ1 MyQy — kQ M Do M)y — k2Q1R1(/€)Q1>_1
=D, <Id + kQ1 MyQ1 Dy — kQ1 M, Do M Q1D — kQQlél(k)Q1D1>l

=D (Id — kEQ M@ Dy + kQ1 My Do M, Q1 Dy + k‘2Q1R1(k)Q1D1

o0

+ (_1)j (kQ1M2Q1D1 — kQ1 My DM, Q1D — k2Q1R1(/€)Q1D1>j)

j=2

= Dy — kD1Q1MyQ, Dy + kQy My DoM,Q1 Dy + kD1 Q1 Ry (k)Q1Dy

£ 37 (-1Ds (KQIMQ1 Dy + KQIMDOMIQD: — QUL (R)Q1 Dy )

I

[|
I\

J

Defining
RQ(I{?) = DlQlRl(k)QlDl + k_Q Z (—1)]D1 <k3Q1M2Q1D1 - leél(k’)QlD1>j
Jj=2

completes the proof. O
We now have the following expansion for M (k)=

Theorem 3.2.49. Suppose that n = 3 and V' satisfies Assumption 3.2.41 and that zero
is an exceptional point of the first kind for H. Then for sufficiently small k we have the

expansion

M(k) ™' =k7'Q1D1Q1 — Q1 D1Q1M>Q1D1Q1 + Q1 D1Q My Do M,Q, D1 Q4
— DoMQ1D1Qy + Do + kR3<k)7

where Rs(k) is uniformly bounded in k and Dy = (Q M, Q)"

Proof. Lemma 3.2.45 shows that M (k) + () is invertible and we can compute that
(M (k) + Q1) 7' Q1 = Q1 — kDoMQy + k*DoMyQy — k*DoM; DoM;Qy + k>R, (k) Q1
and
Qi(M(k) + Q1) " = Q1 — kQi M Dy + K*Q1M>Dy — k*Q1 My DoM; Dy + K*Q1 R (k).

Lemma 3.2.48 shows that B;(k) is invertible on 1 and thus we have by Lemmas 3.1.1
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and 3.2.45 the expansion
M(k)™ = (M(k) + Q1) "+ k' (M(k) + Q1) ' Qi By (k) 'Qu(M (k) + Q1)
= Dy — kDoM, Dy + k*DoMyDy — k? Dy My Do M, Dy + k3 Ry (k)

+ k! <Q1 — kDo M,Q1 + KDy M>Qq — k*DoM;DyM;Q1 + k3R1(k)Q1>

X (Dl — leQlMQQlDl + leQlMlDOMlQlDl + kQRQ(k))

X (Q1 — kQ1 M, Dy + k*Q1MyDy — k*Qy M, Do M, Dy + k3Q1R1(/€))-
Explicitly computing the lowest order terms in the product we obtain the statement of
the theorem. 0

If Q1M,Q; is not invertible, we define Q) : Q1H — @Q1H to be the orthogonal
projection onto the kernel of Q1M;(Q),. For sufficiently small k& we have By(k) + Q5 is
invertible in Q;H. We define the operator Dy = (Q1 M1Q1 + Q2) .

Note also that the fact QY3 < @) and the definition of Q) imply 0 = Q1 M,Qs =
Q1 PQsy. Lemma 3.1.1 tells us that B;(k) is invertible if and only if

By (k) = (Q2 — Qa(Bi(k) + Q2) ' Qo) (3.32)

is invertible on (Yo and in this case we have

Bi(k)™' = (Bi(k) + Q2) ' + k71 (Bi(k) + Q2) ' Q2Ba(k) ' Qa(Bi (k) + Q2) "

Lemma 3.2.50. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is
an exceptional point of the third kind for H. Then for sufficiently small k we have the

expansion
(By(k) + Q2)™t = Dy — kD1Q1 M>Q1 Dy — kD1Q1 My Do M,Q1 Dy + K> Ry (),

where R4(/~c) is uniformly bounded in k and Dy = (Q1M,Q1 + Q2) L.

Proof. Since each of the coefficient operators is bounded, we have for sufficiently small &

the estimate

HleMQQIDl — kQ1M1DyM,Q1D; — kQQlél(k)D1H <L
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Thus we make the computation

(Bi(k)+ Q) ' = <Q1M1Q1 + Q1 MyQ1 — kQ1 My DoM,Qy — K2Q1 Ry (k) Q1 + Qz) B
=D (Id + kQ1MyQ1 Dy — kQ M Do M1 Dy — kQQlél(k>D1>l

=D (Id — EQ1 MyQ1 Dy + kQ1 My Do M, Q1 Dy + kQlebl(k)Dl

o0

+ (—1) (kQ1M2Q1D1 — kQi M DoM,Q,1 Dy — k2Q1R1(k)D1>j>

=2

.

= D1 — kDQ1MQ1D1 + kD1Q My DyM,Q1 D1 + kQDlQllfil(k>Dl

£ 37 (19D (HQuMQD: — KQUMDOMLQD: — K QuRa(K) D)

<
[|
N

AMS

where we have used Lemma 3.2.48 and a Neumann expansion. Defining
Ray(k)

. J
= D1Q1R1 VD1 + k™ Z 1Y D, <kQ1M2Q1D1 — kQ1 M DyM,Q)y — kQQlRl(k)D1>

completes the proof. n

Lemma 3.2.51. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is
an exceptional point of the third kind for H. Then for sufficiently small k we have the

expansion

By(k) = QaMaQa — QokRy(k)Qy.

Proof. We use Lemmas 3.2.50 and 3.1.4 and the definition of By (k) to obtain

Q2 — Q2(Bi(k) + Q2)7'Q2)

Q2 — Q2(Dy — kQ1M3Q1 Dy + kD1 QM DoM, Q1 Dy + k2R4(k7))Q2)
= k(Q2 — Q2D1Q2 + kQ2Q1 MoQ1Q2 — kQ2 M1 Do M1 Qs — K*Qa Ry (k)Q2)
= Q2M>Qs — Q2 My Do M1 Qs — QokRy(k)Qs,

where we have used the relations (1Q1 = Q1Q2 = @2 and Q2D1Q2 = ()>. Note also
that Q2M; = 0. To complete the proof we note by [88, Lemma 2.2] that we have
Gy € L*(H*' H*") for t > 2 and thus we have Q2M>Q> € L2(H) provided p > 5
in Assumption 2.2.14. n

We now characterise the range of the projections )7 and (). The next two results

can be inferred from related results in [88] and can aso be found in [64, Lemmas 5 and 6.
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Lemma 3.2.52. [64, Lemma 5] Suppose that n = 3 and V' satisfies Assumption 3.2.41.
Then 0 # f € Q1H if and only if there exists t > % and g € H>t such that f = Uvg and
Hg =0 in the sense of distributions.

Proof. By [88, Lemma 2.4] we find that g € H%™! satisfies Hg = 0 if and only if
(Id + GoV)g = 0.

Fix 0 # f € Q1H so that

0 = [Myf)(x) = U(x) f(2) + (4m) " 0(x) /

. |z —y| " u(y) f(y) dy.

Multiplying by U(z) we obtain
@) = () W@)eta) [ o=l o(0)F0)
R
Defining g € H%! by

ola) =~ [ o=yl o) ) dy (3.33)

we have f = Uvg. To see that Hg = 0 holds we compute that

ole) = ~(m) [ o= al o))y =~ [ o= al Vi@l dy

= —[GoVgl(x).

Conversely, we suppose that f = Uvg for some 0 # g € H%~! satisfying Equation Hg = 0.
Then f € H%? and applying M, we find

(Mofl(a) = U@) (@) + (4m)"ola) [ o=yl o) ) dy

~ (a) (g@:) Fun) [ Je— g V) dy)

= v(z)[(Id + GoV)g](x)
=0.

R3

Thus we have 0 # f € Q1H. O

Lemma 3.2.53. [64, Lemma 6] Suppose that n = 3 and V satisfies Assumption 3.2.41.
Then 0 # f € Q2H if and only if there exists g € H such that f = Uvg and Hg = 0 in

the sense of distributions.

Proof. Suppose 0 # f € QyH. Since Q2 < @)1 we have that by Lemma 3.2.52 that
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f = Uwvg for some g € H% ! with t > % and Hg = 0 in the sense of distributions. By the
definition of Q)3 we find Q)1 Pf = 0, which holds if and only if either Q1v =0 or Pf = 0.

In either case we have

0= [ vwray. (3.34)

Using Equation (3.34) in Equation (3.33) we find that g satisfies

9(z) = —(4m)"! / (Il — " = (14 J2) ™) v() f () dy.

R3
Define the operator L : C°(R?*) — C°(R?) by the integral kernel L(x,y) = %
By (88, Lemma 2.5] we have L : H%" — H*"2. Then for t > 2 we have that
- - 1+ |yl
o —yI™ = (L +J2) 7| < (3.35)
| S i

which when combined with the fact that f = Uvg € H®5 shows that ¢ € H% and thus
g € H*'2 C H. For the converse, we assume f = wg for some 0 # g € H satisfying
Hg = 0. Then we may write
9(x)
= —(4m)"! /3 (lz =y = U+ [2)) ™) v(y) fy) dy + (4m) (L + [a]) /RS () f(y) dy.
R

The estimate (3.35) shows that the first term is square integrable and thus we find the
function h : R3 — C defined by

h(z) = (4m)" (1 + [2]) / o(y) () dy

R?)

is square integrable alsosince (z — (1 + |z|)~! ¢ L?(R3) we have

0= [ vwray (3.36)

As discussed at the beginning of the proof, Equation (3.36) is equivalent to f € QoH. O

The proof of Lemma 3.2.53 allows us to show that the Feshbach expansion terminates

after only two applications and thus invert the operator Bs(k).

Lemma 3.2.54. [6/, Lemma 7] Suppose that n = 3 and V' satisfies Assumption 3.2.41
and that zero is an exceptional point of the third kind for H. Then the operator Qo Ms(Q)o

is invertible in QoH.
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Proof. Suppose that f € QoH and Qo MoQof = 0. Then we find

0= <Q2M2Q2f7 f> = <M2f7 f> = <G2Uf7 Uf>

The proof of Lemma 3.2.53 shows that we also have

0= [ vray

Note also that vf € L'(R") and z + |z|vf € L'(R™), so that F(vf) € L'(R") N C*(R™).

Thus we may compute the limits

(Govf,0f) = lim k= ((Ba(k?) — Go)of. vf)
—tim k7 [ (R + 1)~ € ATFRATOFN) de
—tim [ (PP + 1) P dg
= [ EIF@NIO € = (Govf Guo,

where we have used Lemma 3.1.6 to bring the limit inside the integral. Since Qo MsQsf =
0 we thus find F(vf) = 0 and so vf = 0, which further implies f = 0 and so QM@ is
invertible in QQoH. n

Since the operator Qo M>Qs is invertible in QyH we can define Dy = (QaM>Q5) 1.

Lemma 3.2.55. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is
an exceptional point of the third kind for H. Then for sufficiently small k we have the

expansion
By(k)™' = Dy + kB + k*Rs(k)
where Ry (k) is uniformly bounded and
B = —DyQaM35Q2Dy + DyQ2MQ1 D1Q1 MQ2Ds.

Proof. For sufficiently small k£ we have the estimate

“kQ2R4(k)Q2D2“ <1
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We thus compute the Neumann expansion

1

By(k)™! = (Q2M2Q2 — k@2é4(k)Q2> B =Dy (Id — k@zfﬁ(k)QzDz)_
— D2 (Id + i kj(Q2R4(]€)Q2D2>j>

J=1

= Dy + kDyQoRy(k)QoDs + Z J9 Dy (Qa Ry (k) QDo ).

=2
The lowest order term in R4(k) can be computed explicitly (see Remark 3.2.46) as
A = —DoM;3Dy — D1Q1 DMy Do My Do My Do Dy + D1 (Q1MoQ1 Dy — Q1 My Do My Qy ).
The relations QoD = D1Qo = @2, QoM = M1Q2 = 0 and Q)3 < ()1 then give us
DyQ2AQ2 Dy = —DyQaM3Q2Ds + DoQoMoQ1D1Q1 MaQ2 Ds.

Defining Rs(k) = k=2 > Dy (QoR4(k)Q2D5)’ completes the proof. O

Lemma 3.2.56. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is
an exceptional point of the third kind for H. Then for sufficiently small k we have the

expansion

Bi(k)™' = —k7'QaDsQ2+ Dy + Q2 BQ2 — Q2D2QaMoQ1 D1 — D1Qy MaQa Do Qs + kRﬁ(k)a

where Rﬁ(k) is uniformly bounded.
Proof. Combining Lemmas 3.2.50 and 3.2.55 gives
Bi(k)™h = (Bi(k) + Q2) ™ + k7N (Bi(k) + Q2) "' Qa2 Ba(k) ' Qa(Bi(k) + Q2) ™
= Dy — kDQ1MzQ: Dy + kD1Q M Do M Q1 Dy + k* Ry (k)

+ k7 (Dl — kD1Q1M>Q1 Dy + kD1Q1 M, Do M, Q1 Dy + k2]5t4(k))

X Qa(Dy + kB + k*Rs(k))

X Q2 (Dl — kD1Q1M>Q1 Dy + kD1Q1 M1 DyM,Q1 Dy + k2]5b4(k7))
Collecting all lower order terms gives the result. O

We can now compute an expansion for M (k)=

Theorem 3.2.57. Suppose that n = 3 and V' satisfies Assumption 3.2.41 and that zero
18 an exceptional point of the third kind for H. Then for sufficiently small k we have the
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expansion

M (k)™ = k7°Q2DsQs + k~'Cy + Ry(k),
where Rz (k) is uniformly bounded and

C_1 = D1+ DyMsD1MyDy + Do MsDy — Q1 MoDy — Do My(Q)y.

2

Proof. We begin with the fact that
M(k)™ = (M(k) + Q)™ + k7 (M(k) + Q)" Qi By (k) Qu(M (k) + Q)" (3.37)
So we compute the products

(M(k) + Q1) 7'Q1 = Q1 — kDyM,Q1 + k*DoM>Q; — k> Do My Dy M@ + E* Ry (k)Q1, and
Q1M (k) + Q1) = Q1 — kQ1 My Dy + k*Q1 MyDy — k*Q1 M, Do M, Dy + k*Q1 Ry (k).

We are interested only in terms in the product with coefficient k=2 or k~!. Expanding

out the product we obtain

EH(M (k) + Q1) Q1B (k) Qu(M (k) + Q1)
=k (Q1 — kDo M Q1 + kK> DoMyQy — k*Do My DM Q1 + K* Ry (k)Q1)
x (k7'Q2D2Q2 + Q2BQ2 — Q2 D2Q2M>Q1 Dy — D1Q1 MaQ2D2Q + kas(k))
x (Q1 — kQ1 M1 Dy + k*Q1 Mz Dy — k*Q1.My DM, Dy + k3Q1R1(k))
= k72QuD5Qs + k" (DaMyDy MyDy + DyMsDy — Qu My Dy — DyMoQy) + Ra (k).

We thus find

KN (M (k) + Q1) QB (k) 'Qu(M (k) + Q1)
= k7'Dy + k?Q2D2Q2 + k(Do My Dy My Dy + Dy M3 Dy — Q1Mo Dy — Do Mo Q) + Ry (k)

Using Equation (3.37) and the fact that (M (k) + Q1)~! is uniformly bounded in & com-
pletes the proof. O

We note that in the case ()2 = 0 this reduces to the result of Theorem 3.2.49.

Definition 3.2.58. If @); # 0 (an exceptional point of the first or third kind) we say
there exists a zero energy resonance for H. In this case Lemmas 3.2.52 and 3.2.53 show
that the set Q1H © QoH is one dimensional and for each ¢ € Q1H/Q2H there exists a

t > % and ¢ € H%! such that ¢ = Uvtp. We define a normalised zero energy resonance
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by the condition

1
[Vl = llvell, = (4m)2.
We also use the notation 77 = @)1 — () for the projection onto the span of .
We now justify the choice of normalisation for our resonance 1.

Lemma 3.2.59. Suppose that n = 3 and V' satisfies Assumption 3.2.41 and that there
exists a zero energy resonance for H. Let v be the normalised zero energy resonance of
Definition 3.2.58. Then for any ti,ts > 3 we have in B(H™%", HY'2) the equality

GovT1 D\ TyvGy = (¢, ),

where 1 is the normalised zero energy resonance of Definition 3.2.58.

Proof. Fix t1,ty > % Since T1H is one dimensional, we choose a non-zero ¢ € TYH (a

basis). Since T} is a rank one operator, we find there exists p € C such that T\ D Tip =

. By Lemma 3.2.52 there exists t3 > % and 1& € H%7' such that ¢ = UU@Z and

¥ = —GyVv. By rescaling ¢ if necessary, we may choose ¥ = 1. So we compute that for
any f € H% % we have

TIUGOf = <UG0f7 90><10 = <f7 GO“@)SO = <f7 GOV¢>¢ = _<f7 1/}>90
Then we find

GovTyDiTvwGof = —(f,¥)GovT1 D1 Thp = —pl f, ) Govep
= —p{f, V)GV = p(f, ).

We determine p as = (@, Myp) = V{1, G{V) = (47)"H V), 1) = 1, from which the

result follows. O

We can also recognise the projection onto the zero eigenspace for H in terms of the
operators we have seen. The following characterisation is implicit in [88] and can be found
as [64, Lemma 10].

Lemma 3.2.60. [64, Lemma 10] Suppose that n = 3 and V' satisfies Assumption 3.2.41
and let Py be the kernel projection of H. Then we have the equality Py = GouvQ2D2Q2vGy.

Proof. Let ((pj);v:‘jl be an orthonormal basis for Q2H. Then by Lemmas 3.2.52 and 3.2.53

we have

0 = QOj + UUG()UQOJ'
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for 1 < j < Ny and we can write ¢; = Uvy; for some 9; € ‘H. Furthermore, we have

0= [ Vi@ de = [ aeo) s

the ¢, are linearly independent and satisfy the relation 0 = 1;4+GoV1);. We thus compute
for f € H that

No
QuGof =Y (vGof,05)0; = Y (f,Goves)e; = =Y (F. )
i=1 : =

Let (A;;) be the matrix representation of QvGv(Q)y (the inverse of Dy) relative to the
basis (cpj)j-v:ol. Since we have [, v(x)p;(z)dz = 0 we find

Aij = <()0i7 szszQ290j> = <G0U90i7 G0U<Pj> = <G0V¢z‘, G0V¢j> = <¢i,¢j>-

Then we find for f € H that

GovQ2D2QavGo f = — ZGOUQ2D2%<f v) = ZGOUQ%PZ i)

i,7=1

— Z ilf, e5).

i,7=1

In particular for f = 1, we find GovQ2D2Q2vG o, = 1¥,,. Thus the range of the operator
GovQoDoQovGy is span(w]) ©, and GovQaD2Q2vGy = Id on Range(GovQaD2Q2vGy).
Since GovQ)2 D2Q2v(G) is self-adjoint, we find Fp is the projection onto the zero eigenspace

Span(w])] 1 as claimed. O
We thus obtain the following expansion for the difference of resolvents.

Theorem 3.2.61. Suppose that n =3 and V' satisfies Assumption 3.2.41. Then for any

s,t > % and sufficiently small k we have in B(H~ 4% HY =) the expansion
R(—k?) = Ro(—k2) = k™ (= (-, )0+ D_y) — k2P + R(k),
where R(k) is uniformly bounded in k and

D_ = —G()U(DQMQDlMQDQ + D2M3D2 - Q1M2D2 - DQMQQl)UG().

1
2

Proof. Use the relation

R(—k?) — Ro(—k*) = —Ro(—k*)vM (k) vRo(—k?)
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in conjunction with Theorem 3.2.57 and Lemmas 3.2.59 and 3.2.60. O]

3.2.5 Dimension n =2

In this section we determine a low energy expansion of the resolvent in two dimensions
using the symmetrised technique introduced in [89]. Such an expansion has been de-
termined explicitly in [89, Theorem 6.2], however we present some additional details for
clarity. Similar expansions have been introduced in different contexts in [26], [63] and
[166].

We make the following assumption on the potential.

Assumption 3.2.62. Suppose that n = 2. We assume the potential V' satisfies Assump-
tion 2.2.14 for some p > 11.

In dimension n = 2 Equation (3.13) reads
Ro(z,y,2) =In(klz — y|) Y copk™|x —y[ + ) do k™|x — y|™ (3.38)
p=0 p=0
Equation (3.38) leads to the following operator definitions.

Definition 3.2.63. Suppose that n = 2 and V satisfies Assumption 3.2.62. Then we

define the integral kernels

Gopo(@,y) = (c2pln |z = y]) + dap) |r =y, and

G2p,—1($a y) = C2,p|l’ - y|2p-

Then for (2p, j) # (0,0) we define the operators My = U + vGov and My, ; = vGay 0.

The operator Gy, ; is the operator coefficient of the term k% In (k)” in Equation (3.38).
As in higher even dimensions, we make the definition 7 = In (k)~'. Then we can use the
definition of M (k) to write

M(k) = U +vRo(—k* ) = (Mayo + 17 Myp_1) k™.
p=0
We immediately obtain the following result.

Lemma 3.2.64. [89, Lemma 6.1] Suppose that n = 2 and V' satisfies Assumption 3.2.62
and let F = {k € C: Re(k) > 0,]k| < 1}. Then M(k) —n 'My_1 — U is a uniformly

bounded compact operator-valued function on F and for sufficiently small k we have

M(k) = Moo +n" "My _y + k*Mag + k>~ My _y + E*n~ ' Ro(k),
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where Ro(kz) is uniformly bounded. For j = 0,1 the operators Ms;o are compact and

self-adjoint and the operators Mayj 1 are finite rank.

In particular, we note that My _; = ¢ ||v]|5 P, where P is the rank one projection
P = ||v||;? (v, -)v. We denote @ = Id — P the complementary projection.
We now aim to use the Feshbach formula of Lemma 3.1.1 to invert M (k). To do so

we need the following definition.

Definition 3.2.65. Suppose that n = 2 and V satisfies Assumption 3.2.62. We say that
zero is a reqular point of the spectrum of H if QM () is invertible on QH. If zero is not
a regular point of the spectrum of H, we denote by (); the orthogonal projection onto
Ker(QMp Q). In this case the operator QM@ + @, is invertible and we denote the

inverse by Dj.

Lemma 3.2.66. Suppose that n =2 and V satisfies Assumption 3.2.62 and that zero is
not a regular point for the spectrum of H. Denote by My(k) = M (k) — n~'My_y. For
sufficiently small k, the operator QMy(k)Q + Q1 is invertible and there exists a function
g(k) = n=tg(k) with g uniformly bounded such that

(M(k) +Q1)™" = g(k) ™' A+ QDoQ — K*D(k) + k* Ba(k),
with D(k) and Ry(k) uniformly bounded in k and
A:=P — PMypQDoQ — QDyQMyoP + QDyQMooP My QDoQ.

Proof. We decompose H = PH & QH so that we may write

M)+ Qs = (P(M(k) +QP P(M(k) + @n@)

QM(k) + Q)P Q(M(k)+ Q1)Q
_ P(M(k) ="My 1 +n~"' My 1) P P(M(k) —n~'Mo1 + 1" My 1)Q
Q(M(k) —n~"My_y+n"My_1)P Q(M(k) —n~'My_1+n"My_1)Q+ Q1 7

where we have used that QP = PQ = 0 and QQ; = Q1@ = ();. Since we have defined
Moy(k) = M (k) — ="My _, we can use the observation PMy_; = My 1P = cap|Jv]|5 P

to obtain

M)+ @ = TMRIP + e o3P PMo(k)Q
' QMo (k)P QMo(k)Q + Q:
_ [ PMooP + 17 e o] 2P PMyoQ
QMo oP QMo0Q + Q1

+ kA (Myg + 07 My_y) + K~ Ro(k),
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where Ry (k) is uniformly bounded. Define the operator

PMyoP +n~1 ip PM,
A(k)z( oo 1 caolfoll; 00 ) (3.39)

QMoo P QMo pQ + Q1

Then by Lemma 3.1.1 the operator A(k) is invertible if and only if the operator
B(k) = (PMyoP +n "o ||v]|5 P — PMyoQDoQMooP) ™

exists and is bounded, where Dy = (QM;oQ + Q1) as in Definition 3.2.65. Since P is

a rank one projection there exists a constant ¢ such that
B(k) = ! )P =:g(k)”'P
(k) = (c+n" capllvlly) P =:g(k)~"P.

Thus we use Lemma 3.1.3 to write

AR = ( B(k) —B(k)PMooQDo >
—DoQMooPB(k) DoQMyoPB(k)PMycQDy+ Dy

_ < P —PMo,QD, )
—DoQMooP  DoQMoyoP My ocQDo+ g(k)Dy

g(k)™! (P — PMooQDoQ — QDoQMoo P + QDOQMO,OPMO,OQDOQ) + QDo
g(k) "t A+ QDoQ.

Note that for sufficiently small & we have the estimate

K200 + 07 Mo ) AGR) ™+ K R (R)AGR) | < 1.

Then we can compute the inverse of M (k) 4+ () using a Neumann expansion as

(A(k) 4+ k*(Mao + 17" Mo 1) + E*n 'Ry (k)™
= A(k) ™ (Id + E* (Moo + 07 "My ) A(K) ™ + k' ' Ro (k) A(k) 1)~
= A(k)(Id — B*(Mao + 17 "My ) A(k) ™ = k' ' Ro(k) A(k) ™!
+ k'R (k)
= g(k)fl (P - PMO,OQDOQ - QDOQMO,OP
+ QDOQMO,OPMO,OQDOQ) + QD@
— A(k) T (KA (Moo + 7 My )A(R) ™ — k' Ro(k) A(K) ™! + K*Ry (k)
= g(k)'A+ QDoQ — K2 A(k) ™Y (Mayg + n~ My 1) A(k) ™t + E* Ry (k)
= g(k) ' A4+ QD@ — K*D(k) + k*Ry(k).

(M (k) +Q1)_1
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Here we have defined the term D(k) = A(k) ™' (Mao +n M) A(k)™ . O

Remark 3.2.67. We can determine more terms in Ry(k) as
Ry(k) = (A(k) ™ (Mo + 1" Mz, 1)) A(k) ™ = A(k) ™ (Mo + 0 M 1) A(K) "+ K Ry (k)

where Rs3(k) is uniformly bounded in k

We next need to determine the inverse of the operator

Bi(k) = Q1 — Qi(M(k) + Q1) ' Q1.

Definition 3.2.68. Let n = 2 and suppose that V' satisfies Assumption 3.2.62 and sup-
pose that zero is not a regular point for H. We say that zero is an exceptional point of
the first kind if the operator Q1 My P My Q) is invertible on @);H. In this case we write
Dy = (Q1 Moo PMyoQ:1)™ "t

Lemma 3.2.69. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero is
an exceptional point of the first kind for H. Then for sufficiently small k we have

By (k)™ = —g(k)D1 + k*Rs (k)

where Rs(k) is uniformly bounded.

Proof. We use only the lowest order terms in Lemma 3.2.66, denoting the remainder
Ry(k) = —D(k) + k*Ro(k). We use the relations Q1Q = Q1Dy = QQ1 = Dy@Q1 = Q1 and
Q1P = PQ, = 0 to write

By(k) = Q1 — g(k) Q1 AQ1 — Q1 — K*Q1 Ry (k)@
= —g(k) " Q1 Moo PMo Q1 — k*Q1 R3(k) Qs

By assumption zero is an exceptional point of the first kind and so the operator Q) My P My 0@

is invertible with inverse D; and using a Neumann expansion we find

Bi(k)™ = (—g(k) ' QMoo PMoyoQ — K*Qi R3(k) Q1) ™"
= —g(k)D;(Id + ’f29(k‘)Q1R3(’f)Q1D1)_1

(k)
g(k)Dy(Id + k2g(k)Q1 R3(k)Q1 Dy + k*Ry(k)) = —g(k)Dy + k*Rs(k)). O

Remark 3.2.70. We note that if more terms are required in the expansion, we may write

Rs(k) = g(k)*D1Q1A(k) ™ (Mg + 1~ Mo 1) A(k)"'Q1 D1 — k*g(k) ™' D1Q1 Ro(k)Q1 D,
g(k)PE2D1QuA(k) " (Mayg +n "My 1) A(K)'Q1D1)* + k*n~ ' Rs(k)
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where Rg(k) is uniformly bounded and we have defined the term
Ry(k) = A(k) " ((Mao 4+~ "My 1) A(k) ") ?0A(k) " (Myo + 1" My _1).

Lemma 3.1.1 shows that in the case of an exceptional point of the first kind we can

compute M (k)~! via the formula

M(k)™ = (M (k) + Q1) ™" + (M(k) + Q1) ' @uB1(k) " Qu(M (k) + Q1) (3.40)

Theorem 3.2.71. Suppose that n = 2 and V' satisfies Assumption 3.2.62 and that zero
is an exceptional point of the first kind for H. Then for sufficiently small k we have

M(k)™" = g(k)""A+ QDoQ — g(k) " AQ1D1Q1A — AQ1D1Q1 — Q1D1Q1 A
— g(k)Q1 D1 Q1 + R8<k)

where R;(k) is uniformly bounded.

Proof. By Lemma 3.1.1 we have that M (k) has inverse

M (k)™ = (M(k) + Q1) + (M(k) + Q1) ™' @B1(k) " Qu(M (k) + Q1)

Combining Lemmas 3.2.66 and 3.2.69 we can compute the expression

(M(k) + Q1) ' Q1B (k) ' Qu(M (k) + Q1) = —(g(k) "A+ QDoQ + k*Rs(k))Q1(g(k) Ds
+ K Rs(k)) x Q1(g(k) A+ QDoQ + k* Ry (k)
= —g(k)PAQiD1Q1 A — AQ D1 Q1 — Q1D1Q1 A — g(k)Q1 D1 Q1 + R (k),

where we have used the relations Q1QDyQ = QDyQ@Q1 = Q1. Thus we find

M (k)™ = (M(k) + Q1) + (M(k) + Q1) ' Q1 B1 (k) 'Qu(M (k) + Q1) !
=g(k)"A+QDoQ — g(k) "AQ1D1Q1A — AQ1D1Q1 — Q1 D1Q1 A
—g(k)Q:1D1Q1 + RB(k)

where Rg(k) is uniformly bounded. O
If the leading term of Bj(k) is not invertible we need to apply Lemma 3.1.1 again.

Definition 3.2.72. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that the
operator Q1Mo oP My (1 is not invertible. Let ()2 be the orthogonal projection onto the
kernel of Q1 MyoPMpo@1. Then the operator QQ1MyoPMyoQ1 + Q2 is invertible with
inverse Dy. We say that zero is an exceptional point of the second kind if the operator

Q2 M5, _1()2 is invertible and we denote its inverse by Ds.
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By repeating the arguments of Lemma 3.2.69 and keeping track of more terms, we
can determine an expansion for B;(k)~! in the case of an exceptional point of the second

kind. First we define the operator By (k) = —g(k)By (k).

Lemma 3.2.73. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero is

an exceptional point of the second kind for H. Then for sufficiently small k we have
(Bi(k) + Q2) " = D1 + K Ru(k),

where Ry, (k) is uniformly bounded.

Proof. We compute the Neumann expansion

(Bi(k) + Q2) " = (—g(k)Bi(k) + Q2) ' = (Q1 Moo PMooQ1 + Q2 — K*g(k)Q1 R3(k)Q1) ™"
= Di(1d = K*g(k) Q1 Rs(k)Q:1D1) ™"
= Dy — k2g(k)D1Q1 R3(k)Q1 Dy + k*Ryg(k)
= Dy + K Ry (K),

as claimed. 0

Remark 3.2.74. As before we can compute more terms in this expansion, finding

Rii(k) = —g(k)D1Q1 R3(k)Q1 Dy + k> Ryo(k)
~g(k)D1Q1(=D(k) + k*Ra(k)Q1.D1 + k*Rio (k)
= g(k)D1Q1D(k)Q1 Dy + k*g(k)Q1 Dy Ry (k) D1 Q1 + K Ryo (k)
—g(k)D1Q1D(k)Q1 Dy + k* Rya(k),

where Ry5(k) is uniformly bounded.

To compute inverses, we need to use further terms in the expansion of (M (k) + Q)"

and so we first prove the following to simplify some later expressions.

Lemma 3.2.75. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero is

not a reqular point or an exceptional point of the second kind for H. Then

()1Q2 Q2<)1:Q27

where A(k) is defined in Equation (3.39). Furthermore we have the relations

0= MyoQ2 = Q2Mpp.

Proof. Noting that (), is the projection onto the kernel of ()1 M 01 we find that for any
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f € H we have the relation

(PMooQsf, PMooQaf) = (QaMooPMooQaf, f) = (Q2(Q1 Moo PMooQ1)Q2f, f)
= <Q2M0,0PM0,0Q2f, =0

and thus PM, Q2 = 0. We then compute using Q2Dy = DyQ2 = Q2, Q2P = 0 = PQ,
and the fact that Qo < @ to find

Q2A(k) ™! = g(k) "' Q2 (P — PMyDoQ — QDoQMy P + QDoQMo g PQDoQ) + Q2D0Q
= g(k) " (Q2Mo o P + Q2Mo o PQDyQ) + Q>
= @2,

where we have used the relation Q2 M P = 0. To prove the final relation, we note that by
definition we have Q)M Q@)1 = 0 and thus PM, (QQ1 = My oQ:. Thus we may compute

Q1Mo 0P Mo Q1 = (Q1 Moo P)(PMyoQ1) = (PMoy Q)" (PM Q1) = (MopQ1)" (MooQ1).
Thus we see that Ker((Q)y Mo oPMyoQ1) = Ker(MyQ1) and so the definition of Q)2 gives
My oQ1Q2 = My Q2 = 0. m

Keeping track of the many terms appearing in the following resolvent expansions can
be rather cumbersome, so the relations in Lemma 3.2.75 will allow us to simplify some

terms without too much computational effort.

Lemma 3.2.76. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero is

an exceptional point of the second kind for H. Then we have the expansion

Bi(k)™' = Dy + k7 %g(k) ' QaDa(k)Qa— (D1Q1 D(k)Q2 D2 (k) Q2 + Q2D (k) Q2D (k)Q1 Dy )
+ k2Ry5(k),

where Rys5(k) is uniformly bounded.

Proof. We know by Lemma 3.1.1 that the operator By (k) is invertible if and only if the

operator
By(k) = Qs — Qa(Bi (k) + Q2) Qs
is invertible on QoM. Noting the identity QoD = D1Q)s = Q)5 we find

Bo(k) = Q2 — Q2D1Q2 + k*g(k)Q2D(k)Qa — k*Q2R12(k) Qs
= k?g(k)Q2D(k)Qs — k*Q2R12(k)Qo.
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We also recall that D(k) = A(k)™'(Mao +n*Ms_1)A(k)™!, so that an application of
Lemma 3.2.75 gives

QoD (k)Qa = Q2(Mag + 1~ "Mz _1)Qs.

Since zero is an exceptional point of the second kind for H, the operator QQ2Ms 102
is invertible with inverse Dy and thus for sufficiently small k the operator Q2 D(k)Qs is

invertible with inverse Dy(k) and we can then form the Neumann expansion

By (k)" = (9(k)k*Q2Ma Qo + k> ' Q2 Mo _1Q2 — K QaRia(k)Q2) ™!
= k%g(k) " Da(k)(1d — kg (k) ™' Q2 Rao (k) Q2 Da(k)) "
= k2g(k) "' Da(k)(Id + k> g(k) "' QaRio(k)Q2 D2 (k) + k* Rus(k))
= k2g(k) "' Dy(k) + Rua(k),

where Ry, (k) is uniformly bounded. We thus find

Bi(k)™" = (Bi(k) + Q)" + (Bi(k) + Q2) ' QaBa(k) ' Qa(Bi(k) + Qo)
= Dy — k*g(k)D1Q,D(k)Q1 Dy + k*Ria(k) + (D) — k*g(k)D1Q, D(k)Q, D,
+ K Rua(k)Qa(k2g(k) ™' Da(k) + Rua(k)) Qo
x (Dy — k*g(k)D1Q1D(k)Q1 Dy + k4R12(k¢))
= Dy+k2g(k) "' QaDs(k)Q2— (D1Q1 D(k) Q2D (k) Q2 + Q2 Da(k)Q2 D(k)Q1 Dy )
+ k2 Ris(k),

where Ry5(k) is uniformly bounded. O

We are now ready to compute M (k)~! in the case of an exceptional point of the

second kind for H. Two applications of Lemma 3.1.1 show that we can use the formula
M(k)™ = (M(K) + Q1) ™" = g(k) (M (k) + Q) ' QuBi(k) ' Qu(M (k) + Q1) ™" (3.41)

Theorem 3.2.77. Suppose that n = 2 and V' satisfies Assumption 3.2.62 and that zero

18 an exceptional point of the second kind for H. Then for sufficiently small k we have

M(k) ™ =k 2g(k) ' Q2Da2(k)Q2 + Q2 + g(k) A — g(k) ' D(k)Q2Da(k) Q2 + k*Ris(k)
— 9(k) "' Q2Da(k)Q2D (k) — (Q2D(k)Q2Ds(k)Q2 + Q2D5(k)Q2D(k)Q2),

where Rig(k) is uniformly bounded.
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Proof. We begin by noting that

M(k)™ = (M (k) + Q1) ™" — g(k) " (M(k) + Q) '@ Bi(k) ' QuM (k) + Q1)
By Lemma 3.2.75 we have QoA = AQ2 = 0. So we make the computations

Qa(M (k) + Q1) = Qa(g(k)*A + QDoQ — k*D(k) + k*Ry(k))
= Q> — K’ Q2D(k) + k' QaRs(k)

and

(M (k) + Q1) 7'Q2 = (9(k) " A+ QD@ — k*D(k) + k* Ry (k)) Qo
= Q2 — K*D(k)Qs + k* Ry (k) Qo

So noting that By(k)™' = QB1(k)"'Q,, we can expand out the product in the next

expression to obtain

(M (k) + Q1) Qi B (k) ' Qu(M (k) + Q1) = (Q2 — K*D(k)Qs + k* Ry (k) Qo)
X (D1 + k72g(k) ' QaDa(k)Q2 — (D1Q1 D (k)Q2Ds (k) Q2 + Q2D2(k)Q2 D(k)Q1 Dy )
+ k2Rys5(k))

= k2g(k) ' Q2Da(k) Q2 + Q2 — g(k) ' D(k)Q2Da(k) Q2 — g(k) ' Q2D (k)Q2D (k) —
— g(k)(Q2D(k)Q2Da(k)Q2 + Q2D2(k)Q2D(k)Q2) + k* Rz (k),

where Ry7(k) is uniformly bounded. So we find

M(k)™ = (M(k) + Q1) = g(k) " (M (k) + Q) ' QuBi(k) ' Qu(M (k) + Q1)
= g(k)"A+ QDoQ — K*D(k) + K*Ro(k) + kg (k) ™' QaDa2(k)Q2
+ Q2 — g(k) "' D(k)Q2D2(k)Qs — g(k) ™' Q2 Do (k) Q2D (k)
— g(k)(Q2D(k)Q2Da(k)Q2 + Q2Da(k)Q2 D (k)Q2) + k* Rz (k)
= k7 2g(k) ' QaDy(k)Q2 + Q2 + g(k) ' A — g(k) ' D(k)Q2Da(k)Q2
— g(k) "' QaDa(k)Qa D (k) — (Q2D(k)Q2Ds(k)Qs
+ Q2 Dy (k)Q2D(k)Q2) + k> Ras(k),

where Ryg(k) is uniformly bounded. O

Definition 3.2.78. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that the
operator Q1Mo oP M@ is not invertible. We say that zero is an exceptional point of
the third kind if the operator Q2 M, _1()2 is not invertible. In this case we let ()3 be the
orthogonal projection onto the kernel of Q2M; _1Q)2. Then the operator QoMo _1Q2 + Q3
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is invertible and we write its inverse as Dy. We also define the projection T3 = Q2 — Q3.
We now confirm that the Feshbach expansion procedure of Lemma 3.1.1 terminates.

Lemma 3.2.79. [63, Lemma 5.4] Suppose that n = 2 and V' satisfies Assumption 3.2.62.
Then the operator QQsMs Q3 is invertible on QsH.

Proof. Suppose that f € QsH satisfies Q3Ms Q3 f = 0. Then we have

oy =o

and QaMy _1Q2f = 0. Note also that vf € L'(R") and z + |zjvf € L'(R™), so that
F(vf) e LYR™) N CY(R™) Thus we find

(QaMpQaf, f) = (Mayof, f) = lim (k™2(Ro(k*) — Gop)vf,vf)

1 . _ 1 1
~ et [ (s - ) IFnI©R ag

1 . 1 2
=l R2W|[f(vf)](§)| d¢
1 [FHIE)?

= d
472 Je |€|4 >

where we have used Lemma 3.1.6 to bring the limit inside the integral. Our assumptions
on v and f guarantee that (x — |z| ?v(z)f(z)) € L*(R?) and thus F(vf) satisfies the
extra decay hypothesis of Lemma 3.1.6. Since Q2My _1Q2f = 0, our assumptions on v
and f guarantee that vf € L'(R?) and so we find vf = 0. Since f € Q,H gives f = Uvy
for some ¥ € ‘H and thus f = 0. O

We shall write D3 for the inverse of QQ3M30Q)s.

Remark 3.2.80. We note that the above proof also implies the useful relation

<G0,0?Jf7 Go,ovf> = <M2,0f> f) (342)

We can further characterise the obstruction subspaces in terms of resonances and zero

energy eigenvalues.

Lemma 3.2.81. /89, Lemma 6.4] Suppose that n =2 and V' satisfies Assumption 3.2.62
and Q1 # 0 and fix ¢ € Q1H with ||¢|| = 1. Then there exists € L>(R?) such that
o =Uvy and Hy = 0 in the sense of distributions. Furthermore, there exists QZ € H and
Co, C1,Co € R such that

+ (). (3.43)
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Lemma 3.2.82. [89, Lemma 6.4] Suppose that n = 2 and V' satisfies Assumption 3.2.62.
Suppose 1 = ¢ + 1 + o with ¢ € C, 1y € LY(R?) for some q € (2,00) and 1o € H. If
Hv =0 in the sense of distributions then o = Uvy € Q1 H.

The above characterisation leads naturally to a definition of resonances in two dimen-

sions.

Definition 3.2.83. If 3 # 0 there exists a zero energy bound state, a solution to Hy = 0
for which ¢ € Dom(H). If T3 # 0 we say there exists a p-resonance, which corresponds
to the existence of a distributional solution to Hyp = 0 which satisfies ¢ € L¢(R?) for
some q € (2,00). If Ty # 0 we say there exists an s-resonance, which corresponds to the
existence of a distributional solution of Hp = 0 with ¢ € L*(R?).

We now repeat the proof of Theorem 3.2.77 in the case of an exceptional point of the
third kind. We use the notation

Dy (k) = (Q2Ms,_1Q2 + nQ2 M3 Q2 + Q3)_1 = Dy +nCy(k),

so that Dy(0) = D,. Note that the second equality is obtained via a Neumann expansion.

Lemma 3.2.84. Suppose that n = 2 and V satisfies Assumption 3.2.62. Then for suffi-
ciently small k the operator By(k) = k=2g(k) ™' By(k) has inverse

By(k)™ = Ts(k) — kg(k) ' T3(k)Qa(Muo + 1~ My _1) QT3 (k) + k* Rz (k),

where Rys(k) is uniformly bounded and

Ts(k) == (Q2D(k)@2) " = ( “ —al3M50Q3Ds )

—D3Q3Ms T30 D3QsMsgT5aT3M30Q3 D5 + Ds
with a = (TsMaoTs + 0 T3 My _1T5 — Ts Mo 0Q3(Q3 M2 0Q3) Qs Moo Ts) .
Proof. We begin by defining By (k) = k~2g(k)~*By(k) and consider the decomposition

Q2H = T3H & Q3H. Then we can determine the expression

TsMsoTs +n Y T5My T Ty M.
Q2D (k)Qy = Qa(Mag +n "My, _1)Qq = ( 3igody 1 “L3lMy 1Lz 13 2,0Q3>.

QBMZ,OTS QBMQ,OQZ’)

Lemma 3.1.3 shows that Q2D (k)Q2 is invertible provided Q3 Ms Q5 is (which is guaran-
teed by Lemma 3.2.79) and the operator

a= (T3M50T5 + 77_1T3M2,71T3 - T3M2,0Q3(Q3M2,0Q3)_1Q3M2,0T3)_1
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exists as a bounded operator (note that the explicit & dependence of a comes from the 7
term). Letting D3 = (Q3M50Q3)~" we find

Ty(k) = (QD(R)Qs) " = ( ’ ~e78M30QsDs ) .

—D3QsMsoT5a D3QsMsoTsaT3M0Q3D3 + D3

For sufficiently small k£ we have the estimate

and thus we can determine the Neumann expansion

ng(k)’lQZRu(k)QQTg(k)" <1

Balh) ™ = (QD(Q: — y(h) ' QuRua(h)@:)
(k) (Id - ng(k)’lef?m(k)%TB(’f)) R

Ts(k) — K2g(k) 7 T5(k)QoR12 (k) Qo Ts(k) + k*Rys(k)

where Ry3(k) is uniformly bounded. We can determine further terms in Ryy(k) as

ng(k’) == g(k’)QlDlég(k) + kJQRH)(k?)
= g(k)QD1A(k) ™ (Mag + 0~ "My _1)A(k) ™" + k>R (k).

Thus we can determine Q2R12(/€)Q2 = g(k)Qa(Myo+n""My_1)Qs + k2Q2é19<k).
Il

We now apply Lemma 3.1.3 to the operator By(k) to obtain the expansion for M (k)=

Theorem 3.2.85. Suppose that n = 2 and V' satisfies Assumption 3.2.62. Then for

sufficiently small k we have the expansion
M(k)™ = —k72QoT3(k)Qa + n ' R(k),
where R(k) is uniformly bounded.
Proof. The most singular term which we have not considered yet is given by

— k(M (k) + Q1) ' Qu(Bi(k) + Q2) ' Q2B (k) ' Qa( B (k) + Q2) ' Qu(M (k) + Q1)
= —k72QyT3(k)Qo. ]

Remark 3.2.86. Note that we can write explicitly the term

TB(k) = D3+ (a - CLT3M2,0D3 - D3M2,0T3 + D3M2,0T3GT3M2,0D3-
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We now characterise the image of the operators 75 and T3 to analyse resonant be-

haviour.

Lemma 3.2.87. [89, Theorem 6.2] Suppose thatn = 2 and V' satisfies Assumption 3.2.62.
The space Range(T5) is spanned by the vector Oy := Q1 Myov. The space Range(T3) is
spanned by the vectors ©; := Q2X;v, where X; denotes the multiplication operator by the

coordinate x;.

Proof. By definition we have
Range(Tz) = Q1H N Range(Q1 Moo P My oQ1),
which by Lemma 3.2.81 and the definition of M is spanned by ©,. Similarly we have
Range(T3) = Q2H N Range(QaMs,—1Q2).
Since PQ; = P, = 0 we find

Qa2Ms,_1Q2 = c2,_1Q2T' Qo = 2¢ _1Q2W Q2

where T and W are the integral operators with kernels

T(x,y) =v(z)|lz —y[*v(y), and W(z,y) = v(x)(z, y)v(y).

Letting X; be the operator of multiplication by x; (for x = (z1,22)) we find

d

Q2My _1Q2 = 2¢ Z (©,)0;,

j=1
where we have defined ©; = Q2 X;v. O]

Lemma 3.2.88. /89, Theorem 6.2] Suppose that V satisfies Assumption 3.2.62. Then
the zero eigenspace of H satisfies Ker(H) = Range(Q3).

Proof. Suppose that ¢ € Range(Q3). Then ¢ is orthogonal to both Range(T3) and
Range(T3), so that

(v, Moop) = 0 = (v, X;¢) (3.44)

for j = 1,2. Then Lemma 3.2.81 shows that ) = Uvp € N. Conversely, suppose that
Y € N and let ¢ = Uvt). Since 1 € H, Lemma 3.2.82 shows that ¢ € QH and Equation
(3.44) holds for . Thus ¢ € Range(Q3). Hence we find

Dim(Range(Q3)) = Dim(Ker(H))
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and the map ¢ + v is a bijection. O]

We can explicitly characterise the projection onto the zero eigenspace in terms of the

operators we have seen.

Lemma 3.2.89. [63, Lemma 5.6] Suppose that n = 2 and V satisfies Assumption 3.2.62.
Then the projection Py onto the kernel of H is given by

Py = Go,o’UstDsQBUGO,o-

Proof. Let (gpj)jy:ol be an orthonormal basis for Range(Q3). Then for each 1 < j < Ny we
have 0 = ¢; + UvGypvep; and ¢; = Uvyp; for some 1p; € H. Since PQ3 = 0 we also find

/ V(z)y,(x)de :/ v(z)p(z)de =0

R2 R2

for all j. Since the (¢,) are linearly independent, so are the (1);) and they satisfy
Y+ GooVip; = 0.

Using the fact that the (¢;) are a basis for Q3H we find for any f € H that

No NO
QsvGoof =Y _ (WGoof ei)e; = — > _ (fr )
j=1 j=1

Let A = (A;;) be the matrix representation of Q3vG2 _1vQ3 with respect to the orthonor-
mal basis (¢;). Then using Equation (3.42) we find

Ay = <90i, Q3UG2,71UQ3903‘> = <G0,004Pi, G0,0090j> = (GO,OV%, G0,0V¢j> = <¢i,¢j>-
Deﬁnlng Pg GO Q’UQngQ:ﬂ)Goo we find for any f € H that
POf— ZGO OUQ3D390] f ¢] Z CJOOUQB m(pz f ¢j Z % z] f ¢]>
3,j=1 1,j=1

Thus we see that Pyi; = 1);, so that the range of P, is span(¢;) and P is the identity on

its range, which implies F is the projection onto the zero eigenspace by Lemma 3.2.88. [

Theorem 3.2.90. Suppose that n = 2 and V satisfies Assumption 3.2.62. Then for

sufficiently small k we have

R(K*) — Ro(k?) = =k 2(Py — X) + k2 ' Ryo(k),
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where Rgo(k) is uniformly bounded. Here X is given by
X = GQ(ﬂJYUGer + Go,_IUYUGO’O

Proof. The proof follows from Theorem 3.2.85 and the definition
R(—k?) = Ro(—k?) — Ro(—k*)vM (k) "o Ry(—k?)

and a comparison of the coefficients of k2. n

3.2.6 Dimension n =1

In this section we determine the low energy resolvent expansion in dimension n = 1 using
the Feshbach inversion method of Lemma 3.1.1 until it terminates. The expansions lead to
explicit characterisations of the obstruction subspaces in terms of the kernel of H and zero
energy resonances. The method we follow has been described in [89], although more detail
has been included here regarding the specific coefficient operators as will be required in
later chapters. We note that similar expansions have been introduced in various contexts
throughout the literature, see for example [116], [29] and [28].
We first write

1 k
Rofir,y, 1) = (28) Yo 0 = (20) ™1 =~ — gl + Lo =y + O().
Definition 3.2.91. We define the operators G; for j = —1,0, 1 by the integral kernels
1 1 1 9
Goalz,y) =35, Golz,y)=—gle—yl, and Gi(z,y) = lo—yl

and the operators M; by My = U + vGyv and M; = vG,v. Note that M_; = %HngP,

where P = [|v]|;? (v, -)v.

Lemma 3.2.92. /89, Lemma 5.1] Suppose that V satisfies Assumption 2.2.1/4 for some
p>T. Then M — k=*M_, — U is a uniformly bounded compact operator valued function
on F'={k € C:Re(k)>0and |k| <1}. Furthermore, we have the expansion

M (k) = k™*M_y + My + kM, + k*Ry(k),

where Ry(k) is uniformly bounded in k.

We let @ = |[v||5 and note that since P is a rank one projection, P is never invertible,
Define the projection @ = Id — P. We let M (k) = 2ka~'M (k) and obtain the following.
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Lemma 3.2.93. Suppose that V' satisfies Assumption 2.2.14 for some p > 7. Then for
sufficiently small k the operator M(k) + @ 1s invertible and we have the expansion

(M(k) + Q) ' =1d — 2ka~ My — 2k>a~ My + 4o 2k* M2 + k3R, (k),
where Ry (k) is uniformly bounded.
Proof. For sufficiently small & we have the estimate
sza—lMo L ok2aT M, + 2/{2304_1R0(l{2)‘ ’ <1
Note that
M(k) = P+ 2ka™ My + 2k*a ' My + 2k a " Ry (k).
We thus compute the Neumann expansion

(M(k) + Q)" = (Id + 2ka™ "My + 2k*a~ "M, + 2k*a ' Ro(k)) ™"
= 1d — 2ka"'My — 2k*a "' My + 42K M3 + KR, (k),
where Ry (k) is uniformly bounded. O
We define the operator

Bi(k) =Q - Q(M(k) +Q)™'Q
= 2ka L QMyQ + 2K 0 QM Q — 4072 k2QMEQ — K2QR, (k)Q.

We also define the operator By (k) = 2 B, (k), leading to the following definition.

o
Definition 3.2.94. Suppose that V satisfies Assumption 2.2.14 for some p > 7. We say

that zero is a regular point for H if the operator QM@ is invertible on QH. In this case
we write Dy = (QMyQ)™".

In the case of a regular point for H we can determine the inverse of the operator
M (k) using Lemma 3.1.1.

Lemma 3.2.95. Suppose that V' satisfies Assumption 2.2.14 for some p > T and that

zero 1s a reqular point for H. Then we have the expansion
M(k)™" = Dy 4 2a7'1d + Rs(k),

where Ry(k) is uniformly bounded.
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Proof. For sufficiently small & we have the estimate

HkQMlQDl — 20 QM2QD; — %k2QR1(k)QD1 <1

We can thus compute the Neumann expansion
~ o ~
Bi(k) ™ = (QMo@ + FQMQ — 207 KQMEQ — SHQR(1)Q) ™
= D;(Id + kQM, QD — 20" kQM2QD, — %kQQﬁil(ls)QDl)‘l
= Dy — kDM, Dy + 20~ kDy M2Dy + k*Ry(k),

where Rg(kz) is uniformly bounded. We now use Lemma 3.1.1 to obtain

M) =207 KNI (k)™ =207 (VI(8) + Q)+ S (M() + Q) QBy (k) (M (k) + @) )

= D1 —f- 20[_11d + k?.lfﬂg(k),

where Rs(k) is uniformly bounded. O
The definition of the operator By (k) also leads to the following definition.

Definition 3.2.96. Suppose that V' satisfies Assumption 2.2.14 for some p > 7. If the
operator (QMy() is not invertible on QH we say that zero is an exceptional point for H.
In this case we let ()1 denote the orthogonal projection onto the kernel of QMy(Q. Then
the operator QMyQ + ()1 is invertible and we denote the inverse by D;.

In the case of an exceptional point, we cannot simply use a Neumann expansion to

invert Bj(k) directly. Instead we require another application of Lemma 3.1.1.

Lemma 3.2.97. Suppose that V' satisfies Assumption 2.2.1} for some p > 7 and that
zero is an exceptional point of the second kind for H. Then for sufficiently small k the

operator By (k) + Qy is invertible with inverse
(By(k) + Q1) = Dy — kDM, Dy + 20~ kD M2 D, + k*Ry(k)

where Ry(k) is uniformly bounded.

Proof. For sufficiently small k£ we have the estimate

Hk:QMlQDl — 20" kQM2QD, — %kQQﬁl(k)QDlH <1
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We can thus compute the Neumann expansion

(Bu(k) + Q1) = (QMoQ + Q1 + kQMQ — 207" kQMFQ — SH QR (F)Q)™
= Dy(Id + kQM,QD; — 20~ kQM2QD; — %HQE(@QBQ*
— Dy — kD My Dy 4 207 kD, M2Dy + E*Ry(),

where R,(k) is uniformly bounded. O

We now apply Lemma 3.1.1 to the operator Bl(k), however we first need to know
that the Feshbach expansion terminates. To do so we determine the obstruction subspace

(21 explicitly and show that (), is a rank one operator.

Lemma 3.2.98. /89, Theorem 5.2] Suppose that V' satisfies Assumption 2.2.1] for some
p > T and that Qy # 0. Then v € Q1 H with ||| = 1 if and only if there exists » € L>®(R),
W ¢ H such that HY = 0 in the sense of distributions and Uvip = ¢. Furthermore, the

space Q1H is at most one dimensional.

Proof. Suppose ¢ € Q1H with ||¢]| = 1 and define
1
va)=a+y s |z = ylv(y)e(y) dy,
where ¢; = [|v||;” (v, Mow). Then we find
Uvp = cUv+U(U — My)p = ciUv+ ¢ — UMyp = cUv + ¢ — UPMyp = .

Differentiating in the sense of distributions shows Hvy = 0. To see that ¢ ¢ H, we let

=3 [ et dy

and note that

—z [Zo(y)e(y)dy  if x>0,

Y(x) = 1 — cosign(x) + . .
v L vWely)dy  if x <0.

(3.45)

Suppose that ¢; = ¢ = 0. Then Equation (3.45) gives

b(z) = / Ty - V)e(y) dy,

a homogenous Volterra equation. Our decay assumptions on V' give that ¢(x) = 0 for

large |z|. Uniqueness properties of the Volterra equation then give ¢y = 0 for all z and
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thus ¢; = ¢; = 0 if and only if ¢» = 0. We can determine
cr = lim ¢Y(x) =c14+c, and c_:= lim P(x)=0c —c (3.46)
T—00 T——00

and thus ¢ € L>(R) and ¢ ¢ H. For the converse, suppose 1 € L>*(R) satisfies Hy) = 0
in the sense of distributions. Defining ¢ = Uwvi) we have (in the sense of distributions)

the equality

da?

Let x € C(R) be such that x(z) = 1 for |z| <1 and x(z) = 0 for || > 2. Then for any

6 > 0 we have the estimate
d?y
(dazQ) (0x)dzx| = (d 5x(0 )) dz

/Rw(x)x/(ax) dx 35”¢|1m4\x”(x)ydx_

Taking the limit as 6 — 0 using the dominated convergence theorem gives

/gzwx>¢<x>x<6x>dm

— 52

| vaete)az o

so that ¢ € QH. Define

1 1
O(z) = 5/ [z — ylo(y)e(y) dy = 5/ [z —y[V(y)¥(y) dy.
R R
Differentiating in the sense of distributions gives the equality
d?w B d?e
dz?  dz?’

so that ©(z) = a + bz + ¢(x) for some a,b € C. A similar argument to the one leading
to Equation (3.45) shows that © € L*>°(R). Multiplying © by v we obtain the relation
(U — My)p = Up + av, which implies Myp = —av and thus QMyp = 0 and so ¢ € Q1 H
By construction we have ||¢|| = 1. To prove that Q;H is one-dimensional we suppose
that there exist ¢, » € Q1H. Then for x > 0 we have the corresponding 1, 1; as

wuozq—ey—g/wmwwwd% wuvza—fyg/m@—xwwmwnm

There exists a € C such that ¢; — ¢o = a(¢; — &) and so we find

wm—wmwz—w/mwww@wﬂw@»@.
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Again by uniqueness properties of Volterra type equations, we find 1 — azﬁ = 0 and so
@ —ap = 0 also. Thus we have Dim(Q1H) = 1. O

Definition 3.2.99. Suppose that ;1 # 0. Then for any ¢ € @Q1H we say that the
corresponding ¢ with ¢ = Uvty from Lemma 3.2.98 is a zero energy resonance for H. We

choose a normalised zero energy resonance by the condition that & + ¢% = 1.

Lemma 3.2.100. Suppose that V' satisfies Assumption 2.2.14 for some p > 7 and that
zero is an exceptional point for H. Then for sufficiently small k the operator Bo(k) is

vertible with inverse
By(k) ' =k7'eT Q1 — 5_2Q1R2(/€)Q2 + kR3(/f)7

where Rg(k) is uniformly bounded in k.

Proof. Lemma 3.1.1 gives that the operator By (k) is invertible if and only if the operator

By(k) = Q1 — Qi(Bi(k) + Q1) Q1

is invertible. For sufficiently small k we have
k@i Ra(R)@Qu| < 1.

So we compute that By(k) = kQiM;Q — o 'kQ; M2Q, — szlég(k), where we have
used the relation Q1 D, = D@1 = Q1. Note that there exists a constant ¢ such that

Q1 MQ) — a™'Q M2Q, = ¢Q;. We now use a Neumann expansion to obtain
Bo(k) ™' = k7'e ' Qu(Id — ¢ TkQuRe(k)Q1) ! = ke Q1 — & QuRa(K) Qo + kRs(k),

where Rs(k) is uniformly bounded in k. O
We are finally ready to determine the inversion formula for M (k).

Theorem 3.2.101. /89, Theorem 5.2] Suppose that V' satisfies Assumption 2.2.14 for
some p > T and that zero is an exceptional point of the second kind for H. Then for

sufficiently small k we have the expansion
M(k)™' =k 'Q + Ru(k),

where Ry(k) is uniformly bounded.
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Proof. Lemma 3.1.1 gives that

M(k)™*

— 20"k <(M(k:) +Q) '+ %k‘l(M(k:) +Q)T'QB (k) T'Q(M (k) + Q)‘l)

= 2a‘1k((M(k) +Q) '+ %k—l(M(k) +Q)'Q(Bi(k) + Q1) Q(M(k) + Q)"

n %k‘l(M(k) + Q) ' Q(Bi(k) + Q1) ' Q1Ba(k) ' Qu(Bu(k) + Q1) ' Q(M (k) + Q)‘l)-

The first two terms have already been determined in Lemma 3.2.95. So we expand out

the lowest order terms in the expression

(M(k) + Q)ilQ(Bl(k) + Ql)ilQlBQ(k)ilQl(Bl(k) + Ql)ilQ(M(k) +Q)"
= TQr + a7t E  (MoQy + Qi M) + & (DI MLQy 4+ QM Dy) — E2Q Ry (k) Qs
+ Ry(k),

where Ry(k) is uniformly bounded. O

Remark 3.2.102. We can further simplify the coefficients in the above expansion. Since
()1 is a rank one projection we can obtain (see [89, Lemma 5.4(iii)]) that
~—1

1
Fl=—al(d+c3) = —%(ci +c2),

with ¢1, co, ¢4 defined in the proof of Lemma 3.2.98.

We conclude this chapter with an expansion for the resolvent difference R(—k?*) —
Ro(—k?). We provide only a reference with no proof, since the details are rather involved
(see [116, Section 5]). The important feature to note is that as in higher dimensions, the
worst singularity as k — 0 is related to the existence of zero-energy eigenvalues for H and

the next worst singularity is related to the existence of resonances.

Theorem 3.2.103 ([116, Section 5]). Suppose that V' satisfies Assumption 2.2.14 for

some p > 7. Then for sufficiently small k we have the expansion
R(k—?) — Ro(—k*) = —Pok ™2 + k' A+ Rus(k)

where A is a bounded operator depending on the existence of a resonance and Rig(k) is

uniformly bounded.



Chapter 4
The structure of the wave operator

In this chapter we show that the wave operator W_ satisfies
1
Wo=Id+ (Id + tanh (7D,) — icosh (7D,) ") (S — 1d) + K, (4.1)

where D,, is the generator of dilations on L?(R"), S the scattering matrix and K is a com-
pact operator. We will frequently use the notation ¢(z) = 1(1+tanh (7z)—i cosh (rz)™h).
In Section 4.1 we use the resolvent expansions of Chapter 3 to determine the low energy
behaviour of the scattering matrix. In Section 4.2 we give a direct intuitive argument
why Equation (4.1) should hold based on the generalised eigenfunctions described in Sec-
tion 2.4.2. Unfortunately this method is limited by difficulties in showing the remainder
is compact and is not sensitive to the fine structure of the spectrum of H exhibited in
Chapter 3. In Section 4.3 we give a different approach, which yields the answer less
directly, using carefully the resolvent expansions of Chapter 3. The main result of this
chapter is the following theorem, whose proof relies on several preparatory results and

some additional decay assumptions on the potential, described in Assumption 4.3.1.

Theorem 4.0.1. Let n > 2 and suppose that p satisfies Assumption 4.3.1, and let V
satisfy |V (z)] < C(1 + |z|)~? for almost every x € R"™. In dimension n = 2 we suppose
also that there are mo p-resonances and in dimension n = 4 we suppose there are no

resonances. Then in B(H) we have the equality
W_=1d+ ¢(D,)(S —1d) + K,

where K € K(M) and ¢(x) = (1 + tanh (7z) — i cosh (mz) ).

Theorem 4.0.1 has appeared in [5] as joint work with Adam Rennie, with the case

n = 3 having been proved already in [141].

150
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4.1 The scattering matrix

In this section we present how the low energy behaviour of the scattering matrix in each
dimension. The stationary expression for the scattering matrix of Theorem 2.4.32 shows
that such low energy expansions depend on the low energy behaviour of the resolvent
discussed in Chapter 3 and the trace operator I'y(-) of Definition 2.4.14.

4.1.1 Low energy expansions of the trace operator

In this subsection we present the low energy behaviour of the operator I'g(+) of Definition
2.4.14. Such an expansion was considered in dimension n = 3 in [88, Section 5] and the
results we present here are straightforward generalisations.

For A > 0 the trace operator v(A) : S(R") — P is continuous and extends to a
bounded operator in B(H*,P) for each s > $ and ¢ € R [106, Theorem 2.4.3]. We need
the asymptotic development of v(A2)F as A — 0. We can compute for f € C>*(R™) and

w € S™! the expansion
HODFA@) = @0 [ oMo fo)ar

“ et [ 3 Ry s+ o ()

as A — 0 in B(H®',P) for appropriate s,t. The operators 7; can be considered as
operators in certain weighted Sobolev spaces, with higher terms in the series requiring
convergence in Sobolev spaces with higher decay. Jensen [88, Equation 5.4] states the
following result in dimension n = 3 and the result generalises in a straightforward manner

to each dimension.
Lemma 4.1.1. Fiz j € N. For each s >0 and t > j + % we have v; € B(H**, P).

Proof. Fort > j + % and s = 0, we can estimate that

2

dw

bl = [ @l = [ o [ (@i

<(@m™ [(w, )| f(x)| da 2 dw
[ AL )

ol ( [ )b @ o)1+ e ) dx)2 do.
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We next use the Cauchy-Schwarz inequality to obtain the estimate

o [ ([ e 0 P ) a

2

2
<o [ ([ eapari ) ([ avupriiop)
gn—l Rn Rn
= Ci || 130 -
Thus for t > j+% we find 7; € B(H%", P). For s > 0 we use the inclusion H** ¢ H**. [

For each A > 0 the operator I'y(\) : S(R™) — P extends to an element of B(H*', P)
for each s € R and ¢ > 1, as well as A — To(A) € B(H*',P) is continuous. These follow
immediately since I'g(\) = 2_%/\%27()\%)]—",

Lemma 4.1.2. For K €N, s >0 and t > § + K we have the expansion

[NIE

K
Do(A) = 270" Do (iAd )y + 0 (AT+5)

=0
as A — 0 in B(H*', P).

Proof. Let s = 0 and t > § + K. Let Qg be the K-th Taylor polynomial for the

exponential function. Note for y € R the estimate

|y|K+1

}eiy — QK(UJ)‘ < m

Then we can compute for f € H%* and A\ > 0 that

= ([ff]u%w)—Zm%)jhjf](w)) dw

j=0
< 2‘%"52(2%)—"/ (/
S§n—1 n

NEHE

< s o ([ mariwre)

2

(FO(A) — 2\ Z(Mi)j%) f

j=0

P

. 2
e (W) _ QK(Z')\%<JZ,Q}>)‘ |f(x)] da:) dw
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Using the same trick as Lemma 4.1.1 we write

2

HGMM—Z%VfEJM%WJf

=0

P
A\ , . 2
< K+1 2\—35 2\ % 2
= 2(K + 1)!1(20)" /S ( @)+ )7 (4 2] f ()] dw) dw
CrAitE

2
= Q(K + 1)!(27T)” HfHHot .
This proves the claim for s = 0. The inclusion H** C H®%' for s > 0 completes the
proof. ‘

Combining Lemma 4.1.2 with the results of Chapter 3 we can determine the low

energy behaviour of the scattering matrix.

4.1.2 Low energy expansions of the scattering matrix

In this section we show how the low energy expansions of the resolvent can be used, in
conjunction with Theorem 2.4.32, to determine the low energy behaviour of the scattering
matrix. We will show that in odd dimensions the low energy behaviour is sensitive to the
presence of resonances, whilst in even dimensions resonances have no effect. In dimensions
n > 2 it is found that generically, we have S(0) = Id.

The low energy behaviour of the scattering matrix has been determined using resol-
vent expansions in dimension n = 1 in [29] (see also [56, Theorem 2.15], [116] and [97,

Proposition 9)).

Theorem 4.1.3. Suppose that n =1 and V' satisfies Assumption 2.2.14 for some p > g

S(0) = (_01 _01> (4.2)

Then we have

iof there are no resonances and

s@=(?w;c$”ﬁ (4.3)

where cy € R\ {0} with ¢4 +c2 =1.

Remark 4.1.4. The cy here denote the asymptotic values of the (normalised) resonance
wave function at 00 (see Lemma 3.2.98). Due to the use of a different basis some authors
(see [97, Proposition 9]) obtain a slightly different expression for S(0). The relevant

bases are described in Section 2.5.5. The essential feature to distinguish resonances is
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that if there are no resonances then Det(S(0)) = —1 and if there are resonances then
Det(S(0)) = 1. Many more details about such calculations can be found also in [30] and
[116]. We also deduce from our description the relation limy_, S(A) = Id, which we will

demonstrate in Corollary 4.3.10 holds in all dimensions in B(P).

We note that the dimension n = 1 result is atypical in the sense that for all dimensions
n > 2, if there does not exist a resonance at zero then S(0) = Id. The generic failure of
S(0) = Id means that the index pairing we discuss in Chapter 5 requires some modification
to be applicable to dimension n = 1.

The low energy behaviour of the scattering matrix in dimension n = 2 has been proved
in [142, Theorem 1.1] (see also [26, Theorem 4.3]). We note that in contrast to dimension

n = 1 the behaviour is independent of the presence of resonances.

Theorem 4.1.5. Let n = 2 and suppose V' satisfies Assumption 2.2.14 for some p > 11.
Then the scattering matriz satisfies S(0) = 1d.

Proof. For A > 0 we begin with Equation (2.73) in the symmetrised form

[N
~—
L
I~
)1
(en)
—~
>
N
*

S(\) —Id = —2milo(A) (U + vRo(A + i0)v) tolg(A)* = =21l (N v M (A
= —i(70 — iA2y1 + E()oM(AZ) " o(yg +id2y) + E(V))

= —mi(yo — iNIy; + E(A))v( —ATIDy — AT (A2) + 1
x (5 +iA2Ty + E(\))

Here the operators F(\) are O(\) as A — 0 by Lemma 4.1.2 and the operator K () is
bounded by Theorem 3.2.85. Thus any term involving E(\) or E(A)* vanishes as A — 0.
Using the relations PQ)3 = PD3; = P13 = 0 we obtain also vyvQs = Qzvy; = 0 = yv1s =
Tsvvys. Observe also that Q373 = 0 and thus Qsvy; = 11vQ3 = 0. Finally we check that

lim ———— =0,

A—0 ln()\) — %

so that terms involving K (\) vanish as A\ — 0 and thus we obtain S(\) — Id, as claimed.
[

As in dimension n = 1, the behaviour of the scattering matrix at zero in dimension
n = 3 is dependent on the existence of resonances and has been determined in [88,
Theorems 5.1-5.3], which we state below.

Theorem 4.1.6. Let n = 3 and suppose that V' satisfies Assumption 2.2.14 for some
p > 5. Then we have

S(0) = Id — 2P,
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where Py, = 0 if there are no resonances and P, is the projection onto the spherical
harmonic subspace of order 0 if there does exist a resonance (irrespective of whether or

not V' is spherically symmetric).

Proof. For A > 0 we begin with Equation (2.73) in the symmetrised form
S(A\) =Id — 27T (M) v(U + vRo(A +i0)v) "olo(A)* = Id — QWiro()\)UM()\%)_lvr()()\)*.
Now for A > 0 we use the expansion of Theorem 3.2.57 to obtain

S(A) = Id = —2milo(A)vM (A2) " olp(A)*
= —2miTo(\)o(A ' Q2DsQa — A 2C_1 + Ra(A2))uTo(\)*
= —7i(2m) A2 (70 + E(A) (A" QaDaQ — A2iC 1 + Rr(\2))
x v(v5 + E(A)").

Here we have E(A) = O(\2) as A — 0 by Lemma 4.1.2. The proof of Lemma 3.2.53 shows
that ypvQ2 = 0 and thus by duality Q2vy; = 0. So for A > 0 we find

S(\) —1Id = —7T(27r)_37000_%1275‘ + O()\%) = mivovTy Dy Tivy) + O()\%)7

since every term containing a yovQs or Qovy; vanishes. For f € L?(S?) and w € S* we

compute the expression

b T DT f)) = [ o@nBDTisifla)de = [ o@)Tien (o) do

_ /R v(@)p(a) (v f, ) do

= ([ o) ([ cwan) ([ so0)a0)

= Il [ r@)yao.
We can write

Mo fl(w) = . f(w) dw = 4x [P f](w).

Recall that ¢ was chosen so that ||vyp||, = (47)2 (sec Definition 3.2.58 and the proof of
Lemma 3.2.60) and so 472 ||vg||7 (27)~® = 2. Any remaining terms containing an F()) or
E(X\)* vanish as A — 0. Hence we obtain S(A) — Id = —2P; if there exists a zero energy

resonance. ]

The notation P; is to indicate that P; is the projection onto the zeroth order spher-

ical harmonic subspace, which correspond to s-waves. The next statement was almost
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certainly known to Jensen based on the comments in [85, p.1], although we have found

no statements in the literature.

Theorem 4.1.7. Suppose that n > 4 and that V satisfies Assumption 2.2.1} for some
p > 12. Then we have S(0) = Id.

Proof. For A > 0 we begin with Equation (2.73) in the symmetrised form
S(A) = 1d — 2milo(\)o(U + vRy(A + i0)v) " ulp(A)* = Id — 2milo(A)wM (A2) " lp(A)*.

As A — 0 we can then apply Lemma 4.1.2 to obtain the expansion for I'g(A) and Tg(A)*.
For n > 5 we apply, for A > 0, Theorem 3.2.9 if n is odd or Theorem 3.2.19 if n is
even, the result is the expansion
S(A) = Id = —2milgvM (A2 )uT(N)*
= —mNT (30 + EO))o(AI Dy + ROE))u(ri + E(V)*) = 0

as A — 0 since %2 > 1. Here we have E(\) = O(Xz) as A — 0 by Lemma 4.1.2.

In the case n = 4, we use for A > 0, Theorem 3.2.37 to obtain the expansion
S(A) — Id = —2milo(A)v(M(A2)ulg(A)*
= 21 (70 + BO)) (A hOH@TaQu + 71D + BV K + R(O)))
x (73 + E(A)*) 0

as A — 0, since R(A\2) is uniformly bounded, h(A2) — 0 as A — 0, the fact that yvQs = 0
by the proof of Lemma 3.2.26, the relation Q2 D2Qy = Dy and E()) = O(A2) as A — 0. [

4.2 Intuition for the form of the wave operator

Unpacking Equation (2.62) for the generalised plane waves ¢4 gives intuition about the
form of the wave operator W_, much like [98] in dimension n = 3, although unfortunately
does not lead to a complete proof.

Recall from Theorem 2.4.17 that the scattering amplitude a_ is defined to be the

sub-leading behaviour of the generalised eigenfunction ¢_ as |z| — oo; that is,
U (2,0, 0) = Yo(@,w, \) + a_ (@ w, Ay (J2], ) + k(z, w, ) (4.4)

where k decays as |#| — oo and we have used the notation & = |z|~'z for x # 0. The

spherical wave is given by

w(r, |z]) = |x\’%r%eiir‘xle¢i%”. (4.5)
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Define the operator T : C°(R") C L*(R") — L*(R") by

T7a) = calal 5 [ NFFAM DI = 2fal 5 [ T Ef ) ar,
(4.6)

where f € C®(R"), z € R” and ¢, = —i27}(27) 2e""7 ™. Define the integral operator
K : C(R™) C L2(R") — L2(R") by

K f)(z) = (2m)"% /n k(a, & E7)[F f1(€) dé. (4.7)

Using the approximation to the generalised eigenfunction ¢_ in Equation (4.4) in the sta-
tionary expression for the wave operators of Theorem 2.4.29 combined with the generalised

Fourier transforms of Lemma 2.4.31 we obtain the following.

Lemma 4.2.1. Suppose that |V (z)| < (1 + |z|)™* for some p > "2 Define operators T
and K by Equations (4.6) and (4.7). Then the wave operator W_ satzsﬁes

W_ =1d+T(S —1d) + K. (4.8)

Proof. We recall from Theorem 2.4.29 and Lemma 2.4.31 the action of the wave operator
as an integral against generalised eigenfunctions ¢_ for f € C°(R") C L*(R") and z € R"

as

W-fla) = @m)7F [ oo &P ae
= CnE [ (e EIERIFN©E + 0 [ ke oFA©

R

T (2n) / (@ Py (2], R FA(E) de

We have [(W_ —1d) f](z) = [Zf](z) + [K f](z), where for x € R™ we have defined

20)(@) = @) ? [ (@l ol 5P F A1) de.

It remains to show that Z = T'(S — Id). To see this, we recall that for A € Rt and
w € S"7! the scattering operator satisfies [FoS f](\,w) = S(A)[Fof](A,w), where S(\) €
B(L?*(S"71)) is the scattering matrix at energy A, and by Lemma 2.4.33 we have for
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0 € S"! the expression

+1 n—1

[(S(A) —1d)g](0) = 27m'(27r)_n2)\4/ a_(0,w,\)g(w)dw.
S§n—1
Thus, for A > 0 and # € S*! we have

[Fo(S = Id)fI(A, 0) = (S(A) — Id)[Fof](A, 0)

n+1 n—1

=2mi(2r)” 2 AT - a_(0,w, \)[Fofl(\,w) dw,
so that
/S ac(B.w V[P flw)de = %(2%)"31/\7141[1%(5 —ID)f](A,0).  (4.9)

Recalling that [Fyf](\,w) = 272A"7 [Ff](A2w) we return to the operator Z and decom-

pose into polar coordinates to find for x € R™ that

Z f](x 3/R+ /Sn 1 (&, w, r)wy(|z|, ) [F f](rw) dw dr
Y2r)~ /R+ /Sn 1 T (T, w, Nwy(|z], )\)[}"f]()\%u) dw dA

1 / / NTa (&, w, Nwy(|z|, /\)< f[]—“f]()\%w» dew d\
R+ Jsn-1
/IR+ /Sn ) E (@, w, Nwy (2], \)[Fofl(A, w) dw dA.

l\J
NJ

[un

m
w\s

Using the relation between a_ and S described in Equation (4.9) we have

n—2 n

Zf)(x) = 272(2mi) "} (2m) "% (27) 7% / N TN T wy (|2], M[Fo(S — 1d) f](A, ) dA

R+

=27 (zmi)emt [ N (el VIF(S ~ 1710 8)
R+
Noting that
T 1 .
T11) = Y5 [ M (o], VRSO 8 (4.10)
™ Jr+
we see that Z = T'(S — Id) and we are done. O

The operator T satisfies a number of useful properties, summarised in the next theo-

rem.

Theorem 4.2.2. The operator T : C*(R") C L*(R") — L*(R") of Equation (4.6)
extends to a bounded operator T : L*(R™) — L*(R™) with norm ||T|| < 1. Furthermore,
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the operator T' commutes with the dilation group (U,(t)) of Definition 2.2.24 and with all

rotations.

Proof. We first check that 7" is bounded. Note that |¢,[* = g=. For 7, p € R we have

/ eI = o (T — p) (4.11)
R+ p—T

in the sense of distributions. So for f € S(R™) we have

(TF.Tf) = / @) T f](x) d

n

= 4|Cn|2/n /R+ /R+ |x|_(N—1)(Tp)nT_le—ﬂaﬂ(T—P)[ff](,ri.)[./—_'f](pi,) dpdex
= i "Tfl —ir(t—p)T T £1(~ \
27 /Snl /RJr /]R+ /R+ (Tp) ="e PIF fl(rw)[F fl(pw) dpdT dr dw,

where in the last line we have changed to polar coordinates. Using Equation (4.11) we

can compute the r integral and obtain

wrrn =g [ [ o (S5 it ) FAEEA ) dodr do

1 n—1 -
5 [ e st = ETEF A ) dpr

s (;”fm[ff]w) dpdr du

= T1 + TQ.
Both of these integrals are computable. The first is simply
1 - .
ti=5 [ ][] st - o FTF ) dpdrd
sn—1 JR+ JR+
1 _ 1
—5 [ [ riEnea e =5 [ 1IFA@E o
2 S§n—1 R+ 2 Rn
1

The second requires a little more care. We make the substitution p = e'r, dp = e'rdt to
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obtain
n—o [ [ [ - [Ff](m)[Ff](ﬂW)dpdew
- [ | / ~ [ff](W)[ff](e rw)elr dt dr dw
_ 2 ff [ [ mme (e [ et e &) drao
OO [ [ e (~iombltanh (xD,) F i) 7
=3 / A anh (D) F 1)) do
|

= 5(]:f, tanh (7D,)Ff),

where we have used the functional calculus for D,, of Lemma 2.2.30. Now note that
0 <1+ tanh (my) < 2 for all y and thus we find

(TS Tf) =T, + Ty = 3(Ff,(l+ tanh (xD,))Ff) < (Ff.Ff) = (f, ).

Since S(R™) is dense in L?(R"), the operator T extends by continuity to a bounded
operator T : L*(R") — L*(R") with ||T]| < 1. That T commutes with dilations and

rotations follows by direct computation. O

Since T' commutes with the dilation group U, we can consider T as a function of the
generator D,, of dilations on L?(R"). Since T" commutes with rotations we can decompose
L*(R™) into spherical harmonics and compute the action of 7' on each harmonic compo-
nent. The spherical harmonic decomposition demonstrated here was proved in dimension
three in [98].

Definition 4.2.3. A polynomial P in the variables zy,...,x, which is homogenous of
degree ¢ (so P(z) = |z|*P(%) for all x € R™) which satisfies AP = 0 is called a harmonic
polynomial of degree €. Let V, be the vector space of harmonic polynomials of degree ¢ in

n variables. Define the subspace H, of spherical harmonics by
Hy={f:S"! = C: f=P|g for some P € V,}.

Clearly H, C L*(S™!) and inherits the inner product. The Funcke-Hecke theorem [9,
Theorem 9.7.1] allows us to decompose functions on the sphere into spherical harmonics.
In particular, the following result shows how to decompose a plane wave into spherical
harmonics, which will be particularly useful for decomposing Fourier transforms into

spherical harmonic subspaces.
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Lemma 4.2.4 (|9, Lemma 9.10.2]). For any spherical harmonic Sy of degree ¢ in n

variables and 0 € S*' we have
/ e 109 (1) dw = (27) 3 SU(O) " Ty ms (1), (4.12)
§n71 2

Thus, for a Schwarz class function g € S(R*) and S, € Hy we define f : R" — C by
f(z) = g(|x])Se(z) and compute for £ € R™ the Fourier transform

FAO = 2m)F [ ey ((al)Si(d) do

n

/ r"_lg(r) (/ e‘"'EKW’@Sg(w) dw) dr
R+ sn—1

=S [ ()T )y 01D 0

w3

— (2m)"

The Fourier transform leaves the space By = C°(R") ® H, (considered as a subspace
of C°(R™)) invariant. Restricting F to the harmonic subspace B, defines the operator
Fo o C*(RY) € L*(RT,r"ldr) — C*(RT) C L*(R*,r""!dr) for n € R* and g €
L*(RT, r"=tdr) by

Fualn) =7 [ (0" gl e ()17 (4.13)

R+

The operator F; is related to the Hankel transform of Definition 2.2.10 and extends to
a unitary from H, = L*(RT,r""1dr) to itself, a fact which follows from the Parseval
relation for the Hankel transform [113, Theorem IJ.

Since T' commutes with any rotation, 7" leaves each subspace By invariant, so restricts
to an operator 7, ® Id on each B,. Recall that T is defined for f € C2°(R") by

T f](z) = 2(27r)_gcn|m|_n51/ TnT_le”‘xl[}"f](Ti) dr.

R+

Thus we can define an operator Ty : C°(R*, r"~tdr) — C(R*,r" ' dr) for n € R* by

n—1

Tigl(n) = 2(2m) S % [ %I Fgl(r) dr (4.19)

We recall from Lemma 2.2.21 formula for functions of dilation on the half-line,

N

o(D)gl () = (2m) / Fol (et gle'n) dt,

for g € C*(RT) and n € RT. We shall recognise each T, as a function (D). The

following is a generalisation of [98, Proposition 2].

Proposition 4.2.5. For each { the operator T, extends continuously to the bounded oper-
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ator @u(D,,) on H, = L*(RT,r"~1dr), where ¢, € C(R) has limits at +oo and is defined
fory € RY by by

(1 + tanh (ry) — i cosh (Wy)_l) :

(4.15)

Proof. We recall from Equation (4.6) that for f € C2°(R") and x € R™ the operator T is
given by

Tf)(x) = kule| "2 /

775 Tl [F f](r2)dr,
R+

where for convenience we have let k,, = 2¢,. On the space H, = {f € C>*(R") : f(x) =
9(|2|) Yo () for some g € C®(R),Y,,, € Py} we have that T|y, = T, ® Idp, where
Ty, : LA(R*,r"~1dr) — L*(RT,r""!dr) is given for g € C°(R™) and r € R™ by
Tog)(r) = kur ™ | 777 ¢ [Feg(r) dr.
R+
We recall the Fourier transform restricted to the space H, has the form F|y, = F, ® Idp,,
where F, : L*(R*,r"~'dr) — L*(R*,r""'dr) is given by Equation (4.13). Hence we can

write Ty explicitly as

2

[ng] (T) = knze'rnZl/ / TanleiTr(Tp>f%
R+ JR+

k5 [ [ (o) (o) dpdr
R R

P 9(p) Jpynzz (Tp)dpdr

and so we may use the substitution = re! to write
[Tug(r) = kit =7 / / T%emn%g(n)JHﬁ(Tn) dndr
R+ JR+ ?
= kyi'r2 / e g(e'r)e! (/ T%e”’"JHL—z(etrT) dT) dt.
R R+ :

Define the distribution ¢, by

N[

o(t) = kit (27 raet 726w (e7lrr) dr.
o+
R+

We now find the Fourier transform ¢, = F1, and we may write

nt

Tygl(r) = (2m) 7 / Frod(—t)e gle'r) dt.



CHAPTER 4. THE STRUCTURE OF THE WAVE OPERATOR 163

Thus we compute the Fourier transform as

oely) = [Foel(t) = kni®r / et (t)dt

g// 7‘2e”TJ ne 2(e_t7”7')d7'dt
R+

= eilz knz T% / / eizy eitT% (TT)éK% (_ZTT)J€+nT_2 <eitr7—) dT dt’
R+

where we have used the relation e = \/gw%K 1 (w) (here K, denotes a modified Bessel

function). Making the substitution v = e tr7, d7 = e'r~!dv we obtain

ooly i3k \/jrg// e Wle™t 7'2 )%Kl(—@'TT)JH%(e_tTT)det
R+ ’

T 3 i 1611t : _
== —7’2// e We lyzeny 2v2ezK;(—wet)Jg+n_z(v)etr Vo dt
2 2
R+

— e Uik \/7// e Wt t'UKI (—ive") Jy, n-2(v) dv dt.
R+ 2

We now make the substitution s = ve!, dt = s~'ds to see that

= e ki \/7// e Wt tUKl —ive')Jy, n2(v) dv dt
R+ :
—iik \/7/ / s K (—is) Sy n2 (v)sT duds
R+ JR+ 2 2
= ei:knie\/j (/ 7ZyK1( )ds) (/ UiyJ€+L4(U) dv) .
™ R+ R+ 2

By [126, p. 10.1] we have

. TR (+2+1iy))
lyJ n—2 d = 21y 2 2 .
/W” €+T(“) v I (3(0+2—1iy))

Using [126, p. 11.1] we find

/R+ sTVK L (—is)ds = 27V (=) TVHIT (% (g - zy)) r (% (% - zy)) :

Then ¢, is given by
GG GGE-Y)

x my I
wi(y) = —ie "1 \/zkmz? ! E

D=
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A quick calculation shows that

efe’ ez _ lcosh (my) + sinh (7y) —i

L TY T Y us’}

ux’s . Ty
eTe? —e Te 2 ez 4ie 2z 2 cosh (my)

—_

= — (1 + tanh (ry) — i cosh (Wy)_l) :

Using the relation I'(2)['(1 — 2) = =——7— with z =

1
sin (7z) 2

(% — iy) we find

(G Gv) - T

_in my s
=e 4e2
. im Ty _iT _TY
F(%(%—Hy)) <e4ez — e 'ae 2)
T

_ m (1 + tanh (ry) — i cosh (ry) ).

Thus,

_ e 21T G5 i) TG (G —w)) . L
wo(y) —Wknzz\/;gr(% (i) TC ) (1 + tanh (ry) — i cosh (ry) ).

Recall that the constant k, = 2¢, is given by k,, = —i(27r)_%e_inT_3” and so we obtain the
expression
o1 s AT (G (O3 +y)) T (5 (5 —iy)) : -1
wi(y) =it T _\2 L 222 1+ tanh (wy) — i cosh (wy) ™) .
TG+ 2-w)T (GG i) )

The limits at £oo follow from the asymptotics of the Gamma function (see [1]). O

The result of Proposition 4.2.5 agrees with the result obtained in [98, Proposition 2]
in dimension three and that the operator po(D,) = 1(Id + tanh (wD,,) — i cosh (mD,)™Y)
is precisely of the form of the operator of Equation (4.1). To arrive at a simpler formula
without the ratio of Gamma functions, we provide a straightforward generalisation of

[151, Theorem 4.1] to operator-valued functions.

Lemma 4.2.6. Suppose that f € L*(R)NC(R) and g € C(R, K(P)) is such that g(+o0) =
0. Let L denote the (densely defined) operator of multiplication by the variable in L?(RT).
Then the operator (f(D4)®1d)g(In (L)) defines a compact operator on Hspee. Similarly if
h € C(R*,K(P)) is such that h(0) = h(oo) = 0, then (f(D+)®Id)h(L) defines a compact

operator on Hpec-

Proof. The algebraic tensor product Co(R) ® K(P) is dense in Co(R, IC(P)) by [133,
Theorem 1.15], when Cy(R, IC(P)) is equipped with the uniform topology. Thus it suffices
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to prove that for a € Cy(R) and b € K(P) we have
(f(Dy) @ 1d)(a(In (L)) ®b) = f(Dy)a(ln (L)) @b

is compact. This follows from [151, Theorem 4.1] after a few steps. First we let u,, €

C>°(R) be an approximate unit for Co(R). Then u,,f and u,,a are L*>-functions and so

(tm ) (D) (uma)(In (L)) © b

is compact by [151, Theorem 4.1], and since D, and %ln (L) are canonically conjugate.
Now because f and a vanish at +00 we readily see that (u,,f)(Dy) — f(D4) in operator
norm, and similarly for (u,,a)(In(L)). As the compacts are norm closed, the limit is

compact. The final claim follows by writing h = g o (In). O

Lemma 4.2.7. Let n > 4 and define ¢ : R — C by ¢(y) = 3(1+tanh (7y)—i cosh (my) ™).
Then (T — o(D,,))(S —1d) is compact.

Proof. The operator S satisfies S(0) = Id and the functions ¢, of Proposition 4.2.5 satisfy
we(00) =1, ps(—00) = 0. Thus the difference T'—p(D,,) is a function of £ and D,, vanishing
at oo of o(D,,) for each ¢. We also have the limit limy ,,, S(\) = Id in B(P), a fact
which will be proved in Corollary 4.3.10. The operators D,, and 5 In (Hj) are canonically
conjugate, so by Lemma 4.2.6 the operator (7' — ¢(D,,))(S — Id) is compact. O

The term cosh (7D,) " (S — Id) will give rise to a compact operator by an identical
argument, however we shall keep it in our formulas for reasons which will become apparent
in Section 5.2.3. We also note that Lemma 4.2.7 is not true in dimension n = 3 in the
presence of resonances, since the scattering operator does not satisfy S(0) = Id.

Whilst the above arguments give the correct formula for the wave operator, it is
difficult to prove that the operator K defined by Equation (4.7) is compact directly. To
do so would require all the subtleties of the behaviour of the perturbed resolvent R(z)
near z = 0. Sadly, we have not found a direct proof of the compactness of the operator K
defined by Equation (4.7) directly from its definition as the remainder in the construction
of generalised plane waves.

In the next section we offer a different proof which starts from the expansion of the
resolvent near zero. This method was first used in dimension three in [141], in dimension
two in the absence of resonances in [140] and in dimension two with (some) resonances
in [142]. By expanding and modifying these arguments we will obtain the formula for
the wave function in all cases where S(0) = Id. As a consequence of Theorem 4.0.1, the
operator K defined by Equation (4.7) is compact.

Remark 4.2.8. The proof of Proposition 4.2.5 determines the dominant behaviour of T,
and one may use the method of stationary phase [56, Theorem 3.38] to obtain a similar

expression to Equation (4.1).
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4.3 The form of the wave operator

In this section we use the resolvent expansions of Chapter 3 to provide a proof of Theorem
4.0.1. To make use of the results of Chapter 3 we require some additional assumptions

on the potential, which we summarise below.

Assumption 4.3.1. In dimension n we fix p and ¢ such that
1. ifnzlthenp>g;
2. if n =2 then p > 11;
3.iffn=3thenp>5andte (2,p—2);
4. if n =4 then p > 12 and t € (6,p — 6) ; and
5. if n > 5 then p > 3”2—+4 and t € (g,p—g).

We assume that |V (z)| < C(1 + |z|)~” for almost all z € R™.

We separate out dimension n = 1 and n = 2 from the higher dimensions, since their
proofs use different techniques and have appeared in the literature [97, 140, 142]. The case
n = 3 has also been demonstrated in [141], however the proof technique we use follows

closely that of [141] and so this case fits neatly into the narrative with the n > 4 cases.

4.3.1 Dimension n =1

As we have seen throughout this thesis, dimension n = 1 produces atypical behaviour.
In [97, Proposition 4] it was shown that in dimension n = 1 the operator K defined by
Equation (4.7) is compact (Hilbert-Schmidt even) by directly using subtleties related to
Jost functions to obtain estimates on the integral kernel, a method which is only available

in dimension n = 1. The result is the following [97, Proposition 5].

Theorem 4.3.2. Suppose that V' satisfies Assumption 2.2.14 for some p > g and let

A L*(R) — L*(R) be defined by [Af](z) = f(—x). The wave operator W_ is of the form
W =1d+ % (Id + tanh (xDy) + iAcosh (D1)) (S — Id) + K, (4.16)

where K is a compact operator.

The presence of the operator A is an artefact of dimension n = 1 only and cannot be

removed, however it causes no issues in our later analysis.
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4.3.2 Dimension n = 2

We first recall the known form of the wave operator in two dimensions in the presence of
s-resonances. We then massage the formula from Theorem 4.3.3 to obtain the statement
in Theorem 4.0.1. The following is [142, Theorem 1.3].

Theorem 4.3.3. Let n = 2 and V' satisfy Assumption (2.2.14) for some p > 11 and
suppose that there are no p-resonances. Then there exist two continuous compact operator
valued functions 1,7 : RT — K(L*(S')) vanishing at 0 and oo and satisfying the relation
n(Hy) + n(Hy) = S — Id, and such that the equality

1 D 1
W_ =1d + 3 (Id + tanh (%) ) n(Ho) + 3 (Id + tanh (D) — i cosh (WDQ)_I) n(Hp)

holds modulo compacts.

With the help of a technical result, we can show rather simply that Theorem 4.0.1

holds in dimension n = 2.

Lemma 4.3.4. Letn = 2 and V satisfy Assumption (2.2.14) for some p > 11 and suppose

that there are no p-resonances. Then W_ satisfies Equation (4.1).

Proof. Consider the difference

X=F, (% (Id + tanh (”TDQ» n(HO)—% (Id + tanh (7 Dy) — icosh (7D5) ") n(H0)> Er

1
5 (Id 4 tanh (rD,) — Id — tanh (27D ) + i cosh (27rD+)71) n(L)

—Y(D,)n(L).
The function 7 vanishes at 0 and oo and the function Y is continuous and square integrable.

Thus an application of Lemma 4.2.6 shows X is compact. Hence W_ has the form given
in Equation (4.1). O

4.3.3 Dimension n > 3
4.3.3.1 Setting up the proof

We will now provide a number of preparatory results before proceeding to the proof of
Theorem 4.0.1 for n > 3. We note that the case n = 3 has been proved in [141], however
fits neatly into this section.

The proof is broken up into a number of steps, whose ultimate goal is to factorise (in
the spectral representation) the wave operator into the composition of several operators,

whose mapping properties as operators between various weighted Sobolev spaces can be
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analysed. The properties of these factor operators depend heavily on their low energy

behaviour and we use the resolvent expansions of Chapter 3 to determine this behaviour.

Definition 4.3.5. Define, for ¢ > 0 and A € R, the operator ¢.(Hy — A\) on H by
0-(Ho — X) = ZRo(A F ie)Ro(A £ ic). Similarly for M = FyHyFy, the operator of
multiplication by the spectral variable, set ¢ (M —X) = £(M —(AFie)) "' (M —(A%ie)) ™"

By [165, Section 1.4], the limits lim. o (p-(Ho — \) f, g) exist for almost every A € R
and f,g € L*(R"™). Moreover the limit satisfies Stone’s formula (see Corollary 2.1.13)

()= [ (tm (el = N)£.9)) O

Using the symmetrised resolvent identity and the stationary formula for the wave

operator in Equation (2.69) we can then show that

(7 =10)1.9) = = [ (tim (oo = AL 0oU + 0B\ F i)o) " oRo(A £ i)g)) A

We now derive formulas for the wave operators in the spectral representation of Hy,
that is, Fo(W_ — Id)Fy. Let M = FyHyF{ be the operator of multiplication by the
spectral variable. For suitable f, g € Hgpe. we compute that

- <F‘0(I/‘/i - Id)FO*f7 g>Hspec

:/(hr% (VU +vRo(A F ie)v) " 0Fg (M — A f, Fy (M — >\¢i€)_19>ﬂ> dA
R E—

:/R(g%/OOZ[Fov(UJrvRo(AﬂFis)v)—lvFg‘gpg(M—A)f] (Mw%%%@)dk

With M (k) = U + vRy(z)v for 2 € C\R and M.(\) = U + vRy(\ F ic)v we have

<F0(W:t - Id)F(;kfa g>7‘lspec

- _/R @i% /0°°< [FoM(\) T Fyoe (M = N f] (1), (e — AF ie) (1, ) du) d.
(4.17)

To interchange the limit as ¢ — 0 and the integral over p in Equation (4.17), which
we do in subsection 4.3.3.3, we first analyse FooM.(\) ‘v F}.

4.3.3.2 Analysing the diagonalisation maps

Recall that the trace operator (see Section 2.4) extends to an element of B(H®', P) for
each s > £ and ¢t € R, and that A — v(\) € B(H*,P) is continuous [86, Section 3]. As
a consequence the operator To(\) : S(R™) — P extends to an element of B(H** P) for
cach s € R and ¢ > 1, as well as A — I'g(\) € B(H*", P) is continuous.
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We need stronger continuity and boundedness results for I'y.

Lemma 4.3.6. Letn >3, s >0 andt > 5. Then G4 : (0,00) — B(H>',P) defined by
G(\) = A¥1To(\) are continuous and bounded.

Proof. Continuity is immediate from the previous paragraph. For boundedness, it is
sufficient to check boundedness of G_ in a neighbourhood of 0 and G in a neighbourhood
of oo.

For the first bound, we analyse the asymptotic development of ’y()\%) as A — 0. Recall
that for f € C>®°(R") and w € S"™! we have

YD) Ffl(w) = > (iA2Y [y, fl(w) + O (A%) .

By Lemma 4.1.1 we have v; € B(H*",P) for t > j + 5. From this expansion we see that

fort>j—|—§andforanyaS”T_Qwehave

A~ |ITo(M)|| = AT 72277 ||y (A7)

) (4.18)

is bounded in a neighbourhood of zero. Since n > 3, taking a = }L gives immediately the
statement for G_.

For the second statement, we refer to [164, Theorem 1.1.4] for the estimate
[ )P < C . (4.19)
Sn—1
valid for ¢ > £, from which we obtain (with r = Az and u = Ff) that

A = [ 2 WFEAGPd =2 [ T AP e

Snfl S'nfl
< 27N IO Ff] 20 = 27 A2 C | £ o - (4.20)

This gives us the estimate A1 ||To(A)f]] < C | f]| go.c, so that G is bounded as A — oo.

For s > 0, we use the inclusion H** C H%! for any s > 0. O

From the arguments above we immediately obtain that A — [|Lo(A)|[ (g ) is con-

tinuous and bounded for s > 0 and ¢t > % We can strengthen Lemma 4.3.6 for G_.

Lemma 4.3.7. Let s > 0 and t > %. Then Ty(\) € K(H*', P) for any A € RT and the
function G_ : Rt — KC(H®', P) is continuous and vanishes as X\ — oo and as A — 0.

Proof. The compactness statement follows from the compact embedding H** C H%" for

any q < s, r < t. See [8, Proposition 4.1.5].
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For continuity, the same argument as the previous lemma works. That G_ vanishes
as A — 0 follows from Equation (4.18) and the fact that v(A2)F — 4, in the norm of
B(H®*',P) as A — 0. It remains to check the limit as A — oo , which follows from the
inclusion H** < H®' for any s > 0 and the estimate (4.20).

0

We now consider the multiplication operator G_ : C.(RT, H¥") — H . given by

1

[GfIA w) = (G- fI(Aw) = A3 [To(A) fI(A, w). (4.21)

Lemmas 4.3.6 and 4.3.7 show that the operator GG_ extends, for s > 0 and t > %, to
an element of B(L*(R™, H*"), Hspee). The next step is to deal with the limit as ¢ — 0
of o.(M — X). The following statement and its proof are simple generalisations of [141,

Lemma 2.3] to all n > 2.

Lemma 4.3.8. Toke s > 0 and t > 5. For A € R* and f € C.(R*,P) we have

lim || 5 o2 (M = A)f = Ta(A) SN[ e = 0.

Proof. Fix f € C.(RT,P), A € RT and € > 0. We use the duality relation of H*' with
H=%7t to compute that

1F5 (M = N f = TN F O -
= sup g Fea(M = N f = To(N) F O sroe o]

gESER™),|lgll st =1

1 [ £
- (roio ) = T 0|

™

= sup
geSR™),||gll s, e =1

For fixed g € S(R™) with ||g|| 4.« = 1 define the continuous and bounded function h :
R* — C by

h(p) = (Colp)g, f(1))p-

By an application of the Plemelj formula (see also [161, Theorem 9.8]) we have that

1 [~ £
lim— [ o ——h(u)du = h()). 4.22
Iz ) Gy e e =h() (4.22)

Since || f(+)||p and |[To(-)|| g+ ) are bounded, we have that h is bounded by a constant
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independent of g. So an application of Equation (4.22) gives

tim |52 (M = ) = To(A)" FON) | r

1 [ €
= lim sup —/ <F ug,—fu> dp— (To(A)g, f(A
LT A ey A o() PES\EEe= () i (Co(Ng, fF(A)p
:O,
as claimed. n

From now on we only consider the operator W_ since our resolvent results have only
been in the upper-half-plane. Similar results could be derived in the lower-half-plane,
however the operator W, can be obtained in a much simpler manner from the relation
W, =W_S* at a later stage.

Lemma 4.3.9. Suppose thatn > 3 p,t and V' satisfy Assumption 4.3.1, and that there are
no resonances for n = 4. Then the function B : RT™ — B(P, H**~") defined by B()\) =
ATuMo(A) 0T o(A)* is continuous and bounded, and B : Co(Rt,P) — LA(R*, HO»~1)
defined by [Bf](N\) = B(\) f(\) extends to an element of B(Hspee, L2(RT, H*P7)).

Proof. The continuity of B follows from the limiting absorption principle (Theorem 2.4.8).
For boundedness, it is sufficient to show that the map A+ |[B(A)||5p 0.0+ is bounded in
a neighbourhood of 0 and in a neighbourhood of co. For A > 1, a symmetrised analogue

of Lemma 2.4.10 shows that the function A — ||UM0()\)71?)||B(H07,t7H07p,t) is bounded
n+1
=R 1
4.3.6 that the function R* 3 A — A1 [|To(A)*[5p go.—+) is bounded. This shows that
A = |[B)|lgep,go.-1) 18 bounded in a neighbourhood of co.

provided p > , which is guaranteed by our assumptions. We also know from Lemma

For A in a neighbourhood of 0, we use asymptotic developments for My(\) in Chapter
3 and I'g(A\)* in Section 4.1.1. The asymptotics of I'g(A) are discussed in Lemma 4.1.2.

By taking adjoints in Lemma 4.1.2, we see that for each s > 0 we have the expansion
Do(A)" = 2720"T (35 —iA297 + O(N)?)

in B(P,H*>™") as A\ — 0.

The form of the asymptotic development of My(A)™! as A — 0 depends heavily on
the (non)existence of zero energy eigenvalues and resonances as seen in Chapter 3. For
n > 5 the behaviour as A — 0 of My(\) is described explicitly in Theorem 3.2.9 (for n
odd) and Theorem 3.2.19 (for n even) as

Mo(A\) ™' = A7'Dy + R(\2),

in B(H) as A\ — 0 where R is uniformly bounded. So the lowest order power of A in the ex-
pansion of AivMy(A) Lolg(A)* is the term A5 vDyv7g. So we see that AivMo(A) ~Lolo(A)*
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is bounded in B(P, H%*~*) as A — 0 for n > 5.
We now consider n = 4. For the asymptotic development of My(A\)™!, we appeal to

Theorem 3.2.37. We obtain (with ¢ a normalised vector in T1H) the expansion

N

My(A) ™" = A" Dy + A h(—ix2){p, Yo — In(\)Cy + R(A2)

as A — 0 in B(HV~*, H*'), where R is uniformly bounded. Hence, we find as A — 0 that

D)

>
NI
4
=
—~
=
L
4
—
o
>
=
Il
~
NI
>
NI
4
/N
gl
=)
[\V)
+
g
=
|
.
=
=
pS
=
AN
|
B
=
Q
+
ne )
=

— 93 ()\—ipﬂg + ATER(—iA2) (v, Yop + o(Ad 1ﬂ(>\))> :

There are two terms of concern here as A — 0. The first is the term )\_%'UDQU'VS, which
vanishes by the fact ()P = 0. The second is the term containing ¢, which blows up
as A — 0. Thus, we make the assumption ¢ = 0, namely there are no resonances in
dimension n = 4.

1

Finally we consider n = 3. For the asymptotic development of My(A)~', we appeal

to Theorem 3.2.57. We obtain the expansion
Mo(A)' = A"'Dy + A2 Cy + R(N),

where R is uniformly bounded. Then as A — 0,

N

NoMp(A)~1olp(A) = 272 A20(A ' Dy + A2C_s + R(M\)v (w; — iA2y 4 o(A

)

= 273\ 20Dy + Co1+ o(A7).

The only term of concern here is vDyvy; which vanishes since Q2P = 0. [

We note that in dimension n = 3 a nonsymmetrised proof of Lemma 4.3.9 can be
found as [141, Lemma 2.4]. The case n = 2 has been resolved in [140] in the non-
resonant case and [142] in the case of s-resonances but not p-resonances. The presence of
certain resonances in dimensions n = 2 and n = 4 is well-known to produce complicated
behaviour in scattering theory, see for instance [73, Theorem II1.3], [29, Theorem 6.3] and
the analysis of Chapter 3, and so it is not surprising that we must exclude them in our
analysis for dimension n = 4, as is done in [142] for dimension n = 2. Despite the differing
behaviour of resonances in dimensions n = 2 and n = 4, the analysis required to handle
the resonant contributions is similar and is work in progress. We also note the following

essential corollary of Lemmas 4.3.7 and 4.3.9.

Corollary 4.3.10. Suppose that V', p and t satisfy Assumption 4.3.1. Then for n > 2
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we have the equality limy_,» S(\) = Id in the norm of B(P).

Proof. For dimension n > 3, G_(\) and B(\) satisfy G_(A\)B(A) = S(A\) — Id. Since G_
vanishes as A — oo and B is bounded we have the desired result. In dimension n = 2,

the statement is an immediate corollary of [142, Theorem 1.3]. O

Remark 4.3.11. The convergence of S(A) — Id as A — oo in Corollary 4.3.10 is in B(P).
When comparing with the equality Det(S(\)) = e~2™™ we must be careful to note that
when this equality holds it is a priori only valid in the trace norm. In fact as a further
corollary we note that in dimensions n = 2,3, S(\) cannot converge as A — oo in trace

norm, except possibly when [FV](0) = 0.

4.3.3.3 Interchanging limits

In this subsection we interchange the integral over A and the limit as ¢ — 0 in Equation
(4.17). For fixed e, A > 0 and s € R we define for f,g € C>°(R", P) the following functions

he(X) == )\%UMa()\)_lvFJQOE(M — N feH" and (4.23)
p(A) i= AiTo(N)*g(A) € HO .

We also denote by

o(v) = () 2l 2) v > =2 (4.24)
0 v< =\

[

the extension by zero of the function (—\,00) 3 v (X2)* p(v+ ) € H*~* to all of R.

Lemma 4.3.12. Let n > 4 and suppose that p,t satisfy Assumption 4.3.1, and that there
are no resonances forn =4. If |V (z)| < C(1+ |x|)™* then

(FoOW_ =1d)F5 £, 9)rapee = —i/ / <ho()\),/ eV qy(v) dy> dzdA.
r+ Jo 0 HOs [0~

Proof. Take f € C.(R*,P) and g € C>(RT)® C(S"™), and set m = p—t. We may then
write the expression (4.17), using the functions h. and p defined in Equation (4.23), as

(Fo(W- —Id)F5 f, g)

- (hm [ ML o0 = )£, A+ ) Eoli) g0 du) ax

e—0

. A*iui
__ 1 he(\), ——H* du | ax.
| gl/< <>M_pr<u>>wmw y
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Now we make the estimate

1
1

A‘iu
he(A), —————p(k dpu
/R+ < () = A+ ie ( )>H0,M’H07_m
1 1 1
< e gro.m A3 /R+ (=N + )72 [p() o, dp < 00, (4.25)

since p is defined in terms of g, which is compactly supported. Use the formula
(p—A+ie) ' = —z'/ ellh=Nze=e2 45
0

and Fubini’s theorem (valid by the estimate (4.25)) to obtain
00 )\,l 1
lim <ha<A>, e (u)> du
0 HO,'m7HO,7m

e—0 o] —|—25p
OO (p—Nzy—+ 1
O, [ ety 4u4p(u)du> )dz
0 HO,m7HO,—m

- A
= —jlim e % <<h
e—0 0

1
00 Sl A\ 4
= —ilim e <h€()\),/ e (V—; > p(l/+/\)d1/> dz, (4.26)
0 —

e—0 A
H0,7n7HO,—m

where in the last line we have made a change of variables to recognise a Fourier transform.

The z-integrand of (4.26) can be bounded independently of € € (0, 1) explicitly with

1
0 AN 2
e % <h5(>\),/ etz <V+ > p([/—l—)\) dV>
—A A HO,m’HO,—m
. RS
/ v (V+ ) D+ ) do
o )

where we have used e™** < 1. We also know from Lemma 4.3.8 that as ¢ — 0, h()\)
converges to AivMy(A)"'wlo(A)*f(A) in H*™. Therefore the family ||he(A)]| o (and
thus the entire expression (4.27)) is bounded by a constant independent of € € (0, 1).

< [lhe(M | ro.m = |[he (M| om a(2),  (4.27)

HO,—m

In order to exchange the integral over z and the limit as ¢ — 0 in Equation (4.26), it
remains to show that the function j of (4.27) is in L*(R*,dz). Recall ¢y from Equation
(4.24). Note that jy in (4.27) can be rewritten as jy(z) = (27)2 [F*ax](2)]| go—m (here
the Fourier transform is one-dimensional).

To estimate j), we denote by D = —ia% the self-adjoint operator acting (densely) on
L*(R) and by Y = (Id + D?). Then,

17 a0 = 1+ 2%) 7 IIFY ) (2)l o (4.28)
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The function z + (1422)" ! is in L*(R™, dz) and so it suffices to show ||[F*Y ¢\](2)|| 0. m
is bounded independently of z. Suppose that ¢ = n® £ € C°(RT) @ C(P) is a simple

tensor, so that

1 n—2

(V - A) "o+ M)(@) = 27 n) A 4 ) T + ) /S g 1) o,

A

Differentiating with respect to v twice shows that there are n;, € C2°(R™) such that for

z € R™ we have

[YQ)\](V) (IL’) _ 7]17)\(V) /Sn_1 ei(l/—&-)\)%(ac,w)é&(w) dw + 772’)\(V> /Sn_1 <l‘, w>ei(u+>\)%<x,w>§(w) dew

Fma) [ (e ) do
Estimating each term individually we obtain C7, Cs, C3, C' > 0 such that
[F Y] (2) ()] < Cr + Cola| + Cala|* < C(1 + |2]?),
which gives
7Y ] ()](2)] < C(1+ |2f).

For 7(x) = (1 + |x|?), we compute
710, = / (1+|z))"2 (1 + |z]*) de = Vol(S”_l)/ 1+ )2 dr
" 0

which is finite forn —m —1 < -1, orm >n+2. So 7 € H® ™ for m > n + 2.

We note in passing that the condition on m = p — t requires p > n + t + 2, which is
guaranteed by Assumption 4.3.1.

By linearity, for each g € C*(R*) ® C(S* ') we find that [|[[F*Yq\](2)||0.-m 18
bounded independently of z. So using Equation (4.28) we have |[[F*q](2)||o.-m < C(1+
22)71, and 50 [|[F*q2) ()]l o m € LU(RY).

As a consequence, we can apply Lebesgue’s dominated convergence theorem to ex-

change the limit as ¢ — 0 with the integral over z in Equation (4.26) and obtain

9] 0 1
— 4 lim e ** <h€()\), / e'? (V i )\) p(v+ ) dy> dz
e—0 0 Y >\

HO,m7HO,7'm
= —i <h0()\),/ /ei”zq,\(y) dl/dZ> .
0 R HO,m’HO,f'm
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Hence on a dense set of f, g,

(FoW_ =1d)EG £, 9)#apee = —i/ / <h0()\),/ei”zq,\(u) dl/> dzdA. O
R+ JO R HOm FHO,—m

Remark 4.3.13. The proof of Lemma 4.3.12 shows how the various requirements on p in
n+1
=N
in Lemma 4.1.1 we required ¢ > 7. In Lemma 4.3.12 we required p > n + ¢ + 2 which

Assumption 4.3.1 are obtained. In particular, in Lemma 2.4.10 we assumed p > and

gives p > 3"%1 for n > 5. The case n = 4 requires p > 11 to use Theorem 3.2.37.

4.3.3.4 The function of dilation and completion of proof

We recall from Section 2.2.3 D, , the self-adjoint generator of dilations on L*(R*). Lemma

2.2.21 allows us to take functions of D via
B0 = e [ PO oE .
We introduce the function v € C(R) N L%(R) defined by
Y(z) = % (1 — tanh (27z) — i cosh (27z) ") . (4.29)

The Hilbert spaces L2(R*, H*') and Hgpe. can be naturally identified with the Hilbert
spaces L*(RT) ® H*' and L*(R") ® P. We recall the operator G_ of Equation (4.21) and
B of Lemma 4.3.9.

Theorem 4.3.14. Let n > 4 . Suppose that p,t satisfy Assumption 4.3.1, and that there

are no resonances for n = 4. Then
Fo(W_ —1d)Fy = —2miG_(¢(D4) @ Idgo,—+)B

in B(Hspec)-

Proof. Take f € C.(RT,P) and g € C*(RT)©C(S* 1), and set m = p—t. We show that
(Fo(W_ = Id)F [, 9)n.ye. is equal to (=2miG_ (¢ (D) ® Idgom)Bf, g)y,, .. Write x4 for

the characteristic function of R and note that ¢, has compact support to obtain (in the
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sense of distributions with values in H%~™),

/O h /R "2y (v) dv d = (27)

= (2m)

N

/R Fxa] () dv

220 (”T)‘l‘pm» v

—-A

N[

D=

= (n)f [ P - Dretpen dy

— (2m)} / O = D) (U (1) @ T o )p)(A)

Next, note that the inverse Fourier transform of the characteristic function y, is the
distribution [F*x,](y) = 722728(y) + i(QW)’%Pvi (here Pv denotes the principal value),

from which we obtain

3u
e

/OOO/Re“’ZqA(V) dvdz = /R (ﬁé(e“ —1)+iPv - ) [(Us () @ Idgo.—s)p](A) dpe

et —1

Next, note that

et 1 1 L1
e —1 4 sinh(%) cosh(%)

and the Fourier transform of the function ¢ of Equation (4.29) is [84, Table 20.1]

lo_le, 1 -1 . 1 1
[Ful(p) =m22724(e" — 1) + Z(ZW) P <Sinh (%) + ol (%)> )

Combining these facts,

(Fo(W- —1df, g)n,,.. = i/w <h0()\),/R (W(S(e“ )+ im(smhl(&) + Coshl(ﬂ)>
X [(Us () @ IdHU»m>p](/\)> dﬂ> dA.

HO,’"L7H0,777L

Since [Bf](A) = ho(A\), p = G* g and

(D) ® Idgpom)'p = (27) / FUl () (U4 (1) © Tdgom)pdp
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Combining these facts we obtain

(FoW- =T Fy g =271 [ (BAIN.[0(D)" 10 )G ) o g I

= (=2miG_(Y(Dy) @ Idpom) B, g)y,. -

Density of C.(R*,P) and C(R*) ® C(S™!) in Hgpe concludes the proof. O
The following is a straightforward generalisation of [141, Lemma 2.7].

Lemma 4.3.15. Take s > 0 and t > 5, and suppose that there are no resonances for
n = 4. Then the difference

(Y(Dy) ®1dp)G- = G_(¢(Dy) @ Idpsr) (4.30)

is in K(L*(RT, H*'), Hpec)-

Proof. Define the unitary operator J : L*(R) — L*(R") by

[T = A2 f(In (N)).

Then J satisfies [J*Uy(t)Jf](z) = f(z +t) and [J*e*™ M) Jf](x) = e f(z) for each
r,t € R, with M the operator of multiplication by the variable in L*(RT). It follows
that J*D;J = D on Dom(D) and J*In(M).J = X on Dom(X), where D and X are the
operators of momentum and position in L*(R).

Take fi,fo : R — C with limits at +00. A result of Cordes [8, Theorem 4.1.10]
implies [f1(D), f2(X)] € K(L*(R)). Conjugating with the unitary operator .J, we find
that [f1(Dy), f3(M)] € K(L*(RT)), with f3 = f, oln.

We know that [QE](A) = g(M\)E(N) for € € C.(RT,H*') and A € RT, with ¢ €
C ([0, 00], K(H®*,P)), when C([0, c0], C(H>',P)) is equipped with the uniform topology
(133, Theorem 1.15]. So for each ¢ > 0 there exists n € N, a; € C([0,00]) and b; €
K(H**,P) such that

<E.

k
HN—Z%(M) ®b
j=1

B(L2 (RJraHS’t),rHspec)

So in order to prove our claim, it is sufficient to show that the operator

(p(D.) @ 1dp) (Z a;(M ) - (Zn: a;(M) @b,-) (D) @ Tdgger)
= Z [V(Ds), a;(M)] @b
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is compact. We know that b; € K(H*',P) and that [¢/(D;),a;(M)] € K(L*(RT)). Tt
follows that the operator (4.30) is compact, since finite sums and tensor products of

compact operators are compact operators (see [77, Theorem 2]). ]

Recall from Lemma 2.2.26 that the generator of dilations D,, satisfies FyD, F] =
—2D, ® Idp. Defining (z) = £(1 + tanh (7z) — i cosh (mz)”"), we have

Fop(Dy) Fy = ¢(Dy) @ 1dp. (4.31)

We can now prove the main result.

Proof of Theorem 4.0.1. Using Equation (4.31) at the last equality, we deduce from The-
orem 4.3.14 and Lemma 4.3.15 that

W._ —1d = —2miF;G_((Dy) @ Idgos ) BFy
= —2miFy [G_((Dy) @ ldgop—) — (¥(Dy) @ Idp) G- + ((D4) @ Idp)G-| BFy
— 2miFr(W(Dy) ® 1dp)G_BFy + K
= ¢(D,)Fj(—2mi)G_BF, + K,

with K = =2mil{ (G_(w(D+) ® Idgop—) — (Y(Dy) ® Id’p)G_)BFO € KC(H). Note that
the last equality follows from Equation (4.31). Using Theorem 2.4.32, we compute

—2mi[G_Bf](\w) = =2mi[To(A\)uMo(A) " vTo(A)"f (A, )](w) = [(S(N) = Id) f(A, )} (w)-

Thus Fj(—2mi)G_BF, = S — 1Id, proving the claim. O

Corollary 4.3.16. Suppose that V' satisfies Assumption 4.3.1, that there are no p reso-
nances in dimension n = 2 and no resonances in dimension n = 4. Then the operator K

defined by Equation (4.7) is compact.

In the next chapter we show that as an immediate consequence of Theorem 4.0.1 we
can view Levinson’s theorem in all dimensions as an index theorem as discussed in [98,
Sections 4-6]. In Chapter 5 we discuss this topological interpretation and use the result

of Theorem 4.0.1 to give a new topological interpretation of Levinson’s theorem.



Chapter 5

Levinson’s theorem as an index

pairing

The form of the wave operator found in Theorem 4.0.1 allows us to view Levinson’s
theorem in a topological manner in multiple ways. In [97, 98, 140, 141, 142] it is shown
in low dimensions that Levinson’s theorem is an index theorem by considering the wave
operator as an element of a particular C*-algebra and computing the winding number of
its image in a Toeplitz algebra. In Section 5.1 we describe in detail the Toeplitz algebra
approach of Kellendonk and Richard [97, 98] and demonstrate using Theorem 4.0.1 how it
applies to the wave operator of higher dimensional scattering. Of particular interest is the
nature in which resonances contribute to the winding number as considered in dimension
n =1 [97] and dimension n = 3 [98].

We next demonstrate a new topological approach to Levinson’s theorem by reinter-
preting the problem as an index pairing. In Section 5.2 we construct a class of Fredholm
operators Wy, indexed by a particular family of unitaries {U} C B(H). Each such unitary
U defines a K-theory class [U] and can be paired with the K-homology class [D] of the
dilation operator, which we construct in Section 5.2.1. We show in Theorem 5.2.14 that
such a pairing computes the quantity Index(WWy). Theorem 4.0.1 shows that generically
we have the equality W_ = Ws and as a consequence we reinterpret Levinson’s theorem
as an index pairing in Theorem 5.3.2. This pairing is joint work with Adam Rennie and
appears in the preprint [5] in the non-resonant case.

The existence of zero energy resonances causes obstructions to the existence of such
a pairing and as such some care is required to modify the index pairing to handle this
information. In Section 5.3.1 we provide the necessary modifications in dimension n = 1 to
obtain an index pairing in all cases in Theorem 5.3.15. Using results of [97] we obtain the
a new proof of the well-known Levinson’s theorem [108] in dimension n = 1 in Theorem
5.3.16. Such a statement also allows us to completely determine the spectral shift function
for the pair (H, Hy) in any generic or resonant case.

In Section 5.3.2 we provide the required modifications to obtain an index pairing in

180
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the resonant case in dimension n = 3 in Theorem 5.3.20. Unfortunately, the high energy
behaviour of the scattering matrix in trace norm provides an additional obstruction to
using the index pairing to obtain computational formulae for the index. In Section 5.3.2
we consider a unitary related to S with better trace norm decay at infinity in order to
construct in Lemma 5.3.22 an element of the class [W_] which can be used to obtain a new
proof of the well-known Levinson’s theorem in dimension n = 3 [31], which we state and
prove in Theorem 5.3.24. Such a statement of Levinson’s theorem allows us to completely
determine the spectral shift function for the pair (H, Hy) in both the generic and resonant
case.

In Section 5.3.3 in dimension n = 2 we proceed as in dimension n = 3 by constructing
in Lemma 5.3.28 an element of [IW_] with better trace norm properties which can be used
in Theorem 5.3.29 to obtain (in the case of no p-resonances) a new proof of the known
Levinson theorem of [26, Theorem 6.3] (see also [50, Theorem 3.2]). We can further use
Theorem 5.3.29 to completely determine the spectral shift function for the pair (H, Hy)
in the case of no p-resonances.

In Section 5.3.4 we demonstrate the necessary modifications to construct in Lemma
5.3.33 an element of [W_] which we use in Theorem 5.3.34 a new proof of Levinson’s
theorem in higher dimensions (with the additional assumption that there are no resonances
in dimension n = 4). Unfortunately Theorem 5.3.34 has the drawback that most of the
correction terms provided by Lemma 5.3.33 are not easily computable. We demonstrate
the easiest cases of dimension n = 4,5 to illustrate this difficulty. We then use Theorem

5.3.34 to obtain a complete characterisation of the spectral shift function for the pair

(H, Hyp).

5.1 Levinson’s theorem as an index theorem

As an immediate consequence of the form of the wave operator in Theorem 4.0.1 we can
view Levinson’s theorem as an index theorem by considering the wave operator as an
element of a particular C*-algebra and computing the winding number of its image under
a quotient map. Such results have appeared in various forms in [97, 98, 138, 140, 141].
In particular we refer to the review article [138] for greater detail.

We construct a C*-algebra which contains the wave operator as an element. Let

CRT,K(P)) ={f € C(RT,K(P)) : lim f(y) exists} and

Yy—00

CR,K(P)) ={g € C(R,K(P)) : mgrfoog(x) exists},
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each equipped with the sup norm. The ideals of functions vanishing at the endpoints are

Co(RT,K(P)) = {f € Co(R*,K(P)) : lim f(y) =0} = Co(R*,K(P)) and

Yy—00

Co(R.K(P)) = {g € C(R,K(P)) : lim_g(x) = 0} = Co(R, K(P).

Note that the continuity here refers to norm continuity.

Definition 5.1.1. Define E to be the C*-algebra generated by

E = {g(Dy)f(Ho) : [ € C(RT,K(P)),g € C(R,K(P))}.
Define J to be the ideal generated by

J = {g(Dn) f(Ho) : f € Co(R,K(P)), g € Co(R,K(P))} .

Note that the C*-algebra E is nonunital, since the space P is not finite dimensional
(except in dimension n = 1). C*-algebras isomorphic to £ and J have been studied in a
different context in [68], where the isomorphism is given by the Mellin transform. The key
relation is %[Dn, In (Hy)] = i, the canonical commutation relation. In a similar manner,
we can consider the pair X of multiplication by the variable and the Dirac operator D

acting on L?(R) and construct a C*-algebra.

Definition 5.1.2. Define Ep x to be the C*-algebra generated by all f(D)g(X) such
that f,g € C(R,K(P)) (that is f, g are continuous with limits at +o00) and Jp x to be
the subalgebra generated by all f(D)g(X) such that f,g € Co(R,K(P)) (that is f, g are

continuous and vanish at +00).
Lemma 5.1.3. The subalgebra Jp x is a an ideal in Ep x and Jp x = K(L*(R)).

Proof. That Jp x is an ideal in Ep x is a simple check. That Jp x = K(L*(R)) is the
statement of [68, Corollary 2.18], however we provide also a more elementary proof based
on the Stone-von Neumann theorem.

Since the pair (D, X) satisfy the canonical commutation relations, any f,g € Cy(R)
satisfy f(X)g(D) € K(L*(R)) by [151, Theorem 4.1], so Jpx C K(L?*(R)). For the
reverse inclusion, fix K € K(L*(R)) and approximate K by a sequence (Ky) of finite
rank operators, so that ||[K — Ky|| — 0 as N — oo. Write

N
Ky = Z <£j7 '>77j
j=1

for (&;), (n;) € L*(R). Approximate each &; and n; by &; and 7; with &;,7; € Co(R)NL3(R)
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(and thus each fj, n; vanishes at £00). Then
~ N ~
Ky =Y (&, )7
j=1

satisfies K ~N € Jp x and converges in norm to K. Since Jp x is a closed two-sided ideal,
K € Jp x also so Jp x = K(L*(R)). O

We provide a convenient description of the quotient Ep x/Jp x for explicit com-
putations. Let ¢ : Epx — FEpx/Jpx be the quotient map. Consider the square
B = [— 00, 00| X [—00, 00] whose boundary O is the union of the four edges F; = {—o0} X
[—00, 0], By = [—00,00] X {0}, E3 = {0} X [—00,00], and E; = [—00,00] x {—00}.
We identify the space C'(0J) with the subalgebra of C'([—oc, 00])® given by elements I' =
(I'y, Ty, I's, I'y) which coincide at the corresponding endpoints. That is, I'; (c0) = I'y(—00),
['y(00) =T'3(0), ['3(—o00) = ['y(00) and T'y(—o0) =T (—00).

Lemma 5.1.4. The algebras C(0) and Ep x/Jp x are isomorphic. In particular, for any
f.g € C(R) we have the relation

Proof. This is the statement of [68, Proposition 3.22]. O]

From Lemma 5.1.4 we obtain a short exact sequence
0 — K(L*(R)) — Epx - C(O) — 0. (5.2)

Let M : L*(R*) — L?(RT) be the Mellin transform of Definition 2.2.22 and let
B = — M, be the operator of multiplication by —1In on L*(R™). Note that B = —In (L)
where L is the operator of multiplication by the variable in L*(R"), MD, M* = X, and
MBM* = D. For f € C(R) we have the relation

M f(D)M = f(M*DM) = f(B) = f(=In(L)) = g(L), (5.3)

where g = f o (—In) € C(RT). This motivates the following definition.

Definition 5.1.5. Let Ej p, be the C*-algebra generated by f(L)g(Dy) with f €
C(R*T,K(P)) and g € C(R,K(P)). Let Jr p, be the subalgebra generated by f(L)g(D-)
with f € Co(RT,K(P)) and g € Co(R, K(P)).

Lemma 5.1.6. The C*-algebras Ep p, and Ep x are isomorphic.

Proof. This follows from the relations MD, M* = X and MBM* = D combined with
Equation (5.3). O
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One can perform an identical identification procedure for £ p, /Jr p, with functions
on a square. Consider the square W' = [0, 00| X [—00, o0] whose boundary [’ is the union
of the four edges By = {0} x [—00, 0], By = [0,00] x {00}, By = {o0} x [—00,00] and
By = [0,00] x {—o0}. Identify the space C'(0) with the subalgebra of C([—o0, oc]) @
C([0, ¢]) ® C([—o0, 00]) & C([0, o0]) given by elements I' = (I'y, 'y, I's, I'y) which coincide
at the corresponding endpoints. That is, I';(c0) = I'3(0), I'y(c0) = I's(00), I's(—00) =
I'4(00) and I'y(0) = I'y(—00). After defining the quotient map ¢’ : Er p, = Erp,/Jr.D,

one also obtains a short exact sequence
0 — K(LA(RY)) = Erp, L C(0) = 0. (5.4)

Lemma 5.1.7. [138] We have the isomorphism E p. /Jpp, = C().

The following index theoretic result is the basis of the interpretation of Levinson’s

theorem as an index theorem.

Theorem 5.1.8 ([138, Theorem 4.4]). Suppose that H is a separable Hilbert space and
that E C B(H) is a unital C*-algebra with K(H) C E and E/K(H) = C(S') (with
quotient map q). Let U € E/KC(H) be a unitary. Then there exists an integer m € Z
such that for any Fredholm lift W of U with W a Fredholm partial isometry, we have the
equality

Wind(U) = mTr([Id — W*W] — [Id — WW*]) = mIndex(W).

Proof. The existence of m € Z is the statement of [145, Proposition 9.2.4]. In fact by
[145, Example 8.3.2] we have m = £1. O

Using the identification of Lemma 5.1.7 we can obtain more information about Fred-
holm elements of our C*-algebra Ey, p, . The following is the basic tool for computing the

index of our wave operators, first stated in this context as [97, Proposition 7].

Theorem 5.1.9. Suppose that T' € Er, p, is a Fredholm operator and let the image of T
under the quotient map be q(T) = (I'1,12,1's,I's) € Erp,/Jr.p,. Suppose further that

the maps I'; are piecewise differentiable and the integrals

1

wi=5n ) Tr(Ti(y) T5(y)) dy (5.5)

exist. Then we have the equality

4

Index(T) = > _wj. (5.6)

j=1
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That the index can be computed as a winding number this way is a consequence of
the Gohberg-Krein Theorem (see [69, Theorem 10.1]).

5.2 Constructing an index pairing

We now show how the formula for the wave operator implies that the number of bound
states can be computed as an index pairing between K-theory and K-homology, see [45,
76]. The index pairing we present is based on the form of the wave operator constructed
in Chapter 4, and thus the case of resonances in dimensions n = 2,4 is ruled out. In
dimension n = 1 generically and in dimension n = 3 in the case of resonances some
subtleties are required to define an index pairing, since S(0) # Id. In dimension n > 2,
further subtleties are required to use the index pairing to deduce statements of Levinson’s

theorem due to the behaviour of S(\) as A — oo in trace norm.

5.2.1 The spectral triple

We first recall the definition of a spectral triple.

Definition 5.2.1. An odd spectral triple (A, H,D) is given by a Hilbert space H, a
dense *-subalgebra A C B(H) acting on H, and a densely defined unbounded self-adjoint
operator D such that:

1. a-domD C dom D for all a € A, so that da := [D, a] is densely defined. Moreover,

da extends to a bounded operator for all a € A;
2. a(l1+D?)~V2 ¢ K(H) for all a € A.

Spectral triples define classes in the K-homology of the norm closure A, a C*-algebra
[16, 44]. We will produce a spectral triple for C'2°((0,00), ) where K is the compact

operators on L*(S"71).
Lemma 5.2.2. The spaces L*(R,dx) and L*(R*,dy) are unitarily equivalent via the map
W : L*(R) — L*(R") given by

WAly) =y 2 f(In(y)) (5.7)
with adjoint W* : L*(R*,dy) — L*(R,dx) given by [W*g](z) = e2g(e®).
Proof. This is a simple check. O]

Lemma 5.2.3. The two spectral triples

1d y d 1
*(R), L*(R, dz), —~— o (RT). L2A(RT. dy). 2
(CC (R), L(R, dz), idx) and (Cc (RY), LR, dy), T+ 21,)

are unitarily equivalent.
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Proof. Conjugating 24 + L by W : L*(R) — L*(R") gives 14 O

Since —i% defines a non-trivial (indeed generating) K-homology class for Cy(R), we
see that the generator of dilations on the half-line defines a non-trivial K-homology class
for CO (R+>

Using this identification we immediately get the following in our context.

Corollary 5.2.4. The data (C°(RT)@K(L*(S™™)), LA (RT) @ L*(S™'), Dy ®1d) defines
an odd spectral triple, and so a class [D4] in odd K-homology.

5.2.2 (Generalised wave operators

Motivated by the form of the wave operator demonstrated in Chapter 4 we define a class
of Fredholm operators, parametrised by particular unitaries, which allow us to reinterpret
Levinson’s theorem as an index pairing, as well as accounting for the contribution of
resonances in dimension 1 and 3. As usual, we let D,, be the generator of the dilation
group on H = L*(R"). Let A € B(H) be a self-adjoint involution which commutes with
D,, and define the operator

1
o(Dn) =1d+ 5 (Id + tanh (7D,) — icosh (7D,) ' A) . (5.8)

If T € B(H) commutes with Hy, there exists a family {T'(\)}\er+ of bounded operators
on L?(S™™ 1) such that [FyTE; fl(A\,w) = T(\)f(\,w) for all f € L*(RT) ® L*(S"!) and
(A, w) € RT @ S"!. We call T(-) the matrix of 7.

Definition 5.2.5. We say that a unitary U € B(H) is admissable if [U, Hy] = 0, the
matrix of U is norm continuous in A € R™ and U(\) — Id € K(P) for all A € RT. We say
that U is properly admissable if in addition we have U(0) = limy_,o, U(X) = Id (where the
limit is taken in B(P)).

Lemma 5.2.6. Let U € B(H) be a properly admissable unitary. Then U defines a class
[U] € K1 ((Co(RT) @ K(P))™).

Proof. By definition U € ((Co(R") ® K(P))~ and thus defines a K-theory class [U] €
Ky ((Co(RT) @ K(P))~). O

Lemma 5.2.7. Let U € B(H) be a properly admissable unitary and K € K(H). Then
the operator Wy € B(H) defined by

Wy =1d+ ¢(D,)(U —1d) + K, (5.9)

is a Fredholm operator. Furthermore, FoWyFg € Erp, .
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Proof. We show that Wy is an inverse for Wy up to compacts. We compute

WyW; = (Id + (D) (U —1d) + K) (Id + (U* — 1d)(D,)" + K*)
= 1d + (U — 1d)p(D,)* + o(D,)(U — 1d) + o(D,) (U — Id)(U* — Id)p(D,,)*
+ K (Id + (U* = 1d)p(D,)* + K*) + (¢(Dn)(U — 1d) + K) K*.

The term Ky = K (Id + (U* — Id)p(D,)* + K*) + (p(Dy)(U —1d) + K) K* is compact,

since the compact operators form an ideal, so
WyWg =1d + (U = 1d)p(Dn)" + @(Dp)(U = 1d) + (Dy)(U = 1d)(U" — 1d)p(Dy)" + K.

Note that A is a self-adjoint involution which commutes with all functions of D,,. Then

1 _
o(Dn)p(D,)" = 1 (Id + 2tanh (7D,,) 4 i cosh (7D,,) " A + i tanh (7 D,,)A* cosh (7 D,,) "
+ tanh (7D,,)* — icosh (1 D,)) " A + cosh (7 D,,) " Acosh (7 D,) " A*

—icosh (7D,) " Atanh (ﬂ'Dn))
1

=1 <Id + 2tanh (7D, 4 tanh (7D,,)* + cosh (an)_Q)
1

=3 (Id + tanh (7 D,,)),

where in the last line we have used the equality cosh(y)™? + tanh(y)®> = 1. Since
cosh ()™ € L*(R) and U(0) = limy_o U(A) = Id (where the limit is taken in B(P)),
Lemma 4.2.6 shows that cosh (D,) (U — Id) € K(L*(R")). Thus, up to compacts, we

have
p(Dn)(U = 1d) = (D))" (U = 1d) = (Dn)(Dn)* (U — 1d) (5.10)
and an analogous statement for U*. We can then use commutators to compute that

WoWg = Id + (U* = 1d)p(Dy)* + (D) (U — 1d) + @(D,)(U = 1d)(U* — Id)p(D,)" + K,
=1d + @(D,)"(U* = 1d) + [U*, p(Dy)*] + o(Dy)(U — 1d)
+ (D)o (Dn)" (U = 1)(U" = 1d) + ¢ (Dn)(U = 1) [U”, o(Dy)"]
+ (Do) U, (D)) (U" = 1d) + K,
=1d + @(D,)*(U* = 1d + o(Dy)(U = 1d) + o(Dn)(Dy)* (U — 1d)(U* — 1d) + K.

The term Ky = K1+[U", o(Dy)*]+¢(Dn)(U—=1d)[U*, o(Dr )] +¢(Dn)[U, o(Dy)*](U*—1d)
is compact by the arguments of [8, Theorem 4.1.10]. Noting the multiplicative identity
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(U —1d)(U* —1d) = 21d — U — U* we have

—Td+ o(D,)(U* —1d — U —1d + (U — 1d)(U* —1d)) + K> + K
— 1d + Ky + K3,

where the term K3 = 2iA cosh (7D,,) " (U* — Id) 4 iA cosh (7 D,) (U — 1d)(U* — Id) is
compact by Equation (5.10). Thus, W} is a right inverse for Wi up to compacts. A

similar calculation shows that W is a left inverse, so Wy is Fredholm. O

Since the composition of Fredholm operators is Fredholm, and the composition of two
properly admissable unitaries is itself a properly admissable unitary, it is natural to ask
whether there is a product rule for operators of the form Wy,. The following result shows
that this is the case.

Lemma 5.2.8. Let Uy, Uy € B(H) be properly admissable unitaries. Defining, forj = 1,2,
operators Wy, by Equation (5.9), we have Wy, Wy, = Wy,v,, modulo compacts.

Proof. We compute

Wu, Wy, = (Id + (D) (Ur — 1d) + K1) (Id + ¢(Dn ) (Uz — 1d) + K>)
= Id+¢(Dp)(Ur — 1d) + K1 + @(Dr)(Uz = 1d)+ (D) (Ur — 1d)o(Dy) (U2 — 1d)
+ K19(Dy)(Uy — 1d) + (Id + ¢(D,,)(U; — 1d) + K) K.

Define K3 = K1+ K19(D,,)(Uy —1d) + (Id + ¢(D,,)(U; — 1d) + K7) K3, which is compact.
Then,

Wy, Wy, = Id + o(D,)(Uy —1d) + (D) (Uy — 1d) + (D) (Uy — 1d)@(D,)(Uy — 1d)+ K
=1d + o(D,)(Uy — 1d) + o(D,)(Uy — 1d) + ¢(D,)*(U; — 1d)(Uy — Id) + K3
+ ©(Dn)[Ur, 0(Dn)](Uz — 1d)
=1Id + @(D,)(Uy — 1d) 4+ @(D,,)(Uy — 1d) 4 @(D,,)(Uy — 1d)(Uy — 1d) + K3
+@(Dy)[Ur, o(D))(Uz = 1d) + (9(D)* = (D)) (Ur = 1d)(Us — 1d).

Note that by [8, Theorem 4.1.10] the commutator [Uy, ¢(D,,)] is compact. Noting that
¢(Dy)? — (D,) = —1(icosh (mD,)” " tanh (7D,)A + 2 cosh (xD,,) ) we find, by similar
arguments to the proof of Lemma 5.2.7, that (¢(D,)?* — ¢(D,))(U; — 1d)(Uy — Id) is

compact also. Hence,

Wy, Wy, = 1d + o(D,)(Uy — 1d) + ¢(D,,)(Uy — 1d) + ¢(D,,)(Uy — 1d)(Us — 1d) + K4
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where K, is compact. Thus, Wy, Wy, = Wy, p, modulo compacts as claimed. O

Lemma 5.2.8 can be extended to show that we have a partially defined product rule

also.

Lemma 5.2.9. Let Uy,Uy € B(H) be admissable unitaries with U;(0) = Us(0) and
limy oo Ur(A) = limy 00 Us(A) (with the limits taken in B(P)). Defining, for j = 1,2,
operators Wy, by Equation (5.9), we have Wy, = Wy,usWy,, modulo compacts.

Proof. Our assumptions show that the composition U;U; is a properly admissable unitary.
Let

WU1U2* =1Id -+ gO(Dn)(UlUQ* - Id) + Klg, and WU2 =1d + QO(Dn)(UQ - Id) + KQ.

Define K3 = Ky + ¢(D,)(U1Us — 1d) Ky + Kio(Id 4+ ¢(D,,)(Us — Id) + K3), a compact

operator. Then,

Wius Wy, = 1d + ¢(Dy)(Uz — 1d) + ¢(D,) (U1 U5 —1d)
+ (D) (UrUz = 1d)p(Dy)(Uz — 1d) + K3
=1d + ¢(Dp) (Vs — 1d) + ¢(D,) (U1 U5 — 1d) + ¢(D,)* (U1 U5 — 1d)(U; — 1d)
+ o(Dn)[U1U3, o(Dy))(Uz — 1d) + K
= Id + @(Dy)(Uz — 1d) + ¢(D,)(U1U; — 1d) + ¢(D,,) (U1 U3 — 1d)(Us — 1d)
+(9(Dn)* = (D)) (U1U5 = 1d) (U2 —1d) + (D) [U1U5, o( D) |(Up —1d) + K.

Since U Uj is properly admissable, the proof of Lemma 5.2.8 shows that (p(D,)* —
©(D,)) (U U5 —1d)(Uy — 1Id) and ¢(D,,)[U1Us, ¢(D,,)](Us —1d) define compact operators.
Thus,

WUlUQ*WUg == Id + @(Dn)(UQ — Id) + (,D(Dn)((leEk — Id)—l—gﬁ(Dn)(UlU; — Id)(U2 — Id)+K4
= Id + o(D,)(U; —1d) + K,
= WU17

as claimed. O

The following useful property shows that even if neither of the unitaries U; and U,
are properly admissable, we may still be able to deduce the Fredholm property of Wy,

given that of Wy, and that both are close enough in some sense.

Corollary 5.2.10. Let Uy, Uy € B(H) be admissable unitaries with Uy(0) = Us(0) and
limy o Ur(A) = limy o Us(A) (with the limits taken in B(P)). Define, for j = 1,2,
operators Wy, by Equation (5.9). Then if one of the Wy, is Fredholm, so is the other.
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Proof. Suppose, without loss of generality, that Wy, is Fredholm. Then since the unitary
UiU; is properly admissable, we have Wy, py is Fredholm by Lemma 5.2.7. Since the
composition of Fredholm operators is also Fredholm, we deduce from Lemma 5.2.9 that
Wy, is Fredholm also. O

There is far more underlying algebraic structure to be analysed here. Let
G ={U € B(H) : U is properly admissable}.

Define the Calkin algebra of H by Q(#H) = B(H)/K(H). Define the map n: G — Q(H)
by n(U) = [Wy]. We have the following algebraic relationship.

Lemma 5.2.11. The set G is a subgroup of U(H), the set n(G) is a group under compo-
sition and n: G — n(G) is a group homomorphism.

Proof. The group operation and identity of G are inherited from U(#H), so we only need

to check that GG is closed under composition and inverses. Compute for Uy, Us € G that

U\Us —1d = (U1 Uz — Uy — Us + 1d) + Uy + Us — 21d
— (Uy —1d)(Uy — 1d) + (Uy — 1d) + (U — 1d),

which is compact since Uy, Us; € G and so U Uy € G. The statement for inverses follows

from the fact that U~! = U*. That the set 7(G) is a group follows from Lemma 5.2.8. To

see that 7 is a group homomorphism, we again use Lemma 5.2.8 to see that
n(U102) = [Wu,v,] = (Wi, W] = [Wu][Wu,] = n(Un)n(Us).

That n preserves inverses follows in a similar manner. O]

The index map Index : Fred(Q(#)) — Z defines a map from Fredholm lifts of unitaries
in Q(H) to Z. When considered on equivalence classes, we obtain a group homomorphism
Index : n(G) — Z and thus can form the quotient group G’ = n(G)/Ker(Index).

Lemma 5.2.12. We have isomorphisms G' = m (U(P)) = Ko(K), where m (U(P)) de-

notes the connected components of the unitary group on P.

5.2.3 The index pairing

Corollary 5.2.4 and Lemma 5.2.6 tell us that we can pair the classes [D. ] and [U] to obtain
an integer. See [76, Section 8.7] for details. Sadly, the fact that our algebra Co(R*) ® K
is nonunital (both Cy(R*) and K!), we need to be careful about applying index pairing

formulae. See [43, Section 2.3] for a description of the problems.



CHAPTER 5. LEVINSON’S THEOREM AS AN INDEX PAIRING 191

In [43, Section 2.7] it was shown that for spectral triples (A, #, D) over a nonuni-
tal algebra, the index pairing with the class of a unitary U € A can be computed as
Index(PUP — (Id — P)) where P = x(0,0)(D) is the non-negative spectral projection of
D.

In our setting, however, we will be using an approximation of the non-positive spectral

projection of D, ® Id and we need to show that we still get a Fredholm operator.
Lemma 5.2.13. If B = GG* is invertible modulo compacts then G is Fredholm.

Proof. Write B = A + K where A is invertible and K is compact. Then GG*A™! =
BA™l' =1d+ KA™!. So G is Fredholm with approximate right inverse G*A~!. O

Theorem 5.2.14. Let U € B(H) be a properly admissable unitary and define Wy by
Equation (5.9). Let [D4] be defined by Corollary 5.2.4. Then

(U], [D4]) = —Index(Wy). (5.11)
Proof. We know from [76, Section 8.7] that the pairing can be computed as
([U],[D4+]) = Index(PUP — (Id — P)) = Index(PUP + (Id — P)),

where P is the non-negative spectral projection for D, ® Id. The second equality follows
from the homotopy ¢ — ™18 (Id — P). We note that the pairing can also be computed
using the non-positive spectral projection P_ for D, ®Id, at the expense of a minus sign,
since 2P, — 1] = —[2P_ — 1] € K'(Cy(R*,K)). The result is

([U],[D4]) = —Index(P_-UP_ — (Id — P_)) = —Index(P_-UP_ + (Id — P_)).

Y

We will use this second form, and for convenience drop the subscript ‘—’. To compute

the pairing, we consider the wave operator in the spectral representation. Recall that the
operator D,, satisfies Fo D, Ff = —2(D; ® 1d).

So we need to be able to approximate P with the operator ¢(—2D,)®1d. We initially
work with D,, for convenience. Let T' = ¢(D,,) and t = tanh (7 D,,) for simplicity. A quick

computation shows that
*k * 1
T =TT = §(Id—|—t).
Starting from Wy there is a compact operator K such that

1
Wy =1d - 5 (ld +1) + TUT" + K.
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We can also find a compact K7 such that

1 1 1
5(101 —O)TUT* = 5(Id —)TT*U* + 5(Id —t)[T,U*]T*
1 1
= Z(Iol —t)U* + 5(Iol —t)[T, U*|T*
1 1 1
— Z(Id — %) + ZI(Id —tH(U* —1d) + 5(Id —t)[T, U*|T*

1
= Z(Id —t*) + K.

Similarly we find compacts K5, K3 such that

1 1 1
§TUT*(Id —t) = 7(ld - Y+ Ky, and TUT*TU*T* = 7 {d+ t)? + K.

Then (with all equalities modulo compacts)
! 1 ; 1 - 1 )
WoWg = (1d — §(Id+t)+TUT )(Id — 5(1d+t)+TU T*) =1d — E(Id_t )

which is invertible and hence Id — %(Id +t) + TUT* is invertible modulo compacts by
Lemma 5.2.13. Now we compare Id — £(Id + t) + TUT™ and PSP + (Id — P) to see that

they have the same Fredholm index. Taking commutators we have (modulo compacts)
1
Id — §(Id—|—t)—|—TUT* =1d-TT"+TUT* =1d+T(U —1d)T*

and
PUP+ (Id — P) =1d + P(U — Id)P.

Define, in the spectral representations, the operators T and ¢ by

. 1
T = RoTF; = 5(1d — tanh (27D,.) i cosh (27Dy) M ®Id

and
t = FytF; = —tanh (27D, ) ® Id.
Taking the difference, and using P = 1(Id — sign(D.)) we have

(P®I)UP @Id) + (Id — (P ®1d)) — (Id — TT™ —l—TUT*)
— P(U - 1d)P — T(U — 1d)T"
= (P=TT")(U - 1d) + K(H)

_ %(—sign 4 tanh)(D4)(U — 1d) + K(H). (5.12)
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We note that the second equality, where we have commuted the exact spectral projection
with U up to compacts, is justified by the arguments in [43, Section 2.7].

To complete the argument, observe that %(—sign + tanh) is an L? function, and for
any compactly supported function x € C.(R"), A — x(N)||U(X) — Id||gp) is L* as well.

Hence for any such y we have

%(—Sign + tanh) (D, )x(U(-) — 1d)
= 2 (~sign + tanh) (D) (U () 1) )| (UC) — 1) 3ty (U () )

is a product of L? functions, one of D and one of Hy, composed with a uniformly bounded
compact operator-valued function |[(U(-) — Id)Hg(lp)(U (-) = Id). Applying the standard
f(x)g(V) result [151, Theorem 4.1] we obtain a compact operator times a uniformly
bounded operator, which is then compact. As ||(U(-) —1d)||gp) is continuous and vanishes

at A =0, 00, we can take an approximate unit x,, € C.(R") and see that

%(—sign + tanh) (D) Xm (U () — 1d) | 5p)

converges in norm. Hence, the limit 3 (—sign + tanh)(D)|[(U(:) —Id)| is compact.
Since the difference (5.12) is compact, the two Fredholm operators Wy and P(U—I1d)P

have the same index. O

5.3 The index pairing for scattering operators

We now apply the results of Section 5.2 to the wave operator W_ and scattering operator

S in order to reinterpret Levinson’s theorem as an index pairing.

Lemma 5.3.1. When S(0) = Id the scattering operator defines an element of the odd
K-theory [S] € K1(Co(RT) ® K). For suitably decaying potentials, for example those
satisfying Assumption 4.53.1, S(0) = Id in all dimensions except dimension 1 (generically)

and dimension 3 (in the presence of resonances).

Proof. The claim follows from Lemma 5.2.6 and the statement that when S(0) = Id we
have that S defines a properly admissable unitary, since limy_,o, S(A) = Id in B(#) by
Corollary 4.3.10 ]

Theorem 5.3.2. Let H = Hy+V be such that the wave operators exist, are complete and
are of the form of Equation (4.1) with S(0) = Id. Let S be the corresponding scattering

operator. We have the pairing

(IS). [D+)) = ~Index(W_) = N,
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where N is the number of bound states of H (eigenvalues counted with multiplicity).

Proof. The scattering operator is a properly admissable unitary by Lemma 5.3.1, and so
the first equality is just the statement of Theorem 5.2.14. The fact that Index(W_) = =N
is the statement of Proposition 2.3.9 ]

Note that the case S(0) # Id cannot immediately be handled by the simple pairing
described in Theorem 5.3.2, requiring some subleties which we demonstrate in the next

two sections.

Corollary 5.3.3. Let Vi and Vi be such that the wave operators exist, are complete and
of the form of Equation (4.1). Suppose further that Sy(0) = S1(0) = Id, where Sy and Sy
denote the scattering operators for the potentials Vo and Vy. If the number of eigenstates
(counted with multiplicity) for Vi differs from that of Vi then their scattering matrices are
not (stably) homotopic.

Corollary 5.3.4. Let Vi and Vy be such that the wave operators exist, are complete
and of the form of Equation (4.1). Suppose further that So(0) = S1(0) = Id, where Sy
and S1 denote the scattering operators for the potentials Vi and Vi. Consider the path
Vi = (1—t)Vo+tVy fort € [0, 1] with corresponding scattering operators Sy. If the number
of eigenstates (counted with multiplicity) for Vi differs from that of Vi, then the path S;

18 not norm continuous.

In fact, Corollary 5.3.4 shows that there are a discrete number of points at which
the path S; fails to be norm continuous, corresponding to ‘jumps’ in the number of
eigenvalues for the potential V;. The norm holomorphy (which implies norm continuity)
of the scattering operator as a function of ¢ is discussed in [34, Theorem 4.2] where an
equivalent condition to holomorphy of S; is given. The points of failure of norm continuity
in Corollary 5.3.4 are also points of failure of holomorphy in [34, Theorem 4.2]. In the
case of a Rollnik class potential on R? holomorphy of the scattering matrix as a function
of ¢ has been studied in [94, Theorem 6.1] and [34, Theorem 5.2].

Lemma 5.3.5. Suppose that Vi, Vs satisfy Assumption 2.2.14 and define the operators
H; = Hy+ V;. Suppose further that the scattering operators Si and Sy are properly

admissable unitaries. Then the wave operator W_(Hsy, Hy) is given by
W_(Ha, Hy) =1d + ¢(Dy) (5257 — Id) + K

for a compact operator K.

Proof. The chain rule for wave operators (Proposition 2.1.4) gives that

W,(HQ, H(]) - W,(HQ, Hl)W,(Hl, Ho)
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Using that S5 and Sy are properly admissable unitaries and Lemma 5.2.8 we find that

W_(Hy, Hy) = W_(Hy, H))W_(Hy, Hy)*
= (Id + @(Dy)(S2 — 1d))(1d + (57 — 1d)p(D,)")
= 1d + ¢(D,)(S:57 — 1d),

*

where all equalities are modulo compacts and we have used the inclusions [ST, p(D,,)], (S*—
Id)(gp(Dn) - @(Dn)*) S ,C<H) [

Such an equality cannot be obtained when the scattering operators are only assumed
to be admissable, since we no longer have the required compactness relations.

For t € [0,1] define the operator H; = Hy + tV and suppose that H; does not admit
a zero energy resonance. The analytic Fredholm alternative gives that there is a discrete
set (t;)j<s C [0,1] such that each H;, admits a zero energy resonance. Choose a sequence
(t))j<se1 C [0,1] with £y =0, #;4; = Land t; ; < t; <t; for 1 < j < J — 1. Then each
ng does not admit a zero energy resonance, and Lemma 5.3.5 gives

W_(H;

tjy1?

Hy,) =1d + ¢(Dy)(Sj15; — 1d) + K;

for some compact K, allowing us to prove the following.

Lemma 5.3.6. Let V' satisfy Assumption 2.2.14 and suppose that the scattering operator

S is a properly admissable unitary. Then the wave operator W_ satisfies

W_ = f[ W_(H;

tjr1”

Hy)

=0
Proposition 5.3.7. Let V' satisfy Assumption 4.3.1 and suppose that Hi = Hy + V
admits a resonance. Then there exists a to > 0 such that for allt € (1,14t) the operator
Hy = Hy+1tV does not admit a resonance and the number of bound states N(t) of H(t) is
constant for all t € [1,1+tg). Furthermore, for any t € (1,1+tg) the scattering operator

Sy defines a properly admissable unitary and
W_(H,, Hy) = W_(H,, H\)W_(Hy, H)

and Index(W_(Hy, Hy)) = Index(W_(Hy, Hy)). In particular, Index(W_(Hy, Hy)) = 0.

5.3.1 Low energy corrections in dimension n =1

Due to the generic failure of S(0) = Id in dimension n = 1, the pairing of Theorem 5.3.2
is not applicable in dimension n = 1. In each generic and resonant case, we construct

a unitary o such that So* is a properly admissable unitary and so defines a pairing by
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Theorem 5.2.14. As a corollary, we obtain a new proof of the well-known Levinson’s
theorem [108].

The main tool in this section is the following result which allows us to compute
the index of a generalised wave operator Wy by computing the winding number of the

component functions described in Lemma 5.1.4.

Lemma 5.3.8. Let U € B(L*(R)) be a properly admissable unitary such that the matriz
of U is differentiable and |Te(U(-)*U'(+))| € L*(R*). Let Wy € B(L*(R)) be defined by

Wy = 1d + (D)) (U —1d) + K, (5.13)

with K compact. Then Wy € Ep p, and

1 e.@)
Index(Wy)) = - / Tr(UT(A) T (V) dA. (5.14)
i Jo
Proof. This is a consequence of Proposition 5.1.9. Since U(0) = Id, the only non-trivial
winding number contribution around the square [0’ is from the edge corresponding to oo

in o(D;), which gives us the winding number of Id + ¢(c0)(U — 1d) = U. O

Lemma 5.3.9. Suppose that n = 1 and V satisfies Assumption 2.2.14 for some p > g
and let S be the corresponding scattering operator. Let o € U(L*(R)) be an admissable
unitary with o(0) = S(0) and limy_,oo 0(N) = Id (with the limit in B(P)). If we have
Tr(o(-)o’(-)*) € L'(RT) then

e}

Index(Ws,-) = — / SO SO) A+ —— [ TN (5.15)

2mi 2mi J,

Proof. Since B(P) = LY(P) we have o(\)*0’(\) € L(P) for all A € RT. The function
A = Tr(S(-)*S’(+)) is integrable by Theorem 2.5.34. The Leibniz rule for matrix valued

functions shows that

S0 ()) = SN () + ST ()"

Multiplying by (S(A)a(N)*)* = o(A)S(N)* and taking the trace we obtain

T (S<A>a<x>*>*—s<x>a<x>*) — Tr (eSS NN + SN’ (A)"))

= Tr (6(\)S(\)*S' (N)a(\)*) + Tr (¢(N)S(A\) S\’ (A))
= Tr (S(A)"S"(A) + Tr (a(N)o’(N)),

where we have used unitarity and cyclicity of the trace. The result follows upon integrating

the traces and applying Lemma 5.3.8. [
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Remark 5.3.10. Equation (5.15) indicates that, in one dimension, Levinson’s theorem is
related to the Witten index. In particular, the contribution from the scattering operator
is the Witten index of the pair (D, S*D,S). For more details regarding this observation,
we direct the reader to [37, 38, 39, 40, 42| and the short note [41].

Definition 5.3.11. A map o : R™ — M,(C) is a generic correction if there exist differ-
entiable functions 6 : Rt — R and f, g : Rt — C such that 6 is increasing, 0(c0) € 27Z,
6(0) € (2Z + 1), H(c0) —0(0) = 7, g(0) = f(oco) =1 and f(0) = g(co) = 0 such that
lFO)2+ [g(N)]? =1 for all A and

f) g9(A)
o(A) = (_eimm ewmm> . (5.16)

A map o : Rt — M,(C) is a resonant correction if there exist differentiable functions
0 :R" — R and f,g : R™ — C such that 6 is increasing, 6(cc),0(0) € 27Z and 6(oc0) —
6(0) = 0 with f(0) = 2cic_, g(0) = & — %, f(oo) = 1 and g(oo) = 0 for some
ct,co € R\ {0} with ¢2 + ¢ =1 such that |f(A)]* + [g(N)]* =1 for all X and

_ f) g(A)
o(\) = (_ewwm ew)m> . (5.17)

For both generic and resonant corrections, o(\) is unitary for all A € R*, and
limy 0 0(A) = Id, with the limit taken in B(P). To explicitly evaluate the index ap-
pearing in one dimension in terms of scattering data, we need the following result [97,

Proposition 9.
Lemma 5.3.12. Let o be a correction (generic or resonant) and define I'y : R — My(C)
by

Ty(y) = Id + %(1 + tanh (ry) — i cosh (my) " A)(o(0) — Id),

where [Af](x) = f(—x). Then

1 —1 if 0 is a generic correction,

o Tr(Fl(y)*Fll (y))dy = Z ) _ )
T Jr 0, if o is a resonant correction.

Proof. The proof consists of changing to a basis in which the operator tanh (7D;) +
iA cosh (wDy) is diagonal, from which the computation follows. We refer to [97, Proposi-
tion 9] for the details. O

We use Lemma 5.3.12 to compute directly the index of W,.
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Lemma 5.3.13. Let o be a generic correction. Then the operator W, is Fredholm and
Index(W,) = 0.

0 -1

-1 0
and limy_,,, S(A\) = Id, with the limit taken in B(P). By Proposition 2.3.9, W_ = W
is Fredholm. That W, is Fredholm then follows from Corollary 5.2.10. To compute the
index we use Lemma 5.1.9. The image ¢(W,,) € Er p, /Ji p, is given by (I'1,T'5,I's,I's)
with

Proof. Example 2.5.35 shows that there exists a scattering matrix with S(0) =

Ty(y) = Id + %(1 + tanh (ry) — i cosh (my) " A)((0) — Id),

[o(A) = o(A) and I's(y) = Id = I'y(A). By Theorem 5.1.9 we find

Uyl
1 1 [

=—— 4+ — 0'(\) dA
2+27r0 ()

Index(W,) = 2L /RTr(Fl(y)*F’l(y)) dy + ZLT(Z /000 Tr(a(N) o' (N)) dA

=0,

where we have used Lemma 5.3.12 to calculate the first integral. O

Lemma 5.3.14. Let o be a resonant correction. Then the operator W, is Fredholm and

Index(W,) = 0.

Proof. Example 2.5.35 shows that for any cy,c. € R\ {0} with ¢& + ¢ = 1 there

- 200

limy 0, S(A) = Id, with the limit taken in B(P). By Proposition 2.3.9, W_ = W is
Fredholm. That W, is Fredholm then follows from Corollary 5.2.10. To compute the
index we use Lemma 5.1.9. The image ¢(W,) € Er p, /Jrp, is given by (I'1, '3, I's, I'y)

with

2c1c 2 —c?
exists a potential V' with scattering matrix satisfying S(0) = . + ) and

I(y) =1d+ %(1 + tanh (7y) — i cosh (7y) "' A)(a(0) — Id),

I[y(A) = o(A) and I's(y) = Id = I'y(A). Thus,

Index(W,) = L/RTr(Fl(y)*F'l(y) dy + % /000 Tr(o(A)*o’ (M) dA

211
1 1 o
=——4+ — o' (\) d\
2+27rz' 0 )

=0,

where again we have used Lemma 5.3.12 to calculate the first integral. [
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We can now use a generic or resonant correction to prove a modified index pairing in

one dimension.

Theorem 5.3.15. Let n = 1 and suppose V satisfies Assumption 2.2.14 for some p > g

If H= Hy+V has no resonances, then for any generic correction o we have the pairing
([So™], [D+]) = —Index(W_) = N, (5.18)

where N is the number of bound states of H (eigenvalues counted with multiplicity). If

H = Hy+V has resonances, then for any resonant correction o the pairing of Equation

(5.18) holds.

Proof. Since in both cases (generic and resonant) S(0) = o¢(0) and limy_,o, S(A) =
limy 00 0(A) = Id (with the limits taken in B(P)) we find that S and o are admiss-
able unitaries with So* a properly admissable unitary. Theorem 5.3.2 then gives us the

equality
([So™], [D+]) = —Index(Wgy ). (5.19)
Since both = Wg and W« are Fredholm we find that
Index(Wgo+) = Index(Ws) + Index(W,) = —N + 0,

where we have used Proposition 2.3.9 and Lemma 5.3.13 (generic) or Lemma 5.3.14 (res-
onant) to evaluate the indices. The statement follows by noting that W_ = Ws (modulo

compacts) by Theorem 4.0.1. ]

We also obtain an alternative proof of the integral form of Levinson’s theorem in one

dimension.

Theorem 5.3.16. Let n = 1 and suppose that V' satisfies Assumption 2.2.14 for some
p > g Then the number of bound states of H = Hy +V is given by

—5e= [T Te(S(A)*S(A)) dA, if there exists a resonance,
—5 Jo- Te(S(A)*S'(A) dA + 5 otherwise.

N = (5.20)

Proof. Theorem 5.3.15 tells us that for any generic (or resonant if necessary) correction
o we have N = —Index(Wg,+). Combining with Lemma 5.3.9 we find that

1 o 1 o
N = —Ind )= —— Tr(S(A)*S'(N)) dN + — Tr(a(N)*o’(N)) dA
—5= [T Te(S(A)*S' (X)) dA, if there exists a resonance,

& [ Te(S(A)*S'(A)dA + 3 otherwise.

T 2m
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1
2

resonant case. OJ

Here, the o integral has been evaluated explicitly to = in the generic case and 0 in the

Remark 5.3.17. Theorem 5.3.16 allows us to completely characterise the spectral shift

function in dimension n = 1. The result is

K

£0) == 32 MO p () = (1= Ma(0) ()
~ 3oV [ TR0 S () dn.

where Mpg(0) = 1 if there exists a zero-energy resonance and zero otherwise.

Corollary 5.3.18. Suppose thatn =1 and V satisfies Assumption 2.2.14 for some p > %

Then we have

€(04) = —N — %(1 — M (0)).

5.3.2 Low and high energy corrections in dimension n = 3

In dimension n = 3 the pairing of Theorem 5.3.2 fails in the presence of resonances. In
this section we emulate the ideas of the previous section to construct a resonant correction
from which an index pairing can be proved. Due to the failure of S(\) to converge as
A — 00 in the trace norm, additional corrections are required to pass from the index
pairing to an integral formula for the number of bound states. We construct an explicit
high energy correction to S obtain a more useful representative of [W_] and as a corollary
we obtain a new proof of the well known Levinson’s theorem in dimension n = 3 [31].

Define the function

¢(D3) = = (Id + tanh (7D3) — i cosh (7TD3)71) . (5.21)

DN | —

We are interested in the resonant case, and so we are interested in finding a simple
operator o € U(L?(R3)) such that in the spectral representation we have o(0) = S(0) and
limy o 0(A) = Id, with the limit taken in B(P).

Definition 5.3.19. Let n = 3 . Then for any increasing differentiable § : R™ — R with
f(o00) = 7 and 6(0) = 0 define

o(\) =1d — (1 —e?™M)P,, (5.22)

where P, denotes the projection onto the spherical harmonic subspace of order zero. We

call o a resonant correction. A particular choice of  is given by 6 = 2tan™!(-).
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Computation shows that for all A € RT we have o()) is unitary and o(\)*o’(\) €
LY(P), and that
1 [ » 1
Tr(o(A)*o'(N))dA = -,

2mi Jq
With such a o we obtain the following pairing result.

Theorem 5.3.20. Suppose that n = 3 and V' satisfies Assumption 2.2.14 for some p > 5.
Suppose further that the operator H = Hy + V' admits a zero energy resonance. For any

resonant correction o we have

([So™],[D+]) = —Index(W_) = N

Y

where N is the number of bound states of H (eigenvalues counted with multiplicity).

Proof. The operator Sc* is a properly admissable unitary by construction, and so the
first equality is just the statement of Theorem 5.2.14. That Index(W_) = —N follows
from Proposition 2.3.9. That Index(W,) = 0 is a consequence of Theorem 5.1.9. O

While Theorem 5.3.20 demonstrates that the index of W_ can be obtained as an
index pairing, it does not supply a method for obtaining computational formulae. To do
so requires more subleties of the scattering operator. It was noted in Remark 4.3.11 that
while S(\) — Id as A — oo in B(P), this convergence does not happen in £}(P). To
remedy this we must find a representative of the class [Ws,+] which has better trace class

properties at infinity. This motivates the following definition.

Definition 5.3.21. Suppose that V satisfies Assumption 2.2.14 for some p > 6 and let S
be the scattering operator for H = Hy + V. Let §: R™ — B(P) be a once continuously
differentiable unitary valued function such that B(\) — Id € L}(P) for all A € R and
£(0) = Id and limy_, B(A\) = Id in B(P). Then Det(5())) € T exists for all A € RT and
we say that [ is a high energy correction for S it

lim Det(S(A\)B(\)) = 1, (5.23)

A—00

and Index(Wj3) = 0.

Note that the assumption limy ., (S(A)B(X) —1Id) = 0 in £L}(H) implies Equation
(5.23).
The following result is applicable to all dimensions n > 2. As usual we decompose

the potential into V = vlUv with v = |[v|2 and U = sign(V).

Lemma 5.3.22. Suppose that n > 2 and q1, gz € C°(R"™) with g1qg2 =V and correspond-
ing scattering operator S and fir 0 # x € CX(RY) with x(A\) = 0 for A < 1. Define



CHAPTER 5. LEVINSON’S THEOREM AS AN INDEX PAIRING 202
X: Rt =R for A\ € R by

Jo X(w)du

Jo” X(u) du
Ifn=23letp=2andifn>4letp>n. For X\ > 0 define the self-adjoint operator
A(N) € B(P) by

X(A) =

~

-1

AN) = —2aTo(\ (p

=13

quo(A +10)g2)’ (q1 Ro(N — 2'0)612)Zj1) @lo(N),

I
o

For A € R let A(\) = x(A2)A(N). Then the unitary operator S(\) = 4N satisfies
Index(W3) =0 and

lim Det(S(\)B(\)) = 1. (5.24)

A—00

Proof. By construction we have that A()\) is self-adjoint for all A € RT. We have A(0) =

and the norm limit

lim A(\) =

A—00

by an application of the estimate (4.20) and [120, Theorem 1]. By Lemma 2.4.20 we have

that A(\) is a trace-class operator and by cyclicity of the trace we have

Tr ((qu()(A +i0)ga)" — (g1 Ro(A — z'o>q2)f) .

As a consequence of Holder’s inequality for Schatten ideals, S(\) — Id € £!(P) and so

Tr(A(N))

[ defines a properly admissable unitary. Thus Det(5()\)) = e and so by Lemma

2.5.14 we find that

Det,(Id + g1 Ro(A + i0)go)

Det(S(A))Det(B(0) 5t »(Id + g1 Ro(\ — i0) o)
= exXp ( quo()\ + ’LO)QQ) (quo(/\ - ZO)QQ)E) + ’LTI"(A()\)))
/=1
= exp < (A2) 2_: ((q1 Ro(A +10)g2)* — (g1 Ro(\ — ¢0)q2)6)> .
/=1

An application of Theorem 2.5.29 and Lemma 2.5.16 gives that

lim Det(S(\)B(\)) = 1.

A—00
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To see that Index(Wp) = 0, we consider for ¢ € [0, 1] the homotopy

D=

Ai(N) = 2mx (1= 1)A2) A(N).

The path A;(\) defines a norm-continuous path in B(P) from Ag(A) = A(X) to Ay () = 0.
Defining the path A; = A;(L) € B(#H) we obtain a norm continuous path in B(H) from
A to 0. To see this, fix t;,t, € [0,1) and define d = (min{(1 — ¢;)7!, (1 — t2)7'})?
Then for g € Hspec we find

14 () Am())gnmm
/ /Sn . [(Ag (A At1(/\))g()\,')](W)|2dwd)\

N /d /gn1 H<At2 (/\) o Atl ()‘))g<)‘7 )](w)|2dw dX
< /OO IXOAZ(1 =) — x(2(1 =) [ [[AN)g(, ))(w)]? dw dX

S§n—1

<C|t2—t1|/ /S L (@)[2 dw dA.

It remains to estimate |[A(A\)g(),-)](w)|. We recall from [120, Theorem 1] that for suffi-

ciently large A we have
laRo(A £ 0 e | = O %)

and so we may define

—1 /—

p—1
K:sup{QWZ
=1

=1 j=

% H(%Ro()\ +i0)g2)’ (1 Ro(A — iO)Qz)é_j_lﬂ X\ € [d, oo)} )

Using twice the estimate (4.20) we obtain

| A NP do = AN Mo
p—1 /-1

<27A72 Z Z ! || (@1 Ro(X + i0)ga)’ (g1 Ro (X — i0)g2) 7t To( M) g (A, ) | ‘2

(=1 j=0

N =

[

< KX g To(0) g0 )IF < KA lgO )| Bagonsy
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Combining these we find

(AuC) = Al < Cla=tP [ 3 [ A0, )P dwax
<Ol =t [ gy D

< CKlts —t:* |l -

The case when either or both of t;, ¢y is one follows from a similar calculation.

As a result, the path 3, = ¢t defines a norm continuous path of unitary operators
in B(H) from B to Id. Hence the path Wj, defines a norm continuous path in B(#H) from
Wpg to Id, along which the Fredholm index is constant and equal to zero. O

Remark 5.3.23. In dimension n = 2,3 it is sufficient to take y = %tanfl(-) due to the
milder growth of A(X\) as A — 0.

Theorem 5.3.24. Suppose that V' satisfies Assumption 2.2.14 for some p > 6 and let S
be the scattering operator for H = Hq+ V. Let B be a high energy correction for S and

let o be a resonant correction if H admits a zero enerqy resonance. Otherwise, let o = 1d.
Then

—N = Index(W_) = Index(Wss,+) (5.25)
1 >~ x Qf [ -1 1
where we have defined
1 1 [ ,
—Mg(0) = —— Tr(a(N)*o’'(N)) dA.
2 2w Jo

Proof. Since 8 defines a properly admissable unitary with Index(Wp) = 0 we obtain
the equality —N = Index(W_) = Index(Wggy+). By construction we have that the map
A = Det(S(N)B(A)a(A)*) defines a loop, so has a well-defined winding number. The index

of Wgge+ can be computed via this winding number as

Aa(A)))

L A (Det(S) B
Index(Wgpgo+) = %/0 SRICENEOEID dA
= [T IS0 S0 + T FO)) - Trlo() (1) dA
= % OOO (Tr(S(A)*S'(A) + Tr(BA)*B'(N)) dA + %MR(O).

Then Lemma 2.5.27 shows that Tr(S(-)*S'(+)) — 5 Tr(A(-)) € L*(R). Noting the equality
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Tr(B(A)*B'(N)) = S Tr(A(N)), we obtain

Index(Wyso-) = o /OOO (Tr(S(A)"S"(A)) + Te(B(A)"F'(N)) dA + %MR(O)

o

L[ (Tr(S()\)*S’(/\)) +%>\‘5 /

27TZ 0 R3

V(x) dx) dX + %MR(O). O

Remark 5.3.25. With a statement of Levinson’s theorem in hand, one can define the

spectral shift function directly. Define the function P; : RT™ — C by

Py()) = —%)\é/RSV(:c) da.

Then the spectral shift function is given by the relation

€00 = = 3 MO0 () — 5 Mal0)xjo0

k=0
1

+ X[O,oo)%

([ con(sts'0) = P ai + 500

This agrees with the normalisation convention of Theorem 2.5.13.

Corollary 5.3.26. Suppose that n = 3 and V satisfies Assumption 2.2.14 for some p > 5.
Then

£(04+) = ~N — 2 Mx(0).

5.3.3 High energy corrections in dimension n = 2

As we have seen in Theorem 4.1.5 we have, in dimension n = 2, the relation S(0) = Id
always and so no low energy corrections are required to make the index pairing work.
We do not however have limy_,,, S(\) = Id in trace norm, so a high energy correction is
required to obtain a different representative of the class [Wg] and use the index pairing to
obtain a formula for the number of bound states. We demonstrate in this section how to
obtain the 2-dimensional statement of Levinson’s theorem in Theorem 2.5.32 in the case

of no p-resonances, providing a new proof of [26, Theorem 6.3] and [50, Theorem 3.2].

Definition 5.3.27. Suppose that V satisfies Assumption 2.2.14 for some p > 11 and let
S be the scattering operator for H = Hy+ V. Let 8 : RT — B(P) be a once continuously
differentiable unitary valued function such that B(\) — Id € £L}(P) for all A € R and
£(0) = Id and limy_, S(A\) = Id in B(P). Then Det(S())) € T exists for all A € Rt and
we say that [ is a high energy correction for S it

lim Det(S(A\)B(A)) = 1, (5.27)

A—00
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and Index(W3) = 0.

For a given potential V' we construct a high energy correction for the corresponding

scattering operator.

Lemma 5.3.28. Suppose that n =2 and V' satisfies Assumption 2.2.14 for some p > 11
and let S be the corresponding scattering operator. For A > 0 define the self-adjoint
operator A(\) = —4itan=t(\)ilo(M\)VIo(A)*. Then the unitary operator B(\) = 4™ s

a high energy correction for S.
Proof. This follows directly from Lemma 5.3.22 and Remark 5.3.23. O

We note that the choice of the factor 2tan~'(-) is simply for convenience, any in-
creasing differentiable function vanishing at 0 and having limit 1 at infinity suffices.
Using the high energy correction of Lemma 5.3.28 we provide a new proof of Levinson’s

theorem in dimension n = 2 in the absence of p-resonances.

Theorem 5.3.29. Suppose thatn = 2 and V satisfies Assumption 2.2.14 for some p > 11
and let S be the corresponding scattering operator. Suppose further that there are no p-

resonances and let 5 be a high energy correction for S. Then

1
2m

—N = Index(W_) = Index(Wsp) = 4
T

1
/ TS+ - [ Ve
R+
Proof. We only need to show the equality

1
27rz

/ Tr(S(V)*S' (V) dA + — [ Vi)

Index(Wgp) = ym

since the others have been established in Theorem 5.3.2. Compute

Indes(IWsy) = 1 / 4 (Det( A(A) W) 4

2mi Det(S(A)B(A))
1 * Qf /

=5 [ (TESQ)S() + Te(BA)F(A)) dA
T Jr+
L [ msorsona+ = [ Lmao))a

2777/ R+ : 27'('@ R+ d)\ :
1 . 1

=9 Jo Tr(S(A)*S"(A))dA + I Jo V(z)dx,
where we have used Lemma 2.4.20 to compute the final integral. ]

Thus, we have provided a new proof of Theorem 2.5.32 in the case of no p-resonances.
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Remark 5.3.30. The result of Theorem 5.3.29 is enough to completely determine the

spectral shift function for the pair (H, Hy) in the case of no p-resonances. We obtain

K A
0 = = 3 MO0 + 5o (V) | THS()"S ()

k=1

Corollary 5.3.31. Suppose that n = 2 and V satisfies Assumption 2.2.14 for some

p > 11. Suppose further that there are no p-resonances. Then

£(0+) = —N.

5.3.4 High energy corrections in dimension n > 4

In dimension n > 4 the failure of the convergence of the scattering matrix at infinity in
trace norm persists as an obstruction to obtaining an explicit formula. In this section we
demonstrate how to construct a high energy correction to the scattering operator which

will allow us to obtain a statement of Levinson’s theorem in higher dimensions.

Definition 5.3.32. Suppose that V satisfies Assumption 4.3.1 and let S be the scattering
operator for H = Hy+ V. Let 8 : R™ — B(P) be a once continuously differentiable
unitary-valued function such that S(\) —Id € £!(P) for all A € Rt and 5(0) = Id and
limy o0 B(A) = Id in B(P). Then Det(5(N)) € T exists for all A € RT and we say that

is a high energy correction for S if

lim Det(S(\)B(\) = 1, (5.28)

A—00

and Index(W3) = 0.

For a given potential V' we construct a high energy correction for the corresponding
. . . . 1
scattering operator. As usual we decompose the potential into V' = vUv with v = |V|z
and U = sign(V).
Lemma 5.3.33. Suppose that V- € C°(R"™) and let S be the corresponding scattering
operator. For A > 0 define for p > n the self-adjoint operator fl()\) € B(P) by

AN) = 2T o(N)V (p_ i <_1)E(UR0(>\ +i0)oU ) (vRo(\ — iO)vU)fN) Lo(A)*

, 14
/=1 j=0

Further define the self-adjoint operator A(X\) € B(P) by

=

AR) = x(A2)AN),

where x is as in Lemma 5.3.22. Then the unitary B(\) = e is a high energy correction

for S.



CHAPTER 5. LEVINSON’S THEOREM AS AN INDEX PAIRING 208

Proof. This follows directly from Lemma 5.3.22. O]

We now use the high energy correction of Lemma 5.3.28 to provide an alternate proof

of Levinson’s theorem in dimension n > 4 in the absence of resonances. Define the
function @,, : R™ — C by

Qn(\) = —Tr(A(N))

and recall the high-energy polynomials P,, p,, from Definitions 2.5.28 and 2.5.26.

Theorem 5.3.34. Suppose that n > 4, V € CX(R™) and there are no resonances. Then
the number of bound states of H is given by

1 [ 1
—N = Index(W_) = Index(Wgp) = —/ (Tr(S(A)*S"(N) — pa(N)) dX — =—P,(0).
2w Jy 2mi
Proof. The first two equalities have been established in Theorem 5.3.2. Since the operator
Det(S(A)B(A)) — 1 as both A — 0 and A — oo, the map A — Det(S(\)5(A)) defines a

loop and we find

Index(ng)

L[ ADe(S(A)

= Wind(Det(S()8()) 27rz'/0 Det(SVA0)

:% 0 (Tr(S()\)*S’(A))Jr%Tr(A(A))) X

=g [, (TS =) s g [ (@) + ) ax
- % 0 (Tr(S(A)*S"(N) = pa(N)) dA = %Pn(()),

where in the last line we have used the properties of x and the fundamental theorem of

calculus. 0

Remark 5.3.35. We note that the statement of Levinson’s theorem given in Theorem

5.3.34 completely determines the spectral shift function for the pair (H, Hy) as

EN) == M)X 00N

+ L o ( [ 05005 0) = ) e+ an) |

27

Corollary 5.3.36. Suppose that n > 4, V satisfies Assumption 4.3.1 and there are no
resonances. Then £(0+) = —N.
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In higher dimensions we can determine the coefficients by performing more com-
mutators, however these become difficult very quickly in a similar manner to the heat
coefficients of Theorem 2.5.34. We describe in Proposition 5.3.37 the coefficients arising
in dimensions n < 7. In Chapter 6 we provide an alternative method for determining

some of these coeflicients.

Proposition 5.3.37. Let n € {4,5,6,7} and suppose that V satisfies Assumption 2.2.14
for some p >n+1 and V € C®°(R"). Then the function Q, of Lemma 5.53.33 satisfies
Qn(N) = Po(A) + q(N), for some q : Rt — C. Explicitly we obtain

@nu>:—<2m”2§%‘§}®"‘ [ viacs (2”“%1(8;(;73)(,7 S [ vt

- (27ri)Vol(S";)8((nz;) 3)(n — A / ) <v<x)3+%|[vx/](x)|2> dz+q(N).

If n is even, then q = 0. In addition we have q(0) = 0 for n even.

Proposition 5.3.37 follows immediately from the computations in Theorem 2.5.29.

Remark 5.3.38. For explicitness and a later comparison, we record the statements of
Levinson’s theorem in dimensions n = 4,5,6,7. We use the notation of Theorem 2.5.34.

In dimension n = 4 with no resonances we find

N =L TS0 () — @ V) dr— AV,

2m Jy

where

(V) — (QWZ)VOI(S)/ V(r)de and

2(2m)4
1 Vol (S?)
Ba(V) = 2_m'P4 /
In dimension n = 5 we find
N= L/m (Te(S()*S'(0) = Aoes(5,V) = A~ 3ex(5,V) ) A
2w J

where the coefficients are

(5, V)= _2%45 V(z)dr and

~13(2mi)Vol(S*) )
c2(5,V) = 5T 8@ /]1@5 V(z)*dx.
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In dimension n = 6 we have

2T

n=L / (TSNS (V) — e1(6, VIA — ea(6,V)) dA — (V).

where

S CLOMC)) /R V@)

(2ry
CmV) [

Cy = —2(27T)6 /R6 V(z)°d d

b= 5140 = g [ (V@? + SIVVIE@P) o

In dimension n = 7 we obtain

N = QLm /OOO (Tr(S(,\)*S’()\)) — e (7,V) = Aeeo(7, V) — A" 7cy(7, V)) dA,
where
al(7,V) = —g%/ﬂy V(z)dz,
~ 35(2mi) Vol(S°) ,
c2(7,V) = §W/R7 V(z)"dz  and

(7, V) = %E%;Z/R (V(x)?’ " %|[VV](:E)|2> dz.
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Chapter 6

Spectral flow for Schrodinger

operators

In this chapter we consider the spectral flow along the path H = Hy 4tV and show how
Levinson’s theorem can be obtained from the spectral flow along this path. To use the
spectral flow formula of [47, Theorem 9] we require some simple adjustments to make our
path of operators Fredholm. To analyse the terms appearing in [47, Theorem 9] requires an
analogue of the Birman-Krein trace formula of Theorem 2.5.19 and the pseudodifferential
operator calculus of [43], modified appropriately to our second order operators.

In Section 6.1 we briefly recall the definition of spectral flow of [129, 130] for paths
of unbounded self-adjoint Fredholm operators and in particular Equation 6.1 of [47, The-
orem 9]. Since the operators Hy and H are never Fredholm, we consider a family of
modified operators (Ho(a), H(a)) which are Fredholm and describe their stationary scat-
tering theory in Section 6.2. In Section 6.3 we briefly recall a number of results from the
pseudodifferential operator calculus of [43, 46] modified to our operators (Hy(«), H(«)).

In Section 6.4 we apply [47, Theorem 9] to the path H;(a) = Hy 4+ a + tV to prove,
using the Birman-Krein trace formula and the pseudodifferential operator calculus of
Section 6.3 to provide in Theorems 6.4.22 (odd dimensions) and 6.4.23 (even dimensions)
an expression for the spectral flow along the path H;(«). Finally, in Section 6.5 we use the
high-energy behaviour of the time delay operator discussed in Section 2.5.1 and Chapter
5 to show that Levinson’s theorem is a result of spectral flow. In particular, Section 6.4

onwards contains original results.

6.1 Spectral flow

The concept of spectral flow was used by Atiyah, Patodi and Singer in [10, 11] as a tool
to develop APS index theory. Spectral flow is intuitively defined as the net number of

eigenvalues which change sign along a path of self-adjoint operators, with the convention

211
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that an eigenvalue changing from negative to positive will contribute a 1 to the spectral
flow. We use the definition due to Phillips [129, 130]. Phillips’ definition of spectral flow
is valid in the much broader setting of semifinite von Neumann algebras with faithful
normal semifinite traces, although we do not need the full power of such a definition.
Consider B(H) with trace Tr, let 7 : B(H) — B(H)/K(H) denote the projection
onto the Calkin algebra. Let x = X[o,.c) be the characteristic function of the interval
[0,00). Let (T}) be any norm continuous path of bounded self-adjoint Fredholm operators
in B(H). Then w(x(T})) = x(w(T})). Since the spectrum of the 7 (7}) are bounded away
from zero, the path x(m(7;)) is continuous. By compactness (and [20, Lemma 4.1]), we

can choose a partition 0 =ty < t; < --- < t, = 1 such that

1

Im((T) = (AT <

for all ¢,s € [t;_1,t;] and 1 < ¢ < k. Defining the projection P; = x(7},) we find that
P,_1P, : PH — P,_1H is Fredholm. We recall the following definition, due to Phillips
129, 130].

Definition 6.1.1. Let ‘H be a Hilbert space. For t € [0, 1] let (7;) be any norm continuous
path of bounded self-adjoint Fredholm operators in B(#H). For a partition 0 = ¢y < t; <
.-+ < tp = 1 of the interval [0, 1] define the operators P, = x(7},). Then we define the
spectral flow of the path (73) by

k
S{(T3) = > Ind(Piy ).
i=1

We note that the above definition of spectral flow is independent of the choice of
partition [107, 129, 130] and agrees with the topological definition used in [10, 11], when

both make sense. For unbounded operators, we make the following definition of spectral
flow [47].

Definition 6.1.2. Let H be a Hilbert space with trace Tr. Let (D;) be a graph norm
continuous path of unbounded self-adjoint Fredholm operators on H. Denote the function
F:R —[-1,1] by F(z) = 2(1 + 22)"2. The spectral flow along the path (D,) is defined
by

sE(D,) = st(F(D,)).

Throughout the rest of this section [0,1] 3 ¢ — D, stands for a path of unbounded
self-adjoint linear operators on H = L*(R"). We denote by (F;) = (F(D;)) the bounded
transform of the path (D;). We must also impose a smoothness assumption on D; to use

analytic formulae for the spectral flow.
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Definition 6.1.3. 1. A path [0,1] > ¢ — D, is called I'-differentiable at the point

t =ty if and only if there exists a bounded linear operator 7" such that

Jim [[¢1(Dy = Dyy)(1d + D) # TH ~0.
In this case we set Dy, = T(Id + Dfo)_%. The operator D, is a symmetric linear

operator with domain Dom(D;) [47, Lemma 25].

2. If the mapping t — D,(Id + Df)_% is defined and continuous with respect to the
operator norm, then we call the path ¢t — D, a continuously I'-differentiable or a
Ct path.

The most general analytic spectral flow formula for the case of unbounded operators

on a Hilbert space is given by the following theorem [47, Theorem 9.

Theorem 6.1.4. Let [0,1] > t — D; be a piecewise C} path of linear operators and
F,e F.={F € B(H) : F = F* is Fredholm and ||F|| <1} . Let g: R — R be a positive
C? function such that

1. Jpg(z)de =1;
2. fol HDtg(Dt)

8. G(D1) — $B1 — G(Dy) + 1By € L' (H) (the trace class), where B = 2X(0.00)(D;) — 1,
and G is the antiderivative of g such that G(+o0) = 1.

)1 dt < oo; and

Then
sf(Dy) = /0 Tr(Dtg(Dt)) dt — Tr <G(D1) — %Bl — G(Dy) + %Bo) ) (6.1)

Remark 6.1.5. There is a sign difference on the second term on the right-hand side of
Equation (6.1) when compared to the statement of [47, Theorem 9]. This is due to a
sign error in the proof of [47, Theorem 9]. In particular, on p. 1823 there is a diagram
illustrating the path of integration for the succeeding argument. The diagram is correct,
however in the following formula the signs on the terms 7,7, are incorrect due to the
wrong choice of orientation of the path in their definition.

n+2

2

that ||gs||;, = 1. In this case we can determine the antiderivative G of g, which satisfies

Fix s > and make the explicit choice gs(z) = C%(l + 2%)7* with Cy chosen such

the hypotheses of Theorem 6.1.4 as
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Since we are using the functional calculus on Gy, we require a simpler expression which
does not have the variable as an integration limit. Since G, is an odd function, for x > 0

we find

nt+2
2
is to ensure 7, satisfies Equation (2.84) so that we are able to use Theorem 2.5.13 and

If 2 < 0 we use the fact G, is odd, so G4(—z) = —3 + n5(—x). The requirement s >

in particular (an analogue of) the Birman-Krein trace formula which we state in Lemma
6.2.8. We remark that the function 7, is defined for Re(s) > £, holomorphic in s with a

simple pole at s = %, a fact to be exploited repeatedly at a later point.

6.2 Making the operators Fredholm

As usual we let H = Hy + V where we make for the rest of this chapter the following

assumption on V.

Assumption 6.2.1. We assume that V satisfies Assumption 4.3.1 so that we may use
the results of Chapter 5 regarding the behaviour of the spectral shift function. We impose

the additional assumption that V' is smooth.

The assumption on the differentiability of the potential becomes necessary when we
employ the pseudodifferential operator calculus, where we must take derivatives of the
potential.

To use the spectral flow formulae of the previous section, we consider pairs of Fredholm
operators, which Hy and H are not since 0 is contained in the essential spectrum of both.
We construct a pair of Fredholm operators as follows. Enumerate the distinct eigenvalues
of H in increasing order as A\; < Ay < -+ < Ag < 0. Let p € {Ax_1, Ak} be the closest
non-zero eigenvalue of H to zero. Then for any « € (0, —p) the operators Hy(a) = Hy+ «
and H(«) = Hy + V + « are invertible and hence are Fredholm operators.

The operators Hy(a) and H(«) depend norm-resolvent continuously on o € (0, —p).
The operator Hy(«) has purely absolutely continuous spectrum o(Hy()) = 04c(Ho(a)) =
[, 00). The operator H(«) has finitely many eigenvalues in (—oo, @] and has absolutely
continuous spectrum o,.(H(a)) = 04.(Ho(a)) = [o,00). We enumerate the distinct
eigenvalues of H(«) in ascending order as A;(a) < Ay(a) < -+ < Ag(«) and note that for

each j we have \;(a) = Aj + o, where the A; denote the distinct eigenvalues of H. We
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also note that the number of eigenvalues of H is equal to the number of eigenvalues of
H(a), independent of «.

For each a € (0, —p), z € C\ R and any p > n we have by (an analogue of) Lemma
2.5.11 that the difference (H(a) — 2z)™ — (Ho(a) — 2)7P € L}(H) and the wave operators

Wi(a) — E;ljlgo% ez‘tH(a)e—z‘tHo(cx)PaC<H0(a)) _ E;IEO% pitH o—itHo _ W,

exist and are asymptotically complete by the invariance principle [137, Theorem XI.11]
(or an adaptation of the results of Chapter 2). We also note that the wave operators are
independent of a. The a dependence is seen in the spectral representation for Hy(«),

which we now describe.

Definition 6.2.2. For A € (o, 00), s € R and ¢ > 3 we define the operator Ty () : H*' —
P by

Lo f](w) =272 — @) T [FFI(A - a)2w) = [To(A — @) fl(w).

The operator F,, : H — L*([o,00)) ® P, which diagonalises the Hamiltonian Ho(c), is
given by

[Fofl(Aw) = [Ca(MN) fl(w) = [FofI(A — a, w).

Since the operators F,, and I', are simply translations of Fj and I'y one can easily

check the following.

Lemma 6.2.3. The operator F, is unitary. Moreover for A\ € (a,), w € S" ! and
f € L*(Ja,0)) ® P we have

[FuHo(@) 2 f)(Aw) = Mf(Aw).

The scattering operator S, = W, (a)*W_(«) is unitary and commutes with Hy(a) and
so there exists a family {Sa(\)}reja,00) Of unitary operators on P such that the relation
[FoSaf](Aw) = Sa(AN)[Faf](A w) holds. We call S, () the (translated) scattering matrix
at energy .

The next result is proved in an identical fashion to Theorem 2.4.32.

Theorem 6.2.4. Suppose that V' satisfies Assumption (6.2.1). The scattering matriz is
given for all X\ € [, 00) by the equation

Sa(A) =1d = 2miCa(A)(V — VR(A — a + i0)V)Ca(A)* = S(A — a).

For each X\ € [, 00), the operator S,(N\) is unitary in P = L*(S*') and depends norm

continuously on \ € |a, 00).
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Since the scattering matrix S, () is simply a translation of the scattering matrix S(\),
the properties of the time-delay and spectral shift function for the pair (Hy(a), H(«)) also
follow immediately.

The time delay satisfies T, (A) = —iS%(A)SL(A) = T'(A—a), its existence is guaranteed
by the following result, whose proof is identical to that of Theorem 2.5.3.

Lemma 6.2.5. Suppose that V satisfies Assumption 6.2.1 and let Py(«) denote the spec-
tral family for Ho(c). Then the scattering matriz is differentiable. Define T, by

Dom(T,) = {f € Hac : Po(a)([a,b])f = f for some [a,b] C (0,00)},
[FaTufI(A w) = =iSa(A)"Sa (M) [Faf](A, w).

Then T, is essentially self-adjoint on Dom(T,), Dom(T,) C Dom(Hy(«)), and T, com-

mutes with Hy(a). Furthermore, the operator T, () is trace class for all X € [a, 00).

Theorem 6.2.6. Suppose that'V satisfies Assumption 2.2.14 for some p > n. Then there

exists a real-valued function &, such that the trace formula

Te (f(H()) — f(Ho(a))) = / £V S/ (V) dA (6.2)

holds at least for all f € C°(R). The function &, satisfies ,(N) = (A — ), where € is
the spectral shift function for the pair (H, Hy).

The function &, = {(Ho(a), H(a)) is known as the spectral shift function for the pair
(Ho(a), H()). As before the trace formula of Equation (6.2) fixes £, up to an additive
constant. This constant is fixed by the condition that £,(\) = 0 for A < |inf(o,(H()))].

Lemma 6.2.7. Suppose that V' satisfies Assumption 6.2.1. Then for X € [a,00) the

spectral shift function and the scattering matriz are related by the formula
Det(Sa(N)) = e 27V,

For A € [a,00) the spectral shift function and time-delay operator are related by the

formula
—2mi€l(\) = Te(Sa(N)"SL(N).

Our main use of the spectral shift function is the Birman-Krein formula for the pair

(H(«), Hy(v)), which follows immediately from Theorem 2.5.19 by an identical proof.
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Lemma 6.2.8. Suppose that V' satisfies Assumption 6.2.1 and f € C(R). Then

TH(f(H ) = S(Hoe) = 5 [ FOVTH(S,0 SUADAA + 3 MOW(@)f (n(e)
+ J(0)(€ala—) — Ela+) - M(a))

6.3 Pseudodifferential operator calculus

In this section we use the pseudodifferential theory of [43, 46] to obtain a number of
trace class and resolvent estimates which will be used to eliminate remainder terms in
our use of Theorem 6.1.4 in Section 6.1. We are not able to directly use the results of
[46] and [43], since they are formulated for first order pseudodifferential operators and our
Hamiltonians are second order. We thus provide analogous results to keep track of the
resulting numerology, although we omit the proofs since they are essentially identical.

The following definition captures the notion of a pseudodifferential operator associated
to the operator Hy(a).

Definition 6.3.1. Define the space Ho, = MpsoDom(HY). For T € B(H) with T :
Hoo — Hoo we let 0(T) = [Ho(a)z,T]. We define for p € R the set of regular order p
pseudodifferential operators associated with Hy(«) by

OPP := (14 Hy(e)?)* (ﬂ Dom( 5”))

neN

The topology of OP? is associated with the family of norms

S [l -+ sty )|

for ¢ € NU {0}.

1

s min{a?, (u+a)?}, so that the inequality

For the remainder of this chapter we let r =
0 <r < inf{o(H;(a)?)} holds.

We first give basic estimates for the operator norm of resolvents of certain operators.

Lemma 6.3.2. Let a € (0,—u) and A\ = a + v with a € (0,r) Then for all t € [0, 1] we

have

1

[|(A = (Id+ Hy(a)®)) || < (WP + (r—a)’)"2 < (r—a)™".

We will use the notation Q = Id + (Hy + a)? and for A € OP* we use the notation
A®) = [Hy()?,--- [Ho(a)?, A] - - -], where the expression has k commutators. It is useful
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to note that the operator A*¥) has order £ + 3k (each commutator raises the order by 3,
one less than the order of Hy(a)?). For Re(s) > n we can use Cauchy’s integral formula

to write

Q=" [ -

271 Yo

where v, is a vertical line with real part fixed in (0,r). It can be checked using the
spectral theorem that this integral converges in operator norm to ()~°. We can thus reduce
computing commutators of T" € O PP with ()~ to iterated calculations of commutators of
T with (A — Q)~!. This leads to the following, an analogue of [46, Lemma 6.9].

Lemma 6.3.3. Let p, j, k be non-negative integers and A € OP*. Then
k il
()\—Q)_pAZZ(p J )A(j)()\_Q)—p+j+P()\)
i=0 J

where the remainder term P(\) has order —(dp+k — €+ 1) and is given explicitly by

P(\) = Z (j + Z + 1) (A — Q)P LAR+D () — )~k

j=1
Corollary 6.3.4. Let p, M be positive integers and A € OP*. Let R= (A —Q)~'. Then

M .
—1 N
RPART =Y (p J >A<J>RJ +P

§=0 J

where P is of order k — M — 1 and given explicitly by
P .
J+M-1 1—j A(M+1 i—
P = RPHI=7 A(M+1) pM+j—p
(")

The following is an analogue of [46, Lemma 6.10], allowing us to uniformly bound

pseudodifferential operators when weighted by enough resolvents.

Lemma 6.3.5. Let k,p be non-negative integers and suppose A € C with a = Re(\) €
(0,7). Then for A € OP* and with Ry(\) = (A — (Id + (Hy + )?))™! we have

“RQ(A)§+§ARQ(A)’§ <Oy

<C,p and HRQ(A)*%ARQ(A)%%

where Cp 1, 1s a constant independent of \.

Remark 6.3.6. We think of the operator X in the following lemmas as t{ Hy, V'} + 2taV +
V2 and thus Ho(a)? + X = (Hy(a))? > 0. With a = Re()\) € (0,7) (and r fixed as
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before) we see that the spectrum of (Id + Hy(a)? + X) is bounded away from the line

Re(A) = a by at least 1 —a independent of A and ¢. This fact is crucial in our next results.

Lemma 6.3.7. Let A; € OPPi fori=1,...,0 and let 0 < a = Re(\) < r as above. We

consider the operator

Ra(\) A1 Ra(N) AsRa(N) - - Ra(\) AgRa(N),

where Ry(A) = (A — (Id + Hy(a)?))™! and Ro(N\) = (A — (Id + Ho(@)? + X)), where X
is self-adjoint and Hy(a)* + X > 0. Then for all M >0

M
Ra(M)A1Ra (M) Az -+ AcRo(N) = > Cy(k) AED AR R O)HE R (N) + Py
|k|=0

where Pyry is of order at most |p| — M — 40 — 5, and k and p are multi-indices. The

constant Cy(k) is given by

(|| + 0)!

Ci(k) = klko!- - kol(ky + 1) (ky + ko +2) -+~ (Jk| + )

We now show that when weighted by sufficiently many resolvents, the remainder term

Py can be uniformly bounded.

Lemma 6.3.8. With the assumptions and notation of the previous lemma including the

assumption that A; € OPPi for each i, there is a positive constant C' such that

|p|

(A= (1 + Hofo))*H5=5 py || <

independent of X and t (although depending on M and ¢ and the A;). If the final Ro())
is replaced by R, () then the factor 1 in the exponent can be replaced by g.

We require two more estimates to guarantee that the operators which arise from the

resolvent expansion and the Cauchy integral formula are trace class.

Lemma 6.3.9. Let ¢ be a non-negative integer, and for j = 0,...,0 let A; € OPPs.
Fiz a € (0,r) and define the vertical line v, = {a +iv : v € R}. For A\ € ~, let
Ro(A) = (A — (Id + Ho(a)?))™ and Ro(N) = (A — (Id + Ho(a)? + X))~'. Then for all
e > 0 and for s € C with Re(s) > 3 the operator

1 -

B, (t) = 2—2/ AP AGRL(AN) AL RA(A) - - - Ro(N)AgRo(N) dX
T
Yo

is trace class for Re(s) + € > w, and the function t — [|B,(t)||, is integrable on
[0,1].
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In the case where the final resolvent is actually an R, (), we can use Cauchy’s integral
formula to explicitly evaluate the expression obtained after performing the expansion and

get sharper trace class estimates.

Lemma 6.3.10. Let ¢ be a non-negative integer, and for j = 0,...,0 let A; € OPP5,
p; > 0. Fiza € (0,7) and define the vertical line v, = {a +iv : v € R}. For A € 7,
let Ry(\) = (A — (Id + Ho(a)?)™! and Ry(N) = (A — (Id + Ho(a)? 4+ X))\, Then the

operator

1
Bu(t) = 5 / A AgRa(N) AL R (M) As - - - Ru(N) A Ro(A) A
Yo

is trace class for Re(s) + ¢ > "+p++|p|, and t — ||By(t)||, is integrable on [0, 1].

Our application of this result will have py = 0 and each p; = 2 (since A; = X for all
i), giving [p| = 2¢ and so, if we enforce Re(s) > 3, then a sufficient condition for ¢ is to

take€>§—1. If n is even we take L = g and if n is odd we take L = "T_l

6.4 Spectral flow for Schrodinger operators

The resolvent expansions of the previous section and the Birman-Krein trace formula
of Lemma 6.2.8 will be the crucial elements in computing our spectral flow. Define for
Re(s) > % the constants

Cs = / (14 2%)*dax.
R

The C have a pole at s = % with residue equal to one, a fact to be exploited later. Recall

that for Re(s) > 5 we have defined the 7 function by

1 o0 1 2 o0
775(37) = 5/1 x(l + wa)’Sw*E dw = 5/ (1 + U2)fs dv,

with the second formula only valid for x > 0. Note that ns is odd and vanishes at 0 and

+00. The result of Theorem 6.1.4 with s > "T“ now reads

IR A 1
Sf(Dt) = 5 / TI"(Dt(Id + D?)_S) dt + ETI"(T]S(Dl) — HS(D0> + (PKer(Dl) - PKer(Dg)))-
s JO
(6.3)
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Multiplying both sides of Equation (6.3) by Cs we obtain

1
. 1
CsSf<Dt) = / TI‘(Dtad -+ D?)_s) dt + §CSTI'<T]S(D1) — 775<D0) + (PKer(Dl) — PKer(Do)))-
0
(6.4)

The term C, can be analytically continued for Re(s) > 3 to a meromorphic function

with simple pole of residue 1 at s = % Thus the left-hand side of Equation (6.4) is a
meromorphic function and so the right hand side has a meromorphic continuation. We

take the residue at s = % of both sides to obtain
Sf(Dt)

1 . 1
= RGIS</ TI'(Dt(Id + D?)_s) dt + écsTl"(?]S(Dl) — US(D[)) -+ (PKer(Dl) — PKer(Dg))) .
0

s=3

(6.5)

We apply Equation (6.5) to the path Hy(a) = Hy + a + tV, so that Hy(a) = V. The
Birman-Krein formula of Lemma 6.2.8 will be fundamental to our evaluation of this spec-
tral flow formula. We denote the total number of bound states (eigenvalues counted with

multiplicity) by

N(a) =) M(\(a)).

k=1

Recall that by construction, N(«) = N (the number of bound states for H) independent

of a. We refer to the term

Res ( /0 TV 4 Hy(a)?) ) dt)

2

as the ‘integral of one form’ contribution to the spectral flow, with this labelling justified
by [47]. We refer to the term

1
Res (ﬁCsTr(ns(H(a)) — ns(Ho()) + (Pker(H(a)) — PKer(Ho(a)))>
=3
as the Birman-Krein contribution to the spectral flow and the term
1
Res (ST (D1) = (D))
=3

as the n contribution to the spectral flow.
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6.4.1 The Birman-Krein term

In this subsection we use the Birman-Krein trace formula to determine the kernel and 7

contributions to the spectral flow in Equation (6.5).
Lemma 6.4.1. By construction, the operators Pxer(t(a)) and Pxer(Ho(a)) are both zero.

Since the kernel terms both vanish we are now able to evaluate the n contributions.

Lemma 6.4.2. The n contribution to the Hamiltonian spectral flow is given by

Res (CsTr(ns(Hq (o)) — ns(Ho(w))))

_1
$=3

— V(@) - 2+ Res ([T Cn TS S ) )

+ (bala—) = &alat) — Ma(@))
with M, (a) the multiplicity of the eigenvalue at energy .

Proof. Suppose that A\ () = «, that is H has zero as an eigenvalue. Apply the Birman-

Krein formula to obtain

T (@) — 1)) = 5 [ nO) TS O0SL00) A+ Y M(hula))s )
“ k=1

+1s(@) (bala—) = &alat) — M(a)).

To simplify this expression, for £ < K we make the computation

2 o0 2 [ Ak ()]
ns(Ak(a)) = —ns(|Ae(@)|) = — e (1+ 02)—5 dv=—-1+ E/o (1+ 1;2)—5 dw.

We further compute that

ns(a) =1— Oﬁs/o (1+v*)"* do.
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Multiplying the trace by Cy and taking the residue we obtain

Res (CTr(ns(H1) — ns(Ho)))

s=3

= Res (2; [ OIS NS A+ Y MO @)Ca (o) +

s=3

+ Cun() (€alam) — &) )

:Res( / Con (V) TE(S% (V) S (A d)\) ST
+ M(a) + (Sala—) — &alat) — M(a))

1 > * /
~ Res (% /a C’sns()\)Tr(Sa(/\)Sa(A))d)\) ~ (N(a) — 2M(a))

+ (Cala=) = &alat) = M(a)) .

The case when A\ («) # « follows by considering M («) = 0 in the above arguments. [

It is not surprising that the spectral flow is linked to the behaviour of the spectral
shift function, such a relationship has been demonstrated in a number of contexts see, for
example [12, 13, 14, 37, 38, 39, 40, 42].

We now show how the Birman-Krein formula of Lemma 6.4.2 can be used in conjunc-

tion with the high energy behaviour of the function Tr(S(-)*S’(+)) to relate to Levinson’s
theorem.

The key observation for n odd is the following.

Lemma 6.4.3. Fiz f € C(R") and suppose there exists a polynomial p such that g(\) =
A~2p(N) satisfies |f — g| € L*(RY). Then

Res( [ cno ) | o =g ar

Proof. We compute that

R ([ cntnsonar) = nes(

Note that (s — 1)Csns(A) is uniformly bounded and thus the fact that |f — g| € L*(RT)
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allows us to use the dominated convergence theorem to obtain

R( [ cnur) = g0) dA) — [ ResCan () ~ g ax

+ s==

S=3 2

- [t =gyan

It remains to show that

R( [ cantaar) o

For r # —1 we use integration by parts to calculate

AN Cng(N) dA d (A Cyng(N) dA
/R+ sUs() _/R+a(7“+1> sﬁs()

_ {Wl C (/\)]Oo ! / N () dA
- 7“"—1 sfls 0 T+1 R+ s775
2
_ N4 A2)~ dA,
T+ ]_ /R+ ( + )

The final integral can be reduced to a form of the Beta function with the substitution

A= u%, which yields

1 -
N1 4+ \2 _Sd)\:—/ 2(1 Sdu =
/R+ (1+X2) [ wE o

Thus,

(F(gﬂ)r(s—%—l)):Q

provided r # —2 + k for any k € N. We are interested in the case r = —1 + k for k € N,

since ¢ is a linear combination of such powers. Hence,

ljff (/R+ Csns(N)g(A) dA) =0,

which completes the proof. O]
We now compute the residue of the i contribution in odd dimensions.

Proposition 6.4.4. Suppose that V' satisfies Assumption 6.2.1 and n is odd. Then we
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have

Res (% /a b Cins(N)Tr(Sa(A)*SL(N)) dA)

s=1
2
. 25
_ * Qf n-2_;
=5 ) Tr(S(A)*S' (X)) — ; c;(n, VIXNZ 77 | d),
where the c; are as defined in Theorem 2.5.34. Note that this statement is independent of

the choice of o € (0, —p).

Proof. By Theorem 2.5.34 the map
[@,00) 3 X Tr(Sa (A" SL(N) = Y ¢5(n, V)(A =)™
j=1

is integrable. Thus we compute

Res (5r [ Cn TS, 008,00 )

1
$=3

= Res L /OO Csns(A) | Tr(Sa(N)*SL(N)) — ¢i(n, V)(A— )™= 7 | dA

_1
s=1 271

15
1 OO oo .
—_ — . — 2 —J
+13:{:e§ (27”/6“ Csns(A) ( E ci(n, V)(A — a) ) d)\)

where we have used the observation (s — 3)Cyn,(A) is uniformly bounded to apply the

dominated convergence theorem. For k£ € N the estimate

/ / 1—|—U )R dy du

< a/ “2(1 4 u?) "R dy
0

F(5— 1) T (Re(s) =5+ 1)
2I'(Re(s))

1+v “*dvdu

=
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shows that the map
1> 125+]
S —/ Cs(ns(u+ ) — ns(u)) Z c;(n, Vu'= 7 | du
0

271
j=1

is holomorphic at s = % So we find

Res (51 [ Con VTSSO )

s=1 ™

1 e 254
— * QI . ) i nT—Q_]
=51 . | T(Sa(A)Sa() ; ¢j(n,V)(A—a) dA

I_n71

1 * n—2 .
+ Res %/o Csns(u) ]Z:;cj(n,V)ufJ du

8:§

Let f(A) = (Tr(S(N)*S"(N)) and g(A) = pn(A) with p, as in Definition 2.5.26. An applica-
tion of Lemma 6.4.3 to the functions f, g then gives that the second residue in the above

vanishes and thus

Res (5o [ CnTHS, 00 S, 00 )

=1
i T (s, (0 8L — Z ei(n, V(= @) T | dx
2mi “ « s I '
The statement of the proposition follows from the substitution A = u + a. O

For n even the residue of the 7 term is non-zero and can be computed using Theorem
2.5.34 as follows.

Proposition 6.4.5. Suppose that n is even and V' satisfies Assumption 6.2.1. Then

Res (5r [ Cn TS, 00,00 )

1
$=3

|_n71

L[ Te(S(A)*S' (V) = Y ¢;(n, VIAT | dA

2 Jo

n2 itqie DD (D
QMZ 2 ( ) €+ 1) (5 (3)

J=1 0<e<2—j odd

n—- 7_j _9
2 ) n ity it @
271'2]2 Zc]nV( > : 200+ 1)
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where the c;(n, V) are defined in Definition 2.5.26.
Proof. By Theorem 2.5.34 the map

| 2L
[0,00) 3 A= Tr(Sa(N)'SLA) = Y ¢i(n, V)(A—a)™z

oal
n
—

J

is integrable. Thus we compute

1 o ez .
+ Rels E / Cs’f]s()\) Z Cj (n, V)()\ — Q)Tz_] dA
=3 a

j=1
= T syt o) — Lijc-(n V)A—a) 7 | dx
27i J, “ @ ‘= I
e ey o
+£i:e§ (2—7”/6“ Csns(A) (; ¢j(n, V)(A 04)2]) d/\) :

where we have used the observation (s — 3)Cyn,s(A) is uniformly bounded to apply the

dominated convergence theorem. For k € N we use the binomial theorem to obtain

[e.9]

/:O Cons(N(A = a)f dX = g(—nk—ﬂ (l;) aH/a CLns (WAL A, (6.6)

We integrate by parts to obtain

/ N Cans(A) A dA
) 1 Oo £2+1 2\—s 1 0+1 = 2\—s
:ﬁ—l——la ATHL A+ A7) d>\_€+—1a /a (14+0v°)*dv
— g% OOO AL+ M) d) — “%O/H /Ooo (1+0*)*dv
— 6% /Oa AL+ M) d) + 64%10‘”1 /Oa (1+v*)*dv
1 F(é—i—l)f‘(s—g—l) Cs r+1
T2+ 1) T(s) o+ 1)
1 1

/ M1+ A dA + ——a ! / (1+v*)"*do
0 0

i+ (+1
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Noting that the integrals from 0 to « are over a finite region and thus define a holomorphic

function of s, we can take the residue at s = % to obtain

Res </ Cons(a) X d)\)

ol 0, if £ is even,
- 200+ 1) + r(4+1 (1 E £ 0 is odd
G U

Returning to Equation (6.6) we have

_ Z (k)(_l)k—e s D(5+1)(=1)%

0<¢<k odd ¢ (C+1) ()T (3)
k

. k k=l k—t att!
; (z)< AT

So we find
1 o n=2_
R:es o /a Cyns(N) Z ci(n, VYA —a)z d)\)
LTEH)EDE

n21J - .
= —J =t j °
S=DIDY ( ‘ )Cﬂ”’”(‘” (BT )

J=1 0<e<2—j odd
l25t) 22— 2 N
n—2 . n—2 .
V) D e e I I A e —
am 2 L a7 )Tt

Hence we have

= LT s o0sion = 3 e ) -a) T | an

J=1 0<e<72—j odd
|25t 252 -

n—2 :
A VIR e =
zmz z::cﬂ”v( ¢ )( 1) 200+ 1)

7=1
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The statement of the proposition follows from the substitution A = u + a. n

In practice it is easier to take the limit as o — 0% before taking the residue. To do

so requires the following technical result.

Lemma 6.4.6. Fiz f € C(R") and suppose there exists a polynomial p(\) = 2520 a;N
such that |f — p| € LY(R™). Then

B B I'(m+3) (—1)ma
Res( [ Conryan) = [ o) —pne Y A

_1
s=3 2

Proof. The same computations as Lemma 6.4.3 apply until the evaluation of the residue.
Recall that for r # —1 we have

F(2+1)T(s—%-1)
(r+ 1)I'(s)

/ N (A) dA =
R+

We use the fact that the Gamma function has a pole of order 1 at each non-positive

(="
I'(k+1)

integer —k with residue to find for a positive integer j that

o~
+
—
SN—"
=
~—
V2)
|
N[
|
—_
N—
\/

s ([ venma) - ey (F ‘ GO

If 7 is even, the residue vanishes. If j = 2m — 1 for some m € N then we find

; B F(m+3)T(s=m—3)\ T(m+3)(=1)"
E{:ef </R+ A Cans(N) d)\) N 15:{:6? ( 2mI'(s) ) -

2

which completes the proof. O]

Corollary 6.4.7. Suppose that n is even and V satisfies Assumption 6.2.1. Then

lim Res (% /a h csns(A)Tr(sa(A)*s;(A))dA)

a—0t 5:%

Bl
1 & * Al n—=2_
=51 ), Tr(SOV)*S' (V) = S ¢j(n, VA" J) dA
(

271

~ Res (% | cnmsays o dA) ,

1
§=3

where the c;(n, V') are defined in Theorem 2.5.54.
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Proof. By Theorem 2.5.34 we have that there exists ¢j(n, V) € C with
125+
<R+ 5 A Te(S(A)'S'(V) = > cj(n,V)A”E—J‘) e LY(RY).
j=1

An application of Lemma 6.4.6 then gives

Res (% /0 T O )TV S (V) d)\)

1
§=3

1—2

0o L1251
= Tr(S(A)S' (V) = Y ¢(n, V)A™ J‘) dA
(

2m J,

1 n—2 1—‘(1—1—1) _1)7
2 2
+ 5 > ( 4 )Cj(n, V)~ FEZRY :
1<j<[ "5 odd

Taking the limit as o — 0" in Proposition 6.4.5 completes the proof. O

Since there are far less terms to consider, in practice it is more convenient to use
Corollary 6.4.7 than Proposition 6.4.5. We demonstrate the use of Proposition 6.4.5 in

dimension n = 4, the lowest dimension in which non-trivial o dependence is found.

Corollary 6.4.8. Suppose that n =4 and V' satisfies Assumption 6.2.1. Let ¢1(4,V) be
as in Theorem 2.5.34. Then

Res (5 [ Cn IS, ar) = o [ IS ) - e, V)
c1(4,V)
T 20m) ¢

These computations will be used to relate spectral flow to Levinson’s theorem in
Section 6.5.

6.4.2 The “integral of one form” term

Finally we determine the contribution of the “integral of one form” term to the spectral

flow formula with the aid of some technical results. As before we fix r =  min{a?, (1 +
a)?}.

Lemma 6.4.9. For o € (0,—p), Re(s) > 5 and a € (0,r) define the vertical line v, =
{a+ v : v € R}. Define the perturbation X = X (t,«) = t{Hy, V} + 2taV + t*V?2. Then
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for each L € N, we have

L

(Id + Hy(« Z 271m / A73( (Id + Hy()?))"H A\ — (Id + Ho(a)?)) " dX
* 2% A‘S(X(A — (Id + Ho(@)?)) ™) A = (Id + Hy(@)?)) 7" d.
(6.7)

Proof. An application of Cauchy’s integral formula gives

(1d + Hy(a)?)™ = ZLM A0 — (Id + H()?) " dA.

For self-adjoint X, Y the resolvent identity

L
A= (X +Y)"' =Y (XA=-Y) A=)+ (XA =Y) HrA = (X +Y)™!
=0
completes the proof. O
Lemma 6.4.10. Ifn is even, let L = 5 and if n is odd, let L = . Let X = X(t,a) by

giwen by X = t{Hy, V}+2taV +t*V? cmd Re(s) > L. Fora multz-mde:c kand0</{¢<L,
define the constant Y,(k, s) by

L'+ |k + s)
Yi(k,s) = (=1)*HHCy (k) ————22.
For 4Re(s) + L > n we have
L M,
Tr(V(Id + (Hy(@)?) ") = > Y Yok, s)Tr (VX®) .. XF(Id + Ho(o)?) M) + P,
=0 |k|=0
(6.8)
where My = 5 + 2+ ( and P is holomorphic at s = %
Proof. Apply Lemma 6.4.9 to obtain
"
5( 1 2\y—1
(1d + Hy(a sz/ AT (XA = (I + Ho(a)2)) ™) (A — (Id + Ho(a)?))~
1
+—— [ A(X (A= (Id + Ho(e)?) )N = (Id + Hy(a)?)) " dA.

271 ~
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An application of Lemma 6.3.10 shows that the term

L[ (X0 = (1 4 Ho(@)2) )5 (A — (Id + Hy()?) " dA

2 Yo

is trace class for L +1 > 4. An argument similar to the proof of [46, Lemma 7.4] shows
that this term is holomorphic in s also. An application of Lemma 6.3.9 shows that the

term

[ A (00 = (1d + Ho(0)2) ) O — (1d + Ho(a)2))~* dA

271 e

is trace class for Re(s) > T —( + \M%_ We have 0 < |p| + po < 2¢ and so we require
Re(s) > 2 —£. Thus for £ > 2 —1 we find that each term in the sum will have a non-zero
residue and all terms with L > Z will have vanishing residue. We now apply Lemma 6.3.7

to obtain for any M > 0 the expansion

% A (X = (Id + Ho()2) ™) (N — (Id + Ho(a)?)) " dA

= L/ )\_SCZ(/{?)X(kl) .. .X(kz)()\ _ (Id + Ho(a)2>>—£—|k|—1 d\
k=0 2mi ),
tom [ PudO)O— (1 + Fo(a)) ™ dr

An application of Cauchy’s integral formula shows that the first term can be evaluated
explicitly to obtain

1 —s 2\\—11¢ 2\y—1
— [ AT(XA = (Id+ Ho(a)?)) ) (A= (Id + Ho()?)) " dA

271 -

M
= Z Yg(k,s)X(’“l) .. -X(kf)(Id+ Ho(a)z))*“'“*s
|k|=0

+ % M,Z(A)()\ — (Id —+ Ho(Oé>2))_1 d\.

The above expressions are trace class and for M > 4 + 1+ the remainder is holomorphic

_ 1
at s = 3. O

6.4.3 The spectral flow formulae

In this subsection we combine the results of Sections 6.4.1 and 6.4.2 to determine an
expression for the spectral flow along the path H;(«). Such a formula is dependent on the
parity of the dimension and the expressions we obtain are rather complicated, with many

terms obtained by combinatorial arguments which are difficult to evaluate explicitly. To
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do so requires the following integral computations.

Lemma 6.4.11. For a,b > 0 with b > § we have

[y = FOLC ) -

Forb>"T+2and1§m§nwehave

Ly .. VOI(STHT(22)T (b — "2)
[ eyt - e

independent of the direction &,,.

(6.10)

Proof. Making the substitution u = r* we find

oo oo T ()T (b2
/ r 1+t dr = 411/ ut™ (1 +u) P du = (B 4),
0 0

where the integral was evaluated as a known form of the Beta function. For the second

integral, we note that by symmetry we have
_ 1 _
1+ P e == [ jep gy
R n Jgrn

Changing to polar coordinates and using Equation (6.9) gives Equation (6.10). O

Lemma 6.4.12. For m = 2k a positive even integer and q € Ny we have

he </0°° P 4 (2 4+ a)?) dr)

— (k-1 bo1 ke D(F) T (s+9—5)
_Res<z< ’ >(—1) o' (57 >

s=3 \'=o

2

Proof. Let m = 2k and compute that

/ P14+ (P +a)?) T dr = /u + (u+a)?) 5 du
0 0

1

2

1 OO k 1 s—q
3/ (14 v*) "5 dv.

Applying the binomial expansion we have

1

/ r2k—1(1 +(r*+a)?) " dr = 5/ (v — a)k_l(l + 0B dw
0 «

:_Z(> k:él kél/oovﬁ(l_}_UQ)—s—qd,U.
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Note that

Res (/ v (14 v?) 7571 dv) = 0.
s=3 0

Thus we obtain

which is the statement of the lemma. O

To avoid confusion, we introduce the notation (AV') for the action of the Laplacian
Hy on the potential V.

Lemma 6.4.13. For n even we define
Xo=2taV+ V> +1(AV), X;=-2t) ——-— and X,=2VH,

For0<(< 3% define the set
Jo(n) = {(k,p) € Nj x {0,1,2}" : |p| + n > 2+ 40+ |k|} .

Then we have

Res ( /0 (VI 4 H(a)?)~) dt)

_1
5=3

2 |
ki k —s—{—|k
- Rels(Z > ik, 8)/0 Tr (VXS - X5 (1d + Ho(ar)?) 1) dt). (6.11)

=0 (k,p)eJd;(n)
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Proof. By Lemma 6.4.10 we can write the expression (modulo holomorphic terms)

TI"(V(Id + (H(Oz))Q)*S) _ i Z Yg(k:, S)Tl" (VX(kl) .. .X(kz)(ld + Ho(a)2>fs—£—|k|).
(=0 |k|=0

We have written

A
X =2tV +VP4+t(AV)) =2t Y —— +2tVHy = Xo+ X; + X.
( aV + +( )) ;axja$]+ 0 O+ 1+ 2
as the sum of an order zero, an order one and an order two component. The terms in
the summand which are not trace class satisfy |p| + 3|k| — 4Re(s) — 4¢ — 4]|k| > —n and
with our decomposition of X we have p; € {0,1,2}. Thus for fixed n, ¢ the terms which
are not trace class are precisely those with (k,p) € Jy(n). Summing over these terms and

taking the residue at s = % gives the result. O

Lemma 6.4.14. For n odd we have

Res (/01 Tr(V(Id + Hy(a)?) %) dt) = 0.

1
5=3

Proof. For n odd, the same argument as n even in Lemma 6.4.13 shows that Equation
(6.11) holds with X7, X, X3 defined as in Lemma 6.4.13. We show that all residues vanish
for one of two reasons. Write X ... X3H) = Zﬂg?’w G, where G, is an operator of
order j. By performing commutators, we can assume without loss of generality that G;

is of the form
Gi=g>  gs0
|Bl=3

for some multi-index /3 of length n and gz € C2°(R"). Then we find

Tr (VG;(Id + Ho(a)?) s 1*)

—en ([ Vs ([ @il ar )

181=4

If any of the elements of the multi-index 3 are odd, the trace vanishes for the same reason.
Thus we may assume that j is even and each component (; of « is even. Write [3; = 2b;

for a multi-index b of length n. Then we can write
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We find that

Tr (VG;(1d + Ho(a)?) =)

=m0 ([ Viedlorao) ([ @@ (R +apyHag)
2[bl=j

n

= ilPl(2m)~ </ V() gap(z ) (/ w2 dw) X
2[bl=j 8 s
(/ (14 (r* + 04)2)*5”5’“CI dr)
0
or(X+p)...T
— Z|B| ( + 1) ( </ V g2b d$> </ w%bl .. .wib" dw) X
I (5 +[b]) (27 sn-1

2|b|=y

(/OOO L 4 (12 4 )?) eI dr) ,

where we have used Lemma 2.5.20 to evaluate the integral over S"~!. We make the

estimate

[ 7 0y
0

< /OO Tn+j_1(1 + T4)—Re(s)—f—|k| dr
0

L (") T (Re(s) + £ + [k = ")
AT (Re(s) + £ + k)

Since n is odd and j is even, we find that % + 0+ k| — %j is never an integer and so
S — / L 4 (12 4 )?) e R g
0
is holomorphic at s = 3. Thus Tr (VG;(Id + Ho(a)*)~*~*"I*) is holomorphic at s = 1

and we have shown that for n odd all residues at s = % vanish, independent of a > 0. [

In higher even dimensions the terms appearing in Lemma 6.4.13 become cumbersome
to compute rather quickly, however in dimension n = 2, 4, 6 they can be computed directly,
with the aid of Lemmas 6.4.11 and 6.4.12.

Lemma 6.4.15. Let n = 2 and suppose V' satisfies Assumption 6.2.1. Then

he ( /0 TV + Hy(a)?) )dt) 817T / V() dz.

independent of a > 0.

Proof. Since n = 2 we find that Jy(2) = {(0,0)} and .J;(2) = (). Noting that for £ = 0 we
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have Y;(0, ) = 1 we thus have

Res (/0 Tr(V (Id + Hy(a)?)™*) dt) = Res (Tr(V(Id + Ho()*) ™)) .

1 1
§=3 =3

So we compute that
Tr(V(Id + Ho(a)2)™) = (27)2 (/R V(x) dx) (/R 1+ (lyP + a)?)* dy)

= (27) " *Vol(Sh) (/R V(z) dx) (/OOO r(1+(r? +a)*)~® dr) ,

where we have used polar coordinates and Lemma 6.4.11 to evaluate the y integral. Taking

the residue at s = % using Lemma 6.4.12 we find

Res (Tr(V(Id + Ho(a)?) ™)) = (2m) "Res (/R viz) dx) (VOI(SI) : (5)41;((5)_ 5))

1 -1
$=3 §=3

3 ([ o).

independent of a. O

Remark 6.4.16. In the notation of Theorems 2.5.34 and 5.3.29, the statement of Lemma
6.4.15 is

Res < /0 TV + Hy(a)?)~) dt) _ %bz,

s=3

independent of a > 0.

Lemma 6.4.17. Let n = 4 and suppose V' satisfies Assumption 6.2.1. Then

l}:ef (/01 Tr(V(Id + Hy(a)?)™®) dt) = —a\gé—(?i? /R V(z)dr — Z‘(’;Lf)? /R V(z)?dz.

2

Proof. Since n = 4 we have J;(4) = {(0,2)}, Jo(4) = {(0,0)} and J,(4) = 0 for £ > 2.
Thus only two terms corresponding to ¢ = 1,k = 0,p = 2 and ¢ = 0,k = 0 = p will
contribute. We first consider / =0,k = 0,p = 0. We find

Res (YU(O, ) /O 1 Te(V(Id + Ho(c)?) ™) dt)

2

= m)Res (%0.9) ([ Vierar) ([ 0o+ O+ ca)

_ V(OQIS?E{:G? (Y()(O, ) (/R4 V(z) dx) (/Ooo r Y1+ (P ) dr)> .
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Applying Lemma 6.4.12 we have

E{:ef (YO(O, s) /01 Tr(V(Id + Ho(a)?)~®) dt)

2

_ @i”iff (YO(O,S) ( RE dx) ( /0 T (2 a)) dr))

), (oo (o) [ TETE-2) | T
"o (“’(0’ >(/R4V”d>< e AT ))

O Vol(s?) S
~ 8 /RALV( ) da.

We next consider the case ¢ = 1,k = 0,p = 2. We observe that Y;(0, %) = —% and find

E{:ef (Y1 (0,5) /0 1 2tTr(VZHo(Id + Hp(a)?)™571) dt)

- m)*es (vat0.0) ([ viras) ([ 1P e ap) e ac) )

_ V(c;lgz)ief (Y1(07s) (/}R4 V(z)? dx) (/OOO N L+ (P )t dr)) .

Applying Lemma 6.4.12 we have

Res (Yl(O, s) /0 1 2tTr (V2 Ho(Id + Ho(a)?)~571) dt)

1
$=3

_ V(‘;lfi)%f (Yl(o, s) ( 3 v(x)de) ( /0 T (0 ) dr))

= VOI(SS)E{els <Yi(0, 8) (/R4 V(l‘)Q dx) <a2r (%) r (S + %) _ QCMF (1) I (5)

(2m)4 A'(s + 1) A'(s+ 1)

()T (s—3)
N A(s+1) >>
Vol(S?) )

— g /R V()P

Adding the two contributions gives the statement. O]

Remark 6.4.18. In the notation of Theorem 2.5.34 and Definition 2.5.26, the statement
of Lemma 6.4.17 is

! 2\—s o 1 o c
Res (/0 Tr(V(Id + Hy(a)?) )dt> = 254(‘/) + 102m) 1(4, V).

1
§=3

In fact the n = 2,4 calculations suggest the following observation.
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Proposition 6.4.19. Suppose that n is even and V satisfies Assumption 6.2.1. Then

lim Res ( /0 1 Tr(V(Id + Hy(a)?) ™) dt)

a—0t s—%

1
= Res(Z Z Yg k,s / Tr (VX;’fl) . 'ngf)(ld—i— Ho)fs—zflld) dt).

k,p)EJe(n
That is, the limit as o — 0T commutes with the residue at s = %

Proof. By the same arguments as the proof of Lemma 6.4.14 is suffices to prove for any
q €N, g € C*(R") and multi-index 5 = (2by, ..., 2b,) that

lim lie%s (Tr (vg@a—;ad + Ho(a)?) ™5~ )) Res ( (Vg ;BB (Id + HZ)™* )) :
(6.12)

So we compute that

8
Res <Tr <Vg%(ld + Ho(a)2)5q>)

= il8l(27)" "lgi_eas ((/n V(x)g(x) dx) (/Rn & & (L ([ + a)?) 7 dg))

[ (). (M

e (oo

( /O T () (0 1)) dr) >

where we have changed to polar coordinates and used Lemma 2.5.20 to evaluate the

integral over S”~!. Applying Lemma 6.4.12 we have

Res (/ PPN 4+ (%)) dr)

o1
2
%‘B‘_l r 41 r 41
— Res Z (_1)%—6—1(1%—[—1 ( ) <S+q )
s=3% =0 4F(S + Q)
n+[8| 1

_N e e (D) T (s+a— 5
= 2 (1 “ Res( AT(s +q) ‘
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Taking the limit as a — 0" we have

r <n+4|m> r (S tq— n+|m>
lim Res (/ P AL 4 (r? + @)?) e d?“) = Res

a—0t S—=

1
2

from which we see that
lim R \% & Id + H, 574
ai%l+sef( ( 9755 (1d + Ho(a)*) >>
n+|4]| n+|ﬁ|
or (LB ... 1 (1tbn e ' s+q—
— ;1P ( 2 ( 2 ) (/ V(x)g(a:)d:v) Res ( 2 > ( )

I <n+2|/3\> (2m)n s=1 A (s + q)

For the right hand side of Equation (6.12) we can compute directly using Lemma 6.4.11
that

- 1(27) "R ([ veoruac) ([ ereerarign=a))
DTG ([ ) ([ o)
.

= 20 (F5%) T (55*) Res (/ V(z)g(x) dx) ) (”ZIBI) t (8 +4- "5 l)

4T'(s + q) ’

which proves the claim. O

In practice, it is much easier to compute the residue in Equation (6.11) after taking the
limit as & — 07. The number of terms required increases significantly as the dimension
increases, with 8 terms required for n = 6 (after taking the limit as & — 0 and using

Proposition 6.4.19). Only some of these terms are non-zero, the result is the following.

Lemma 6.4.20. Let n = 6 and suppose V' satisfies Assumption 6.2.1. Then

1
Res (/ Tr(V(Id + H(0 dt)
s=5 \Jo

Vol(S?) 3 gy o VOUS®) o, Vol(S?)
- 12(27)6 /RG V(z)"d 24(27T)6 /RG [VV](z)|" dz — m/ﬁgﬁ V(z)dx.

The proof of Lemma 6.4.20 is similar to, but much more involved than, Lemma 6.4.17

and as such is provided in Appendix A.1.

Remark 6.4.21. In the notation of Theorem 2.5.34 and Definition 2.5.26, the statement
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of Lemma 6.4.20 is

! 2\ —s . 1 61(6, V)
Res (/0 Te(V(Id + H,(0)2) )dt) = SB6(V) +

1
§=3

We now return to more general statements. As a result of Lemma 6.4.13 we obtain

the following formula for the spectral flow along the path Hy(«).
Theorem 6.4.22. Let n be odd and V' satisfy Assumption 6.2.1. The spectral flow from
Ho(a) to H(«) is given by

ﬁwm»%w»=f4m{/m@w»ﬂwwwanw)—;N—mw
— 5 (&(0+) = £(0—) — N). (6.13)

The number of bound states N of H can be computed via the formula

~N= —Res (/oo Cins (V) Tr(Sa(A)*SL(N)) dA) — (£(04) — £(0=) = Ny).  (6.14)

271 s=1

Proof. A combination of Lemmas 6.4.2, 6.4.1 and 6.4.13 applied to Equation (6.3) gives

SH(Hy(a)) = —Res ( / Cons (V) Tr(Su (A )*s;<A))dA)—%(N—2NO)

471 5—7

~ S(E0+) ~ £(0-) — No),

where we have made the identifications £,(A+a) = £(N), N(a) = N and M, (a) = Ny, the
multiplicity of the zero eigenvalue for H. For the final statement note that the spectral

flow is given by Ny — N, independent of «, and solve for N to obtain the result. O]

Theorem 6.4.23. Let n be even and V satisfy Assumption 6.2.1. The spectral flow from
Ho(a) to H(«) is given by

sf(H (), Ho(x (6.15)
= Hlief (/ Csns(A)Tr(Sa(A)*S5(N)) dA) — %(N —2Np) — %(g((ﬂ_) — £(0—) — Np)

+MSZ 2 /“VW”XW®+WWW+Ww

T2\ 4=0 (kp)edi(n
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The number of bound states N of H can be computed via the formula

—N = —Res (/Oo 1s(A) Tr(Sa(A)"55,(2)) dA) — (£(04) = £(0—=) = No) (6.16)

211 s=1

ﬂ

+2Res Z > (VXD - XE (1d + Ho(a)?) ™) at
=2 \ =0 (et

Proof. A combination of Lemmas 6.4.2, 6.4.1 and 6.4.13 applied to Equation (6.3) gives

st(Hi(a)) = ﬁR ([ Cn IS, 007,00 dr) = 5 = 230~ €(0+) - 0-)

+Res Z 2 / T (VX - X001 4 Ho)?) ) dr

(k,p)EJe(n

We know that sf(H;(«)) = Ny — N, independent of . Equating the left hand side to
Ny — N and solving for N gives the second statement. O]

We remark that there are far more terms than necessary, although carefully indexing

the terms with non-zero residue is a tedious task which we do not complete here.

6.5 Levinson’s theorem

In this section we show how Theorems 6.4.22 and 6.4.23 imply that Levinson’s theorem

is a result of the spectral flow along the path H(«).

Lemma 6.5.1 (Levinson’s Theorem in dimension n = 1). Let n =1 and suppose that V

satisfies Assumption 2.2.14 for some p > g Then

N- b /+ Tr(S(A)*S"(\)) dX + %(1 — Mg(0)),

2me
where Mgr(0) =1 if there exists a resonance and Mg(0) = 0 otherwise.

Proof. By Theorem 6.4.22 we have

N = L Res ( | Cantmis.o0 s, dA) —(€(04) — £(0) — No).

21 s=1

By Proposition 6.4.5 we have

1
i

—Pies (/:O Cans(A)Tr(5a(A) "5, (V) dA) /OO Tr(S(A)7S"(A)) dA.



CHAPTER 6. SPECTRAL FLOW FOR SCHRODINGER OPERATORS 243

Corollary 5.3.18 then gives £(0+) — £(0—) — Ny = —3(1 — Mg(0)), which completes the
proof. O

Lemma 6.5.2 (Levinson’s Theorem in dimension n = 2). Let n = 2 and suppose that
V' satisfies Assumption 2.2.14 for some p > 11. Then the number of bound states for
H = Hy+V s given by

N= /R TSNS () dA -+ My (0) + ﬁ / V(z)dz,

where M,(0) = —(£(04) —&(0—) — No), & is the spectral shift function for the pair (H, Hy)

and Ny is the number of zero eigenvalues for H.
Proof. By Theorem 6.4.23 we have

- = gt ([T OISO S0 A — (€04) - €0-) - M)

271 s=1

e (3 3 [ )

k‘p EJ[

Lemma 6.4.15 shows that

Res ( /0 TV + Hy(a)?) )dt) 817T / V() dz.

2

By Proposition 6.4.5 we have

1 - * Qf _ 1 oo * Qf
%I}Ze%s (/a Csns(N)Tr(Sq(N) Sa(/\))d/\) = %/0 Tr(S(A)*S"(A)) dA.
Corollary 5.3.31 gives £(0+) — £(0—) — Ny = 0, which completes the proof. O]

We note that in the case of no p-resonances, we have M,(0) = (£(0+)—&(0—)—Ny) =0
by Corollary 5.3.31. Lemma 6.5.2 demonstrates that the value £(0+) of the spectral shift

function at zero is an integer determined by the number of p resonances.

Lemma 6.5.3 (Levinson’s Theorem in higher odd dimensions). Let n > 3 be odd and
suppose that V' satisfies Assumption 6.2.1 and define for 1 < j < |%5%| constants c;(n, V)

as in Theorem 2.5.8/. Let p,(\) = ZJLE ] ci(n, V))\f ~J be the high-energy polynomial
of Definition 2.5.26. Then

N= - /R (Tr(SOV)*S'(V) = pu(A)) dA + %MR(O),

where Mpg(0) = 1 if there is a resonance in dimension n = 3 and Mg(0) = 0 otherwise.
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Proof. By Theorem 6.4.22 we have

N = L Res ( | canmis. s, o) dA) —(€(04) — £(0) — No).

211 s=1

By Proposition 6.4.5 we have

1
i

—Res ( / Con (VTE(S ()\)*S;()\))dA) /OO(Tr(S(A)*S’()\))—pn()\)) d),

Noting that —(£(0+) —&(0—) — Ny) = 3 Mg(0) by Corollaries 5.3.26 (for n = 3) and 5.3.36
(for n > 5) completes the proof. O

The polynomial p,, is determined by Theorem 2.5.34. In dimension n = 3 we have

In dimension n = 5 we have

_ (2mi)Vol(SY)Az e (27i) Vol (SHA 2 2
ps() =~ [ Vi ae+ EEEES | ik

In dimension n = 7 we have

3
2

(2m) Vol (SE) A (2mi) Vol (S6) Az )
o) . V(z)dx + 202r)7 /]R7 V(z)*dx

BTN [ (Vi + LI9VIoF ) an

We do not compute p,, for higher n, since the computations become tedious quickly.

pr(A) = —

Lemma 6.5.4 (Levinson’s Theorem in dimension n = 4). Let n =4 and suppose that V'

satisfies Assumption 6.2.1 and define

a1, v) = - [ viar
as in Theorem 2.5.34. Then
N= o [ sorso) - vy oo+ o) [ v,

where Mr(0) = —(&£(0+) — £(0—) — Np).
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Proof. By Theorem 6.4.23 we have

N = L Res ( | n s, 00,00 dA) —(€(04) — £(0-) — No)

27 s=1

+2Res Z Z VX kl ...Xé?)(ld_'_Ho(a>2)—s—ﬁ—\k\) dt
=2 50 (et

Corollary 6.4.8 shows that

eso ([ TS, 07 S 00 ) = 5 [T S0 (0) - a0, 1))
4
N C;EQ;;)O‘
Lemma 6.4.17 gives
Res ( /0 1 Te(V(Id + Hy(c)?) ™) dt) - —Z(();;S;) /R V(@) de + Cig;;/))a,
which completes the proof. O

We note that by Corollary 5.3.36, if there are no resonances then Mz(0) = 0. Thus
the value £(0+) of the spectral shift function at zero is an integer determined by the

number of resonances.

Lemma 6.5.5 (Levinson’s theorem in dimension n = 6). Suppose that n = 6 and V
satisfies Assumption 6.2.1. Then the number of bound states of H = Hq+ V' is given by

-N == /Ooo (Tr(S(A)*S"(A)) = e1(6, V)A = 2(6,V)) dA = fg(V),

2mi
where the constants c1(n, V'), ca(n, V), (V') are defined by Theorem 2.5.34.

Proof. By Theorem 6.4.23 we have

N = L Res ( | s, 00,00 dA) ~(E(04) — £(0-) — M)

271 s=1

+2Res Z Z / Tr (VXF) - X (Id + Ho(a)?) 7~ ) dt
5

k’p EJ(g

Since the left hand side is independent of «, we use Corollary 6.4.7 and Proposition 6.4.19



CHAPTER 6. SPECTRAL FLOW FOR SCHRODINGER OPERATORS 246

to take the limit as a — 0T and find

N = e ( [ nmsaov s dA) —(€(04) — €(0-) — No)

271 s=1

+ 2Res Z Z /Tr (VXED L XE (1 4+ H2)~ ) at

=3 =0 (k,p)eJy(n

Proposition 6.4.5 then shows

Res (Qim /0 T e VTS () S (M) d)\)

1 o Cl<6 V)
= — T AN)*S'(N)) — A— dA .
7 | (I(SOPS ) = a6,V = a(6.V) dr+ S0
_ . ci(6,V) _ VOl S5
We have the explicit expression o) = fRG x) dx. Recall the constant Gg(V)

from Theorem 2.5.34. From Lemma 6.4.20 we ﬁnd

3 1
R_GS(Z > Yz(k‘)/ Tr (VXU X F)(1d 4+ H) M) dt)

=0 (k,p)E€Jy(6) 0

Vol(S?) Vol(SP) , 1 ,
- 8(2n)8 /szv(x) W ) /RG (V(l’) +351VVI@) ) dz

C1 (6, V) 1
~ 8(2mi) +556(V).

Note that by Corollary 5.3.36 we have (£(0+) — &£(0—) — Ny) = 0. An application of
Theorem 6.4.23 then gives

N = S Res ( / TS () S () dA) ~(€(01) — £(0-))

211 s=1

+ 2Res Z > /Tr (VX®ED .. xR (1d + H2)~ ) dt

=2 %o (k,p)€Je(6)

L[ (Tr(S(A)*S"(N)) — ¢3(6, VA — ¢2(6,V)) dX + e1(6,V)

T 2mi 4(279)
C1 (6, V) 1
-2 ——— + =6V
which completes the proof. 0

Unfortunately due to the large number of terms involved, a general argument show-
ing that in higher even dimensions the “integral of one form” contributions and the n

contributions combine to give the correct statement of Levinson’s theorem is not given.



Appendix A

Computations of coefficients

In this appendix we provide some detailed computations of the coefficients appearing in
Levinson’s theorem. In particular in Section A.1 we provide the proof of Lemma 6.4.20
for the terms appearing in the integral of a one form contribution to the spectral flow in

dimension n = 6.

A.1 Proof of Lemma 6.4.20

In this section we provide a proof of Lemma 6.4.20 for the contributions to the integral

of a one form term to spectral flow in dimension n = 6.

Lemma A.1.1. Let n = 6 and suppose V satisfies Assumption 6.2.1. Then

Res ( /O T V(1 + H(0))) dt)

s=3

Vol(S°) 3 VoIS) , . Vol(S?)
T 120278 /RGV(“””) o /RGHVV](SCN T /RGV(x) dz.

Proof. We have Jy(6) = {(0,0)}, J1(6) = {(0,0),(0,1),(1,1),(0,2),(1,2),(2,2)} and
J2(6) = {((0,0),(2,2))}. For £ > 3 we have J,(6) = 0.
consider.

We write X = X+ X; + X5, where

So there are eight terms to

6
ov o
X, =t2V? +t(A X, =-2t) ——— d X, =2VH,.
0 VE+t(AV), 1 Z;axjaxj an 2 V H,

j=

We begin with the case £ = 0,k = 0,p = 0. Observe that fol dt = 1, Y5(0,3) = 1,

247
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Res (F ( g)) =—land (%) =1ir (%) So we find So we compute

2
3—5

Res (YO(O, s) /01 Tr(V(Id + H3)™*) dt)

s=3

:ls%:e%s (YO(O,S)(ZW)_G (/ ) (/RG (1+1€*)" ))
:%f?if(y(os)( )(/OOO 1+r>sdr>)
_\;(();(7?8)56) /R V() da.

The next case is £ = 1,k = 0,p = 0. Observe that fol 2 dt = 3, fol tdt =3, Y1(0,5) = -3

and Res (I'(s—1)) = 1. For clarity, we introduce the notation (AV) for the action of

Hy on V We compute
1
Res (Yl(O, s)/ Tr(VXo(Id + HF)~571) dt)
s=3 0
1
= Res (Yl(O, s) / (PTe(VA(Id + HY) ) + tTe(V(AV)(Id + HF) ™)) dt>
0

=2

_ E{:egs (Yl(O, s) (%Tr(V?’(Id + H2) ) 4+ %Tr(V(AV)(Id + Hg)“)))

- (2n) "R (i) ([ (Grer+ jr@avio) o) ([ a+igyae))
_ V(‘)ng?gf (Yl(o,s) ( /R 6 (%V(IP + %V(x)[AV] (x)) dx) (F (3)4? ((:11)_ g)>>

_ _Z?;f;) /R (%V(:cf + %HVV](:(:)F) dz.

We move on to the case £ = 1,k = 0,p = 1. Observe that fol (—2t)dt = —1. Then we
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find

Res (Yl (0,5) /0 1 Tr(VX,(Id + HY) ™51 dt)

1
5=3

6

= Re; (Y’l(o,s) /01 (—Zt); <v§—28%(1d+m) ) dt)

=5 1

—i(2 >6Res< OSi(/w—dxﬂ/ &1+ [l dﬁ))

=0,

since the ¢ integral contains the integral of an odd function over a symmetric region.

The next term is £ = 1,k = 1,p = 1. Observe that Yi(1,3) = 2, fol (8¢)dt = 4 and
Res (I' (s — 3)) = 1. We write X{) = [H2, X1] = Hy[Ho, X1] + [Ho, X1]Ho. Note that
§=32

Xl(l) is an order 4 operator and we can write Xl(l) = Z?:o G, with each G; an order j
operator. The operator VG;(Id+ H3) *~2 has order j —4s—8 and so gives a contribution
which is holomorphic at s = % when j < 4. Thus only the operator (G4 can contribute a

non-zero residue. We compute the commutator

[Ho, Xi]

6. 92 ovV o ov o,
=2 ( Z Qx% (Z Oz, 0xj> Z 6% 890]
6

—_

*V. 0 82V o ov. ov 8
=2t |- +2 + - Z
— dx2dx; Ox;  OxpOx; Oxpdr;  Oxj Oridx; « O 81’]

s

6
PV 0 0?V o?
=2 2 .

From this we immediately obtain the highest order component G, of X fl) as

2

Go =8t Z &vk(‘?x] 01,0z, Ho-
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So we compute
1
Res (1/1(1, s) / Te(VXM(Ad + H2)~572) dt)
s=3 0

= Rels (Yl(l, 5) /01 Tr(VG4(Id + HE)*7?) dt)

$=3

= 4Res | V(1 )iT e Ho(Id + Hg) ™2
- 1 1 7SA g axkal’]axkal’] 0 0

e <Y1 19y ([ vy as) ([ aslera i 2d§)>

7,k=1

The terms in the sum with j # k vanish, since the ¢ integral contains the integral of an

odd function over a symmetric interval. So we obtain

1
Res (1/1(1,3) / Te(VXV(Id + H2)~*2) dt)

_1
575 0

" Gy R(“Z( Vo) ([ e 1+|§r>“d£)>
- 52 R(“Z(/ @G ae) [ el 1+\§|>“dg))

S (30,93 ([ v an) ([ r)
s= =1 0
) _46v(c;17<§ )565 <Y1<1 5> ( v )ng dx) (r(%)g((jiz)— %)))

e () ()% (L)

_ Vol(S°)
= 16200 /}R6 V(z)[AV](z) dz

~ Vol(SP)
~16(2m)¢

M\Hm

g [[VV](z)|? da.

Next we consider the term ¢ = 1,k = 0,p = 2. Observe that Yl(O,%) = —% and
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[ (2t)dt = 1. Then we find

Res (Yl(O, s) /O 1 Tr(VXy(Id + HF)~51) dt)

1
§=3

1
— Rels (Yl((), s)/ QtTr(VzHo(Id + Hg)—S—l) dt)
s=1 0

2

- m) "Res (va0.0) ([ viras) ([ lepalerac))
_ V(O;?(T?:)R_es <Y1(O, 5) < ; V(x)zdx) < /0 R T4)_S_1dr>)

_ Vol(s?) ) FEr(s+1-1%)
= e 28 (Yl(o’s) (/Rﬁv(x) dx) ( AT(s +1) ))

=0,

since the final expression is holomorphic at s = %

We next move to the ¢ = 1,k = 1,p = 2 term. Observe that Yl(l,%) = g,
1 1 1

Jo (=8t)dt = —4, [ (4t)dt = 2, [, (8¢)dt = 4 and E{:ef (I'(s—3)) = 1. Note that
)

the operator X2(1 is an order 5 operator and thus we can write X2(1) = Z?:o G, where

the operator G; has order j. We determine that the operator VG;(Id+ HZ)~*~2 has order
j —4s — 8 and sogives a contribution which is holomorphic at s = % if 7 < 4. So only the

operators (G4, and G5 can give a non-zero residue. We compute that
[HY, X5] = 2t[HS,V Hy| = 2t[HS, VHy = 2tHo[Hy, V] Hy + 2t[Hy, V] Hj.

We have also the relation

6
ov 0o
[Ho, V] = (AV) — QZa—ma—%
k=1

The highest order term of XQ(I) can be read off directly as

A more involved calculation shows that

6

Gy =4t(AV)H] +8t Y V.o
T 0 ) 8@81:;6 8%8@ 0
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For ease of exposition we write G4 = G41 + G4 2 where where

LI A VA=
1 8$j8$k 8:E]a$k

G471 = 4t(AV>H§, and G4’2 = 8t

So we compute that

Res (Yl(l, s) /0 1 Tr(VGs(Id + H3)*7?) dt)

SZE

— 18:{:(15 <Y1(1,s) /01 (—8t) iTr (V <gg‘; 8?%) H3(1d + Hg)”) dt)

2 k=1

iyt (m,s)g(/mv 05-ao) ([ el +|€\)”d€)>

=1

=0,

since the £ integral contains the integral of an odd function over a symmetric region. The

G4, contribution can be determined as

1
Rels (Yi(l, S) / TI“(VG471(Id + Hg)_S_Q) dt)
0

825

= 13:es (1/1(1 s) /0 1 4Tr (V(AV)HF(Id + H)~*7?) dt)

(zi) Res (Yl(l,s) ( [ V@IaVE) dx) </RG 1L+ Jg]h) dﬁ))
IETCTUA ([ voaviman) ([T =2a)

(2m)8 =

_ 2Vl (yla, 5) ( ; |[VV](x)|2dm) (F (1)4?((88:22)— z)))

@r)6 et

2 0)() o
_ ngﬁ? /R V(@) da.
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Next we determine the G4 contribution as

1
Res (Yl(l, 5)/ Tr(VGao(ld + H3)*72) dt)
0

2

82 2\—s—2
— R:es ( / 8t Zl Tr ( o) axk o, akao(Id + HE) ) dt)

6

. 92V L
:ZQ(%)GEG;S(YIIS Z(/ ") G0, dx) (/Rﬁfjéklflz(lﬂfﬁ) 2d£)>.

For j # k the ¢ integrals vanish since they are of an odd function. So we obtain

1
Res (Yl(l,s)/ Tr(VGyo(1d + H§>52)dt>
0

) - R(“Z(/ Vo Gae) ([ eer 1+|£r>”d§)>
- 52 R(“Z(/ @ rar) ([ et 1+\§|)”dé)>
- —%ﬁgef <Y1 (Ls kﬁ;(/ vy d:c) (/OOO P11 4 pt) 2 dr))
e (r0.9 3 </Rﬁv< @de) (F5e0)
) () (1) ([ vevion)

_ Vol(S°) O da
- T [ [PVIE@Pa.

S

Combining the G4 and G2 contributions we find

Res ( / 1 Te(VXV(1d + H2)~2) dt)

S—*

_31\(){0;? / (VV](@) P d V"(l( )) /R IVVI@)Pda

Vol(S5) )
V dx.
o= GIOIE
We now move to the £ = 1,k = 2,p = 2 term. Observe that Yl(s,%) = _E and

fol (32t)dt = 16. The operator X2(2) is an order 8 operator and thus can be written as
xP® = Z?:o G; where each operator G; has order j. The operator VG;(Id + H) 3

has order j —4s — 12 and so gives a contribution which is holomorphic at s = % if 7 < 8.
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Thus only the operator Gg will contribute a non-zero residue. By writing
X§? = 21[HZ, [HZ,V Hy)]
= 2tHZ[Hy, [Ho, V]||Ho + 4t Ho[Ho, [Ho, V|| Hg + 2t[Ho, [Ho, V]| H,

we can compute directly the highest order component of XéQ) as

6

o’V 0? 3
— Oxj0xy, Ox;0xy,

Gg = 32t

So we find

Res <Y1( 5) /0 1 Tr(VXP (1d + Hg)—S—S)dt)

2

2 2
—Res<Y123 / 32tZTr( ava H3(Id+H2) )dt)

1
2

= s (W > (/. V(w)afjax w)(/ ijék|§|6<1+|£|4>”dg)>.

jk=1

For j # k the £ integral vanishes since it contains the integral of an odd function over a

symmetric region. We thus compute

1
Res (3/1(2, s) / Tr(VXP (Id + H2) %) dt)
s=3 0

6

= Res<msz</ )f;de)(/m 1+|€|)53d€)>

Jj=1

- s R(YQZ(/ o) ([ e 1+\sr>“dg)>
_166_\(/;15)865)52 (Yl(z s) 1 ( Rﬁ\/( )?;x d:c) </000r141(1+r4)83dr)>
- ) g (m 93 ([ resa) (r(z“);((ss:;)— )))
) ()5 e

5Vol(S) :
—W /R6 V(z)[AV](z) dz

~ 5Vol(s?)
T T 24020y /'VV (o)l dz.

'M@

J

o
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Finally, we consider the ¢ = 2,k = (0,0),p = (2,2) term. Observe that YQ(O,%) = %
and fol 42 dt = %. The operator X2 is an order 4 operator and thus can be written as

X2 = Z?:o G; with each operator G; of order j. The operator VG;(Id + HZ) 2 has
order j —4s — 8 and so gives a contribution which is holomorphic at s = % if 7 < 4. Thus
the only term which contributes a non-zero residue is (G4, which can be computed easily

as
G, = 4*V2H].

So we compute

1
Rels (Yg(O, s) / Tr(VX3(Id + HZ)7?) dt)
s=3 0

2

1
— Res (YQ(O, s) / APTr(VPHG (1d + HE)™572) dt)
0

= st (09 ( [ veeras) ([ i rac))

= S g (500 ([ veras) ([ ety rar) )
_ %S?E{:ef (YQ(O,S) (/RG V(iﬂ)gdl“) (F (%)4;(;:22)— %)>)
RO Lo

_ Vol($) o de
= S /RGV( )3 da. O
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