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Abstract

Using techniques from noncommutative geometry, we explore how Levinson’s theorem

from scattering theory can be interpreted in a topological manner. We use low-energy

resolvent expansions to deduce that the wave operator for short range scattering has

a particular universal form. The wave operator does not have this form when certain

obstructions occur in the resolvent expansions in even dimensions. Using the form of

the wave operator, we apply index theoretic techniques to interpret Levinson’s theorem

as an index pairing between the K-theory class of the unitary scattering operator and

the K-homology class of the generator of dilations on the half-line. A careful analysis of

the trace class properties of the scattering operator allows us to provide new proofs of

Levinson’s theorem in all dimensions. We also compute the spectral flow for Euclidean

Schrödinger operators, giving another new proof of Levinson’s theorem in all dimensions.
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Chapter 1

Introduction

1.1 Motivation and history

The overall aim of this thesis is to investigate the topological nature of various aspects

of scattering theory for Euclidean Schrödinger operators using techniques from noncom-

mutative geometry and operator algebras. The results of this thesis build in particular

on those of Kellendonk, Richard and Tiedra de Aldecoa [96, 97, 98, 140, 141, 142] who

initiated the topological study of scattering systems with the observation that the wave

operator is a Fredholm operator belonging to a particular C∗-algebra from which its index

can be computed directly as a topological invariant.

Mathematical scattering theory has its origins in the physics experiments of the early

20th century, and is now a branch of operator theory devoted to the study of the spectrum

of perturbations of self-adjoint linear operators acting on a Hilbert space. The develop-

ment of scattering theory began with the introduction of the wave operators by Friedrichs

[66, 67] and Møller [117], which sparked intense development of the rigorous theory of

scattering in the next decades through the works of Kato, Kuroda, Cook, Jauch, Simon,

Enss, Amrein, Birman and Krĕın, to name a few.

Throughout this thesis, we will consider the pair of operators H0 = −
∑n

j=1
∂2

∂x2j
and

H = H0 + V acting on (some dense domain in) the Hilbert space H = L2(Rn). Here

V is the operator of multiplication by a real function which decays sufficiently fast at

infinity (see Assumption 2.2.14) and in some later results is required to be smooth as

well. Given our assumptions the operator H0 has no eigenvalues and the operator H has

a finite number of eigenvalues. The absolutely continuous spectrum of H and H0 given

by σac(H) = σac(H0) = [0,∞) =: R+. When they exist the wave operators are partial

isometries defined by

W± = s-lim
t→±∞

eitHe−itH0

and the unitary scattering operator is given by S = W ∗
+W−. Since the scattering operator

1



CHAPTER 1. INTRODUCTION 2

commutes with H0, there exists a family (S(λ))λ∈R+ of unitary operators on L2 (Sn−1)

(here Sn−1 is the unit sphere in Rn). For each λ ∈ R+, S(λ) is called the scattering

matrix at energy λ.

The story for this thesis begins with the work of Levinson [108], who showed that in

one dimension the number of eigenvalues N of H (counted with multiplicity) was related

to the ‘scattering phase’ of the pair (H,H0) by the formula

−N =
1

π
(δ(∞)− δ(0)) +

1

2
MR(0),

where δ is the scattering phase (given by the argument of the determinant of S) and

MR(0) takes either the value zero or one. There are several interesting features to note

here. The result is perhaps initially surprising, since scattering data is related to the

continuous spectrum of H and eigenvalues to the discrete spectrum of H. This interplay

between the discrete and continuous spectrum of H is indicative of the topological nature

of Levinson’s theorem. Secondly, there is a correction term MR(0), which can be shown

to correspond to the existence of a ‘resonance’, namely a solution to the equation Hψ = 0

which is not square integrable. Such a correction term is only a feature in low dimensions.

Levinson’s theorem was generalised several times in the intervening years. Firstly,

Newton [123] showed in dimension n = 3 that the same relation holds for a spherically

symmetric potential V , essentially by changing to polar coordinates and reducing to a

one dimensional problem. For a general non-spherically symmetric potential in dimension

n = 3, Levinson’s theorem was proved by Bollé and Osborn [31], however their analysis

excludes the exceptional case of the existence of a ‘resonance’. To complete their analysis

one needs knowledge of the spectral shift function at zero, as described by Newton [124],

which contributes an extra 1
2

to Levinson’s theorem in the exceptional case. The analysis

of Bollé and Osborn demonstrated that Levinson’s theorem is sensitive to the high energy

behaviour of the scattering matrix also, a feature which is present for all n ≥ 2.

Jensen and Kato [88] initiated a study of the low-energy behaviour of the resolvent

R(z) = (H − z)−1 and in dimension n = 3 demonstrated that ‘resonances’ occur as ob-

structions to the invertibility of the operator T (z) = Id + R0(z)V near z = 0, providing

an explicit characterisation of resonances as distributional solutions ψ to the equation

Hψ = 0 which are not square integrable but live in a weighted Sobolev space. Subse-

quently, Jensen showed [85] that no such obstructions can occur in dimension n ≥ 5 and

that in dimension n = 4 [87] the analysis is more involved and that resonances can occur,

with an extra logarithmic singularity.

Bollé, Danneels, Gesztesy and Wilk [27, 26] showed that in two dimensions a form of

Levinson’s theorem holds, with an extra striking feature. In dimension n = 2, two kinds of

‘resonances’ can occur. In the spherically symmetric case, a resonance which behaves like

an s-wave can occur and will not contribute to Levinson’s theorem, and a resonance which
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behaves like a p-wave can also occur and contributes an integer to Levinson’s theorem

in the same way as an eigenvalue. The p-resonances behave in much the same way as

resonances in dimension n = 4 due to the nature of the singularity at zero.

Jensen and Nenciu provide in [89] a systematic procedure for inverting an operator

related to T (z). The procedure of Jensen and Nenciu allows one to invert T (z) by iso-

lating the obstructions to invertibility into the range of a finite sequence of decreasing

projections. The range of these projections can be characterised in terms of zero energy

eigenvalues and zero energy resonances. In particular [89] provides a detailed expansion in

the case n = 2 in a more tractable way than [26]. In Chapter 3 we describe this procedure

in extensive detail in all dimensions.

In [96] Kellendonk and Richard observe that for scattering with a point interaction

in dimensions n = 1, 2, 3, the wave operators are of a particular form which is amenable

to index theoretic calculations. Kellendonk, Richard and Tiedra de Aldecoa [97, 98, 141]

demonstrate that in dimension n = 1, 3 the wave operator is given by

W− = Id + ϕ(Dn)(S − Id) +K, (1.1)

with K a compact operator. Here ϕ ∈ C0(R)∩L2(R) is a universal function (in the sense

that it does not depend on the potential). For x ∈ R, ϕ is given by

ϕ(x) =
1

2
(1 + tanh (πx)− i cosh (πx)−1)

and Dn is the self-adjoint generator of the dilation group on L2(Rn). In fact the generator

Dn of the dilation group plays a central role in scattering theory: it is used to provide a

geometric proof of the existence and completeness of the wave operators in [58, 60, 128]

and in proofs of the continuity of the scattering matrix [54]. For the index pairing we

prove in Chapter 5, the fact that Dn and 1
2

ln (H0) are canonically conjugate variables is

essential.

Kellendonk and Richard further show that W− lives in a C∗-algebra E generated by

continuous functions of H0 and Dn with limits at their endpoints. By considering the

quotient of E by the ideal J of functions which vanish at their endpoints, the index of

W− can be computed as

Index(W−) = Wind(q(W−)), (1.2)

where Wind(q(W−)) is the winding number of the image of W− in the quotient E/J . In

dimension n = 1 this winding number can be determined explicitly and one recovers the

original Levinson’s theorem [97]. In dimension n = 3, the high energy behaviour of the

scattering matrix prevents the map Det(S(·)) from defining a loop. As a consequence,

Equation (1.2) is not immediately comparable to the work of Bollé, Osborn and Newton,
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except that in the presence of a resonance an additional factor of 1
2

is present in agreement

with the work of Newton.

In dimension n = 2, Richard and Tiedra de Aldecoa show that a similar formula

to Equation (1.1) holds with no resonances and in the presence of s-resonances in [142].

Again due to the high-energy behaviour of the scattering operator one cannot deduce

immediately the statement of Levinson’s theorem of Bollé et al in [26] from the index

theoretic picture.

The original work in the present thesis begins at this point and is described in detail

in the next section, where we outline the structure of the thesis and the main results.

1.2 Thesis structure and main results

This thesis is organised in the following way.

Chapter 2: The history of scattering theory is intimately linked with that of spectral

and perturbation theory for linear operators and so the literature is extensive. Chapter 2

is thus a guided tour of selected topics from scattering theory necessary for understanding

the rest of the thesis. In particular, this chapter contains no original results. We begin with

an introduction to abstract scattering theory including the wave and scattering operators

in Section 2.1 before specialising to perturbations of the Laplacian for the remainder of

the thesis, beginning in Section 2.2. We also introduce the generator Dn of the dilation

group on L2(Rn), which defines the canonically conjugate variable to 1
2

ln (H0).

After establishing the existence and completeness of the wave operators in Section 2.3,

we discuss the limiting absorption principle in Section 2.4 and how it can be used to con-

struct a stationary approach to scattering theory in terms of generalised eigenfunctions

and Fourier transforms. Of particular interest is the scattering matrix, the stationary

representation of the scattering operator. In Section 2.5 we introduce the time delay

operator, the spectral shift function and their relationship to the well-known Levinson’s

theorem. In particular, we describe using heat kernel methods how the high-energy be-

haviour of the time delay operator and the spectral shift function give rise to Levinson’s

theorem.

Chapter 3: We demonstrate, using the methods of Jensen and Nenciu [89], a key

technical tool in our later analysis of the wave operator. The results we present in this

chapter are not new and can be found in various places throughout the literature which

we cite as necessary. Decomposing the potential V into V = vUv with v(x) = |V (x)| 12 and

U = sign(V ) we obtain an expansion of the inverse of the operator M(k) = U+vR0(−k2)v

for small k (with R0(−k2) = (H0 + k2)−1). Such an expansion is highly sensitive to the

fine structure of the spectrum of H near zero and is dependent on the dimension also.

In dimension n ≤ 4 there are obstructions to the invertibility of M(k), which lead to a

definition of zero energy resonances in each dimension. In dimension n = 2 the procedure
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is most difficult and we find two kinds of resonances. For dimension n ≥ 5, general bounds

on the resolvent show that there are no obstructions to the invertibility of the operator

M(k). The analysis is generally more complicated in even dimensions due to a logarithmic

singularity of the integral kernel of R0(−k2) at k = 0.

Chapter 4: We demonstrate under certain short-range decay assumptions on the

potential V (see Assumption 4.3.1) that the wave operators W− in dimension n ≥ 2

have the same universal form as Equation (1.1). The original results in this chapter have

appeared in [5] as joint work with Adam Rennie. In Section 4.1 we begin by determining

the behaviour at zero of the scattering matrix in all dimensions. These results are well-

known in dimension n ≤ 3, however for n ≥ 4 we have not found any statements in the

literature. We find in Theorem 4.1.7 the new result that for all dimensions n ≥ 4 the

scattering matrix satisfies S(0) = Id always, with the case n = 2 having been established

in [142, Theorem 1.1]. This contrasts the behaviour in dimension n = 1, 3 [29, 88], where

the behaviour of the scattering matrix at zero is known to be sensitive to the presence of

resonances.

In Section 4.2 we use the integral representation of the wave operator of Theorem

2.4.29 in terms of generalised eigenfunctions in Lemma 2.4.31 to provide intuition as to

why the wave operators have the form of Equation (1.1). Unfortunately, the intuitive

methods are not sensitive to the fine structure of the spectrum near zero demonstrated

in Chapter 3 and thus are unable to be used to demonstrate the compactness of the

remainder term except in dimension n = 1, as was the method of proof in [97].

The remainder of the chapter is devoted to a different approach to obtaining the form

of the wave operator in the spectral representation. The approach we present has been

used to determine the form of the wave operator in dimension n = 3 in [141]. In [140] and

[142] in two dimensions in the case of no p-resonances the wave operator has been shown

to be of a form similar to Equation (1.1) and we demonstrate in Section 4.3.2 the new

result that Equation (1.1) holds in dimension n = 2 also, in the absence of p-resonances.

In Section 4.3.3 we use the resolvent expansions of Chapter 3 to prove the new result that

Equation (1.1) holds in all dimensions n ≥ 4 also, with the exception of dimension n = 4

in the presence of resonances, following the technique outlined in [141].

Chapter 5: We show how the form of the wave operator established in Chapter 4

can be used to prove that Levinson’s theorem is the result of an index pairing between

the class [D+] ∈ K1 (C0(R+)⊗K (L2 (Sn−1))) of the dilation operator and the class [S] ∈
K1 (C0(R+)⊗K (L2 (Sn−1))) of the unitary scattering operator. The index pairing in

the generic case S(0) = Id has appeared in [5] as joint work with Adam Rennie. That

Levinson’s theorem is a topological result has been established in dimension n = 1 [97],

n = 2 [140, 142] in the absence of p-resonances and n = 3 [98, 141].

The technique used in these references is to use the form of the wave operator to

show that W− is an element of a particular C∗-algebra generated by functions of the free
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Hamiltonian H0 and the generator of dilations Dn and to compute the index of the wave

operator in the Calkin algebra obtained by taking the quotient by the functions which

vanish at the endpoints of the spectrum of H0 and Dn. In Section 5.1 we present these

constructions in detail, as they play a key role later in Chapter 5.

In Section 5.2 we construct a family of Fredholm operators WU indexed by a class of

unitary operators U on B(H) which vanishes at 0 and ∞ in the spectral representation.

The mapping U 7→ WU is a new construction. In Theorem 5.3.2 we show that we can

write the pairing

〈[D+], [U ]〉 = −Index(WU). (1.3)

In Section 5.3 we show that if S(0) = Id then the pairing of Equation (1.3) holds for

W− = WS, a result which has appeared in [5] as joint work with Adam Rennie.

In dimension n = 1 generically and in the presence of resonances in dimension n =

3 the condition S(0) = Id is not satisfied and we require additional effort to correct

this behaviour. In Section 5.3.1 we construct a unitary which corrects the low-energy

behaviour of the scattering matrix and as a result obtain in Theorem 5.3.16 a new proof

of the well-known Levinson’s theorem in one dimension.

Theorem 1.2.1. Let n = 1 and S be the scattering operator for H = H0 + V . Then the

number of bound states of H is given by

N =

− 1
2πi

∫∞
0

Tr(S(λ)∗S ′(λ)) dλ, if there exists a resonance,

− 1
2πi

∫∞
0

Tr(S(λ)∗S ′(λ)) dλ+ 1
2

otherwise.
(1.4)

In Section 5.3.2 we demonstrate in dimension n = 3 that in the presence of resonances

we can correct the value of S(0) in the same manner to obtain an index pairing in Theorem

5.3.20. We find also that to obtain a formula for Index(W−) requires a careful analysis of

large λ behaviour of S(λ) in trace norm, which leads again to a new proof of Levinson’s

theorem in dimension n = 3 in Theorem 5.3.24. The statement is as follows.

Theorem 1.2.2. Let n = 3 and let S be the scattering operator for H = H0 + V . Then

the number of bound states of H is given by

−N =
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S ′(λ)) +

i

4πλ
1
2

∫
R3

V (x) dx

)
dλ+

1

2
MR(0), (1.5)

where MR(0) = 1 if there is a zero energy-resonance and zero otherwise.

In Section 5.3.3 we show that as in dimension n = 3 the high energy behaviour of

S(·) in trace norm requires some correcting in dimension n = 2. After doing so we obtain,

in the absence of p-resonances, Theorem 5.3.29, a new proof of Levinson’s theorem in

dimension n = 2 which confirms [26, Theorem 6.3]. The result is as follows.
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Theorem 1.2.3. Let n = 2 and let S be the scattering operator for H = H0 +V . Suppose

further that there are no p-resonances. Then the number of bound states of H is given by

−N =
1

2πi

∫
R+

Tr(S(λ)∗S ′(λ)) dλ+
1

4π

∫
R2

V (x) dx.

We conclude Chapter 5 in Section 5.3.4 by applying similar techniques to correct the

high energy behaviour of the scattering matrix and obtain in Theorem 5.3.34 a new proof

of Levinson’s theorem in higher dimensions.

Chapter 6: We apply the spectral flow formula of [47, Theorem 9] to the path of

operators Ht(α) = H0 + tV + α, t ∈ [0, 1], where α > 0 is chosen so that Ht(α) defines a

path of Fredholm operators. The stationary scattering theory for the pair (H0(α), H1(α))

is described in Section 6.2. In Section 6.3 we describe the necessary pseudodifferential

operator calculus in order to estimate remainder terms in our spectral flow formula. In

Section 6.4 we apply the Birman-Krĕın trace formula and the pseudodifferential operator

calculus of [46] to derive a formula for the spectral flow of the pathHt(α) in Theorem 6.4.22

for n odd and Theorem 6.4.23 for n even. We give a new approach to the relationship

between the spectral shift function and spectral flow, extending work of Azamov, Carey,

Dodds and Sukochev [13, 14].

The even dimensional case is more complicated than the odd dimensional case due

to the non-vanishing of certain remainder terms. We conclude Chapter 6 in Section 6.5

where we show how the spectral flow gives rise to Levinson’s theorem in all dimensions.

Our proof shows that with knowledge of the spectral shift function at zero, Theorem 1.2.3

is applicable to the case of p-resonances also. This is work in progress.

Appendix A: In this appendix we provide some computations of the high-energy

behaviour of the spectral shift function appearing in Levinson’s theorem using the spectral

flow methods of Chapter 6.



Chapter 2

Scattering theory for Schrödinger

operators

This chapter contains a brief introduction to some concepts from mathematical scattering

theory which are necessary for the understanding of the rest of the thesis, in particular

scattering theory for perturbations of the Laplace operator on Euclidean space. Proofs of

most results have been included, since the tools and techniques used are often illuminating

for later use. The results in this chapter are not new and we do not claim that this

chapter is in any way a complete description of scattering theory, even for the Schrödinger

operators we restrict ourselves to. The history of scattering theory is intertwined with the

history of spectral theory, and so the literature is vast. For a more complete discussion

of mathematical scattering theory we refer to [18, 137, 165, 164] and to the extensive

references compiled within. Some more physically motivated discussion can be found in

[7, 127, 146].

We begin with the abstract theory of scattering, before specialising to Schrödinger

operators acting on L2(Rn) for the remainder of the thesis.

2.1 Abstract scattering theory

The abstract scattering theory presented here has its origins in the works of Møller [117]

and Friedrichs [66, 67], who constructed wave operators explicitly by studying particular

integral equations. The abstract scattering theory was first rigorously developed in the

works of Kato [92], Cook [53] and Jauch [80, 81]. In this section we follow the presentation

of Reed and Simon [137].

Consider two self-adjoint operators A and B on a Hilbert spaceH. By Stone’s theorem

[134, Theorem VII.7] we have strongly-continuous one parameter unitary groups (e−itA)t∈R

and (e−itB)t∈R of operators on H, which we think of as an interacting dynamics A and a

free or comparison dynamics B. For a vector f ∈ H we say that e−itA is asymptotically

8
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free if there exists f± ∈ H (here the subscript ‘±’ refers to two independent vectors, one

for ‘+’ and one for ‘−’) such that

0 = lim
t→±∞

∣∣∣∣e−itBf± − e−itAf
∣∣∣∣ = lim

t→±∞

∣∣∣∣eitAe−itBf± − f
∣∣∣∣. (2.1)

The motivation here is that in the limit as t→ ±∞ (long before or long after an interaction

has occurred) one expects for physical reasons that for any f ∈ H the interacting evolution

e−itAf can be approximated by a freely evolving state e−itBf± for some f± ∈ H. In most

applications (in particular the Schrödinger operators we specialise to) the operator B has

no discrete spectrum. In cases where B does have discrete spectrum, we need to choose

f± ∈ Hac(B) (the absolutely continuous subspace for B). To see this, we suppose that f±

is an eigenvector of B and note that the strong limit in Equation (2.1) would exist only

if f± is an eigenvector for A with the same eigenvalue. Taking these considerations into

account leads to the following definition.

Definition 2.1.1. Let A and B be self-adjoint operators on the Hilbert space H and

let Pac(B) be the projection onto Hac(B), the absolutely continuous subspace of H with

respect to B. We define the wave operators W±(A,B) by the strong limits

W±(A,B) := s-lim
t→±∞

eitAe−itBPac(B),

if they exist. When W±(A,B) exist we define H± = Range(W±(A,B)).

Remark 2.1.2. The strong limit is the right one to take here [137, p. 17]. On the one

hand the norm limit exists if and only if A = B, whilst on the other hand if σ(A) is

purely discrete, the weak limit exists (and is 0) even though the operators A and B are

not necessarily similar in any way.

Proposition 2.1.3. Let A and B be self-adjoint operators in a Hilbert space H and

suppose that W±(A,B) exist. Then:

1. W±(A,B) are partial isometries with initial subspace Hac(B) and final subspace H±;

2. the subspaces H± satisfy AH± ⊆ H± (that is they are invariant for A), there is

an inclusion W±(A,B)Dom(B) ⊂ Dom(A) and we have the intertwining relation

AW±(A,B) = W±(A,B)B; and

3. H± ⊆ Hac(A).

Proof. For f ∈ Hac(B)⊥ we have W±f = 0 by definition. For f ∈ Hac(B) we find that

∣∣∣∣eitAe−itBPac(B)f
∣∣∣∣ = ||f ||
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for all t ∈ R and thus if the wave operators exist we find ||W±(A,B)f || = ||f || and so

W±(A,B) are partial isometries.

For the second claim, we note that for fixed s ∈ R we have [e−isB, Pac(B)] = 0. So we

compute that

W±(A,B) = s-lim
t→±∞

eitAe−itBPac(B) = s-lim
t→±∞

ei(s+t)Ae−i(s+t)BPac(B) = eisAW±(A,B)e−isB,

or

e−isAW±(A,B) = W±(A,B)e−isB. (2.2)

Then for f ∈ Dom(B) we have

lim
s→0

W±(A,B)

(
e−isB − Id

s

)
f = W±(A,B)

[
lim
s→0

(
e−isB − Id

s

)
f

]
= −iW±(A,B)Bf.

Applying Equation (2.2) we find(
e−isA − Id

s

)
W±(A,B)f = W±(A,B)

(
e−isB − Id

s

)
f.

As the limit on the right hand side exists, so does the limit on the left and they are equal.

So W±(A,B)f ∈ Dom(A) for all f ∈ Dom(B) and thus

−iAW±(A,B)f = lim
s→0

(
e−isB − Id

s

)
W±(A,B)f = lim

s→0
W±(A,B)

(
e−isB − Id

s

)
f

= −iW±(A,B)B,

which proves the intertwining relation and that AH± ⊆ H±. By Equation (2.2) we have

that H± are invariant under e−isA for all s ∈ R, which is enough to prove the claim.

For the third claim, we note that A|H± is a self-adjoint operator on the Hilbert

space H± (H± are closed since W± are partial isometries). Furthermore, we have that

W±(A,B) : Hac(B)→ H± is a unitary and the intertwining relation shows us thatB|Hac(B)

is unitarily equivalent to A|H± with the unitary equivalence given by W±(A,B). Hence

A|H± is purely absolutely continuous and H± ⊆ Hac(A), which completes the proof.

The following result shows that the wave operators have a partially defined composi-

tion rule, often referred to as the chain rule, due to Kato [92].

Proposition 2.1.4. Let A, B and C be self-adjoint operators on a Hilbert space H. If
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W±(A,B) and W±(B,C) exist, then W±(A,C) exist and

W±(A,C) = W±(A,B)W±(B,C).

Proof. By part 3 of Proposition 2.1.3 we have Range(W±(B,C)) ⊆ Hac(B) and thus

lim
t→±∞

∣∣∣∣(Id− Pac(B))eitBe−itCPac(C)f
∣∣∣∣ = 0

for any f ∈ H. Hence we may write

eitAe−itCPac(C)f = eitAe−itBPac(B)eitBe−itCPac(C)f

+ eitAe−itB(Id− Pac(B))eitBe−itCPac(C),

which converges as t → ±∞ to W±(A,B)W±(B,C)f , since a product of strongly con-

vergent families of uniformly bounded operators converges strongly (a consequence of the

uniform boundedness principle).

Definition 2.1.5. Let A and B be self-adjoint operators on a Hilbert space H such that

the wave operators W±(A,B) exist. Let Hp(A) denote the point spectrum subspace of

H associated to A. We say that the wave operators are asymptotically complete if H− =

H+ = (Hp(A))⊥. We say that the wave operators are complete if H− = H+ = Hac(A).

Remark 2.1.6. Asymptotic completeness is a stronger statement than completeness. In

fact, asymptotic completeness is equivalent to the pair of statements W±(A,B) are com-

plete and σsc(A) = ∅ [149, Theorem IV.2] (here σsc(A) denotes the singular continuous

spectrum of A).

The completeness of W±(A,B) can actually be reduced to an existence problem.

Proposition 2.1.7. Let A and B be self-adjoint operators on the Hilbert space H and

suppose the wave operators W±(A,B) exist. Then W±(A,B) are complete if and only if

W±(B,A) exist.

Proof. First suppose that both W±(A,B) and W±(B,A) exist. Then by the chain rule

for wave operators (Proposition 2.1.4) we have

Pac(A) = W±(A,A) = W±(A,B)W±(B,A)

and thus Hac(A) = Range(W±(A,A)) ⊆ Range(W±(A,B)). By Proposition 2.1.3 we have

Range(W±(A,B)) ⊂ Hac(A) and thus we have equality.

Now suppose thatW±(A,B) exist and are complete. Let f ∈ Hac(A) = Range(Pac(A)).

As W±(A,B) are complete there exist f± ∈ H such that f = W±(A,B)f±. Hence we
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have

lim
t→±∞

∣∣∣∣f − eitAe−itBPac(B)f±
∣∣∣∣ = 0.

Using unitarity we thus obtain

lim
t→±∞

∣∣∣∣eitBe−itAf − Pac(B)f±
∣∣∣∣ = 0.

So limt→±∞ eitBe−itAf = Pac(B)f±.

Proposition 2.1.7 seems to imply that the problem of completeness is no harder than

existence, however this is not the case. The following common existence result, known as

Cook’s criterion [53], uses the observation that the operator B is often much simpler in

some way than the operator A. Since this is not symmetric in A and B, completeness is

often a much more difficult question.

Theorem 2.1.8 (Cook’s criterion). Let A and B be self-adjoint operators on the Hilbert

space H with Dom(A) = Dom(B). Suppose there is a set D̃ ⊂ Dom(B) ∩ Hac(B) which

is dense in Hac(B) such that for any f ∈ D̃ there is a T0 ∈ R satisfying∫ ∞
T0

∣∣∣∣(B − A)e±itBf
∣∣∣∣ dt <∞. (2.3)

Then the wave operators W±(A,B) exist.

Proof. Fix f ∈ D̃ and let g(t) = eitAe−itBf . Then g is differentiable and

g′(t) = −ieitA(B − A)e−itBf.

By assumption there exists T0 > 0 such that the inequality (2.3) holds. Then for T0 <

s < t we can compute

||g(t)− g(s)|| ≤
∫ t

s

||g′(u)|| du =

∫ t

s

∣∣∣∣(B − A)e−iuBf
∣∣∣∣ du.

For fixed ψ ∈ H the function h : R→ C defined by h(t) = 〈g(t), ψ〉 is differentiable with

dψ(t) := h′(t) =
〈
(B − A)e−itBf, ie−itAψ

〉
,

which is seen to be continuous in t. The fundamental theorem of calculus then tells us

that

〈(g(t)− g(s))f, ψ〉 =

∫ t

s

〈
(B − A)e−iuBf, ie−iuAψ

〉
du.
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Since Dom(A) ⊂ H is dense we find

||(g(t)− g(s))f || = sup
||ψ||≤1,ψ∈Dom(A)

|〈(g(t)− g(s))f, ψ〉|

≤ sup
||ψ||≤1,ψ∈Dom(A)

∫ t

s

∣∣〈(B − A)e−iuBf, ie−iuAψ
〉∣∣ du

≤
∫ t

s

∣∣∣∣(B − A)e−iuBf
∣∣∣∣ du.

So we see that

lim
s,t→∞

||(g(t)− g(s))f || = 0

and thus for all f ∈ D̃ we have that the limits

lim
t→∞

eitAe−itBPac(B)f = lim
t→∞

g(t) (2.4)

exist. If f ∈ Hac(B)⊥ = D̃⊥ then the limit (2.4) exists and is zero. By the density of

D̃ ⊕ D̃⊥ we have that the wave operator W+(A,B) exists.

We can use the wave operators to construct a unitary operator which maps incoming

states to outgoing states.

Definition 2.1.9. Let A and B be self-adjoint operators such that the wave operators

W±(A,B) exist. Then we define the scattering operator to be

S = S(A,B) = (W+(A,B))∗W−(A,B).

Lemma 2.1.10. Let A and B be self-adjoint operators such that the wave operators

W±(A,B) exist. Then the scattering operator S commutes with A. If in addition the

wave operators W±(A,B) are complete then the scattering operator is unitary.

Proof. The relation SA = AS follows immediately from the intertwining relation for the

wave operators. To see that S is unitary, we check that for all f, g ∈ H we have

〈Sf, Sg〉 = 〈(W+(A,B))∗W−(A,B)f, (W+(A,B))∗W−(A,B)g〉 = 〈f, g〉,

since by completeness we have Range(W+) = Range(W−).

2.1.1 Stationary scattering theory

The descriptions of the wave operator in Section 2.1 have been time-dependent in the sense

that we directly use e±itAe∓itB to describe the wave operators W±(A,B). It is sometimes
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more useful to consider a time-independent (stationary) approach to scattering theory. In

this section we give an alternative stationary description of the wave operators. We will

make a refinement of this description specific to Schrödinger operators in Section 2.4.2.

Theorem 2.1.11. Let A and B be self-adjoint operators on a Hilbert space H with resol-

vents, defined for z ∈ ρ(A) ∩ ρ(B), given by RA(z) = (A− z)−1 and RB(z) = (B − z)−1.

Then for any f ∈ Dom(B) and g ∈ Dom(A) the wave operators W±(A,B) satisfy

〈W±(A,B)f, g〉 = lim
ε→0+

ε

π

∫
R
〈RB(λ∓ iε)f,RA(λ∓ iε)g〉 dλ. (2.5)

Proof. We prove the relation for W+, the proof for W− being similar. For Im(z) > 0 we

have the identity

−iz−1 =

∫ ∞
0

eizt dt.

For f ∈ H, ε > 0, λ ∈ R and z = λ+ iε we define hε,A(t) = e−i(A−iε)tf . Then we find

RA(z)f = −i
∫ ∞

0

e−i(A−z)tf dt = −i
∫ ∞

0

eiλte−i(A−iε)tf dt = −i(2π)
1
2 [F∗(χ[0,∞)hε,A)](λ),

where we are using the notation χI for the characteristic function of the set I ⊂ R and F
for the one dimensional Fourier transform, which we describe in greater detail in Section

2.2.1. Similarly, we can define for g ∈ H the function hε,B(t) = e−i(B−iε)tg and check that

RB(z)g = −i(2π)
1
2 [F∗(χ[0,∞)hε,B)](λ).

We can now use the Parseval identity to obtain∫
R
〈RB(λ+ iε)f,RA(λ+ iε)g〉 dλ = (2π)

∫
R
〈[F∗(χ[0,∞)hε,B)](λ), [F∗(χ[0,∞)hε,A)](λ)〉 dλ

= (2π)

∫ ∞
0

〈χ[0,∞)(t)hε,B(t), χ[0,∞)(t)hε,A(t)〉 dt

= (2π)

∫ ∞
0

e−2εt〈e−itBg, e−itAf〉 dt

= (2π)

∫ ∞
0

e−2εt〈eitAe−itBg, f〉 dt. (2.6)

So if g ∈ Dom(W+) we have

lim
ε→0+

2ε

∫ ∞
0

e−2εt〈eitAe−itBg, f〉 dt = 〈W+g, f〉. (2.7)
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Thus, by combining Equations (2.6) and (2.7) we obtain

〈W+g, f〉 = lim
ε→0+

2ε

∫ ∞
0

e−2εt〈eitAe−itBg, f〉 dt

= lim
ε→0+

ε

π

∫
R
〈RB(λ+ iε)f,RA(λ+ iε)g〉 dλ,

which is the statement of the theorem.

The following statement is known as Stone’s formula (see [134, Theorem VII.13] for

example) and characterises how the resolvent of a self-adjoint operator can be used to

describe its spectral projections.

Lemma 2.1.12. Let A be a self-adjoint operator on a Hilbert space H and for z ∈ ρ(A)

define RA(z) = (A− z)−1. Then for any f, g ∈ H and any open interval I ⊆ R we have

lim
ε→0

ε

π

∫
I

〈RA(λ± iε)f,RA(λ± iε)g〉 dλ = 〈χI(A)f, g〉. (2.8)

Proof. Let f, g ∈ H. Functional calculus shows that

ε

π

∫
I

〈RA(λ± iε)f,RA(λ± iε)g〉 dλ =

∫
I

(∫
R

ε

π(ε2 + (λ− ρ)2)
d〈Pλf, g〉

)
dρ.

Next we define the function

fε(λ) =

∫
I

ε

π(ε2 + (λ− ρ)2)
dρ.

Noting that |fε(λ)| ≤ 1 for all λ we may apply Fubini’s theorem to interchange the order

of integration and obtain the relation

ε

π

∫
I

〈RA(λ± iε)f,RA(λ± iε)g〉 dλ =

∫
R
fε(λ) d〈Pλf, g〉.

We can compute the integral defining fε explicitly to obtain

lim
ε→0

fε(λ) =


1, if λ ∈ I,
1
2

if λ ∈ ∂I,

0, otherwise.

The result now follows immediately.

Corollary 2.1.13. Let A be a self-adjoint operator on a Hilbert space and for z ∈ ρ(A)
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define RA(z) = (A− z)−1. Then for any f, g ∈ H we have

lim
ε→0

ε

π

∫
R
〈RA(λ± iε)f,RA(λ± iε)g〉 dλ = 〈f, g〉. (2.9)

Proof. Take I = R in Lemma 2.1.12

2.2 Hamiltonians and dilation

We are interested in a particular choice of operators A and B in the previous section. We

work on the Hilbert space H = L2(Rn) for some n ≥ 1. We will often have need of the

Hilbert space

P = L2(Sn−1),

where Sn−1 = {x ∈ Rn : |x| = 1} and the space L2(R+) where R+ = [0,∞) is the

non-negative half-line. We will often make the identification

Hspec := L2(R+,P) = L2(R+)⊗ P .

We will also frequently use the Schwarz space S(Rn) defined by

S(Rn) =

{
f ∈ C∞(Rn) : sup

x∈Rn
|xα[Dβf ](x)| <∞ for all multi-indices α, β

}
.

Since C∞c (Rn) ⊂ S(Rn) we have that S(Rn) is dense in Lp(Rn) for p ∈ [1,∞).

2.2.1 The free Hamiltonian

Our reference operator of interest is the Laplacian

∆ = −
n∑
j=0

∂2

∂x2
j

acting initially on C∞c (Rn) ⊂ H. The Laplacian and its spectral theory have been studied

extensively in the literature, for a detailed discussion we refer the reader to [154, 149,

135, 55, 95]. To describe the spectral properties of the Laplacian, we recall the Fourier

transform F : H → H defined for f ∈ S(Rn) by

[Ff ](ξ) = (2π)−
n
2

∫
Rn

e−i〈x,ξ〉f(x) dx (2.10)
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and extended by continuity to all of H. We recall that the Fourier transform is a unitary

operator with inverse defined by

[F∗f ](x) = (2π)−
n
2

∫
Rn

ei〈x,ξ〉f(ξ) dξ. (2.11)

The Fourier transform is an isomorphism from S(Rn) to itself (in fact a homeomorphism

when equipped with the Schwarz topology, see [135, Theorem IX.1]). Using the Fourier

transform we are able to characterise the maximal domain of definition of ∆ and its

spectrum. The following result is well-known (see for example [135, Theorem IX.27]).

Theorem 2.2.1. The Laplacian ∆ is essentially self-adjoint on C∞c (Rn) and thus has a

unique self-adjoint extension with domain Dom(∆) = {f ∈ H : (ξ 7→ |ξ|2[Ff ](ξ)) ∈ H}.

Definition 2.2.2. We denote by H0 the unique self-adjoint extension of ∆ defined by

Theorem 2.2.1 and sometimes refer to H0 as the free Hamiltonian.

We know that the Fourier transform ‘diagonalises’ the operator H0 in the sense that

[FH0F∗f ](ξ) = |ξ|2f(x) (2.12)

for f ∈ Dom(H0).

Definition 2.2.3. We define X2 = FH0F to be the multiplication operator, given for

f ∈ S(Rn) and x ∈ Rn by

[X2f ](x) = |x|2f(x).

We can use the operator H0 to define a class of weighted Sobolev spaces which we

will use throughout this thesis. For a more detailed discussion of Sobolev spaces we refer

the reader to [2, 8].

Definition 2.2.4. For any s, t ∈ R the weighted Sobolev space Hs,t = Hs,t(Rn) is given

by

Hs,t =
{
f ∈ S ′(Rn) : ||f ||Hs,t =

∣∣∣∣∣∣(1 +X2)
t
2 (1 +H0)

s
2f
∣∣∣∣∣∣
H
<∞

}
. (2.13)

The main properties of the Sobolev spaces we rely on are summarised in the following

(see [8, Chapter 4]).

Theorem 2.2.5. Fix s, t ∈ R.

(a) The Fourier transform F gives an isomorphism of Hs,t with H t,s and the sesquilinear

map 〈·, ·〉 : Hs,t ×H−s,−t → C defined for f ∈ Hs,t and g ∈ H−s,−t by

〈f, g〉 =

∫
Rn
f(x)g(x) dx



CHAPTER 2. SCATTERING THEORY FOR SCHRÖDINGER OPERATORS 18

gives a natural duality between Hs,t and H−s,−t.

(b) For any p < s and m < t the inclusion Hs,t ↪→ Hp,m is compact.

(c) For any m > 0 and q : Rn → C satisfying |q(x)| ≤ C(1 + |x|)−m for almost all

x ∈ Rn the operator of multiplication by q maps Hs,t into Hs,t+m.

(d) The domain of H0 is the Sobolev space H2,0.

Theorem 2.2.5 (b) is often referred to as Rellich’s compactness theorem (see for ex-

ample [8, Theorem 4.1.5]), which we shall make frequent use of along with the mapping

properties of multiplication operators in Theorem 2.2.5 (c).

The diagonalisation of Equation (2.12) allows us to determine directly the spectrum

of H0.

Lemma 2.2.6. The operator H0 has spectrum σ(H0) = σac(H0) = [0,∞).

Proof. This follows from the unitarity of the Fourier transform and the spectrum of mul-

tiplication operators.

Equation (2.12) is not the ‘correct’ diagonalisation, since it is not multiplication by

the spectral variable. To find the correct diagonalisation, we introduce a second unitary

to rescale the spectral variable appropriately.

Recall that we have defined the spaces P = L2(Sn−1) and Hspec = L2(R+)⊗ P .

Definition 2.2.7. For n ≥ 2, λ ∈ R+ and ω ∈ Sn−1 we define the operator U : H → Hspec

by

[Uf ](λ, ω) = 2−
1
2λ

n−2
4 f(λ

1
2ω)

and F0 = UF . For n = 1, P = C2 and λ ∈ R+ we define U : H → L2(R+)⊗ P by

[Uf ](λ) = 2−
1
2λ−

1
2

(
f(λ

1
2 )

f(−λ 1
2 )

)
.

We define the operator F0 : H → L2(R+)⊗ P by F0 = UF for all dimensions n ≥ 1.

The operators F0 and U are well-known throughout the spectral theory literature: see

[86] for a good discussion of their properties. In dimension n = 1 the unitary U is not

unique, depending on a choice of basis for C2. The diagonalisation of H0 provided by F0

provides a more physical interpretation of the spectrum of H0 as the energy parameter

and we will use F0 to construct a diagonalisation for a perturbed Hamiltonian operator

in Section 2.4.2
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Lemma 2.2.8. For n ≥ 2 the operators U and F0 are unitary and for f ∈ F0(Dom(H0)),

λ ∈ R+ and ω ∈ Sn−1 we have

[F0H0F
∗
0 f ](λ, ω) = λf(λ, ω). (2.14)

Proof. It suffices to check that U is unitary, since the Fourier transform F is unitary. For

f, g ∈ L2(Rn) we can check directly that

〈Uf,Ug〉 =

∫
R+

∫
Sn−1

[Uf ](λ, ω)[Ug](λ, ω) dω dλ =

∫
R+

∫
Sn−1

2−1λ
n−2
2 f(λ

1
2ω)g(λ

1
2ω) dω dλ

=

∫
R+

∫
Sn−1

rn−1f(rω)g(rω) dω dr =

∫
Rn
f(x)g(x) dx = 〈f, g〉,

where we have made the substitutions λ = r2 and x = rω. Thus the operator U is unitary

as claimed. For the diagonalisation relation of Equation (2.14) it suffices to show that for

f ∈ Dom(H0) we have the relation

[F0H0f ](λ, ω) = λ[F0f ](λ, ω). (2.15)

Define the operator M : Dom(H0) → H by [Mf ](ξ) = |ξ|2f(ξ). Then by conjugating

both sides of Equation (2.15) with F and F∗ it suffices to check for f ∈ Dom(H0) that

[UMU∗f ](λ, ω) = λf(λ, ω).

So we compute that

[UMU∗f ](λ, ω) = 2−
1
2λ

n−2
4 [MU∗f ](λ

1
2ω) = 2−

1
2λ

n+2
4 [U∗f ](λ

1
2ω)

= λ
n+2
4 λ−

n−2
4 f(|λ

1
2ω|2, ω) = λf(λ, ω),

which completes the proof.

Lemma 2.2.8 shows that the operator F0 provides a direct integral decomposition of

the free Hamiltonian H0. For a detailed discussion of direct integrals we refer the reader

to [23, Section 7.1] and [74, Section 7.3]

Even though we have stated that the Fourier transform is not the ‘correct’ diagonal-

isation of H0 for scattering purposes, there are still many applications of use to us. We

now turn our attention to developing the functional calculus for H0 explicitly. Since the

Fourier transform provides a diagonalisation of H0, the spectral theorem tells us exactly

how to do this. For a function f : R+ → C with rapidly decaying Fourier transform, we

can define the operator f(H0) acting on a fixed ψ ∈ S(Rn) by

[f(H0)ψ](x) = [F∗Ff(H0)ψ](x) = [F∗Mf̃Fψ](x), x ∈ Rn, (2.16)
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where f̃(ξ) = f(|ξ|2). By writing out the Fourier transforms explicitly, we can write the

operator f(H0) as an integral operator. For x ∈ Rn we have

[f(H0)ψ](x) = (2π)−
n
2

∫
Rn

ei〈x,ξ〉f(|ξ|2)[Fψ](ξ) dξ

= (2π)−n
∫
Rn

∫
Rn

ei〈x,ξ〉e−i〈ξ,y〉f(|ξ|2)ψ(y) dy dξ

=

∫
Rn
K(x, y)ψ(y) dy,

where the integral kernel K : Rn × Rn → C is defined by

K(x, y) = (2π)−n
∫
Rn

e−i〈ξ,y−x〉f(|ξ|2) dξ, x, y ∈ Rn.

Defining the function g : Rn → C by g(ξ) = f(|ξ|2) we have

K(x, y) = (2π)−
n
2 [Fg](y − x). (2.17)

Thus we see that to describe a function f of the free Hamiltonian H0 as an integral

operator, we need f to be such that we can take the Fourier transform of g(ξ) = f(|ξ|2).

Some preparatory work is required to compute such integrals.

Lemma 2.2.9. For any r ∈ (0,∞) and 0 6= y ∈ Rn we have∫
Sn−1

e−ir〈ω,y〉 dω = (2π)
n
2 (r|y|)−

n−2
2 Jn−2

2
(r|y|), (2.18)

where Jν denotes the Bessel function of the first kind of order ν.

Proof. First we define the constant Cn via

Cn =
Vol(Sn−1)∫ π

0
sinn−2(θ1) dθ1

.

By using spherical coordinates, the volume of the n-sphere can be computed as

Vol(Sn−1) =

∫ π

0

∫ π

0

· · ·
∫ π

0

∫ 2π

0

sinn−2(θ1) sinn−3(θ2) · · · sin(θn−2) dθn−1 dθn−2 · · · dθ2 dθ1

=
2π

n
2

Γ
(
n
2

) .
This can be checked in many ways, for example by reducing each integral to a Beta

function. We can evaluate the θ1 integral, for example, via the substitution u = sin (θ1)



CHAPTER 2. SCATTERING THEORY FOR SCHRÖDINGER OPERATORS 21

to obtain∫ π

0

sinn−2(θ1) dθ1 = 2

∫ π
2

0

sinn−2(θ1) dθ1 = 2

∫ 1

0

un−2(1− u2)−
1
2 du

=

∫ 1

0

v
n−3
2 (1− v)−

1
2 dv = β

(
n− 1

2
,
1

2

)
=

Γ
(
n−1

2

)
Γ
(

1
2

)
Γ
(
n
2

) ,

where β denotes the Beta function and Γ the Gamma function. Thus we can write

Cn =
2π

n−1
2

Γ
(
n−1

2

) = Vol
(
Sn−2

)
.

We are now able to evaluate the integral in Equation (2.18). Choose spherical coordinates

so that θ1 is the angle between ω and y. Thus 〈ω, y〉 = |y| cos (θ1). Then we find∫
Sn−1

e−ir〈ω,y〉 dω = Cn

∫ π

0

e−ir|y| cos (θ1) sinn−2(θ1) dθ1 = Cn

∫ 1

−1

e−ir|y|u(1− u2)
n−3
2 du.

We now recall a Poisson integral from [61, Equation 7.12.7] for z ∈ C and Re(ν) > −1∫ 1

−1

e−izu(1− u2)ν−
1
2 du = Γ

(
ν +

1

2

)
π

1
2 z−ν2νJν(z).

Thus with z = r|y| and ν = n−2
2

we find∫
Sn−1

e−ir〈ω,y〉 dω = CnΓ

(
n− 1

2

)
π

1
2 (r|y|)−

n−2
2 2

n−2
2 Jn−2

2
(r|y|)

= (2π)
n
2 (r|y|)−

n−2
2 Jn−2

2
(r|y|),

as required.

The right hand side of Equation (2.18) is the integral kernel of the Hankel transform,

which when combined with the statement of Lemma 2.2.9 give a description of the Fourier

transform of functions which are invariant under rotations.

Definition 2.2.10. Let S(R+) be the restriction of odd Schwarz functions on all of R to

the half-line. We define the Hankel transform of order ν ∈ C with Re(ν) > −1, denoted

Hν : S(R+)→ S(R+) by

[Hνψ](µ) =

∫
R+

ψ(λ)(µλ)
1
2Jν(µλ) dλ.

Remark 2.2.11. The Hankel transform is actually the integral transform diagonalising the

differential operator associated to the Bessel differential equation obtained by considering

only the radial component of H0 in polar coordinates. We will make use of this transform
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in Chapter 4 when developing intuition for the form of the wave operators. Although

we have only defined the Hankel transform for ψ ∈ S(R+), one can check that the Han-

kel transform extends to a unitary operator from L2(R+, r
1
2 dr) to itself, see [113]. A

comprehensive collection of Hankel transforms can be found in [126].

Lemma 2.2.12. Suppose ψ ∈ S(Rn) is invariant under rotations. Let ψ̃ be defined by

ψ̃(r) = r
n−1
2 ψ(r). Then the Fourier transform of ψ is given by

[Fψ](ξ) = |ξ|−
n−1
2 [Hn−2

2
ψ̃](|ξ|), ξ ∈ Rn,

where Hν denotes the Hankel transform of order ν.

Proof. We take the Fourier transform of ψ and change to polar coordinates to obtain

[Fψ](ξ) = (2π)−
n
2

∫
Rn

e−i〈ξ,y〉ψ(y) dy = (2π)−
n
2

∫
R+

rn−1ψ(r)

(∫
Sn−1

e−ir〈ξ,ω〉 dω

)
dr.

Applying Lemma 2.2.9 we then have

[Fψ](ξ) = (2π)−
n
2

∫
R+

rn−1ψ(r)
(

(2π)
n
2 (r|ξ|)−

n−2
2 Jn−2

2
(r|ξ|)

)
dr

= |ξ|−
n−1
2

∫
R+

r
n−1
2 ψ(r)(r|ξ|)

1
2Jn−2

2
(r|ξ|) dr

= |ξ|−
n−1
2 [Hn−2

2
ψ̃](|ξ|).

An essential operator in our spectral analysis of H0 is the resolvent operator. For

z ∈ ρ(H0) with Arg(z) ∈ (0, 2π), we can define (using the holomorphic functional calculus)

the resolvent operator (often called the free resolvent) by

R0(z) = (H0 − z)−1. (2.19)

We can apply the techniques just described to obtain an explicit formula for the free

resolvent in any dimension.

Corollary 2.2.13. For z ∈ ρ(H0) with Arg(z) ∈ (0, 2π) the integral kernel of the resolvent

R0(z) = (H0 − z)−1 is given for x, y ∈ Rn, x 6= y, by

R0(x, y, z) =
i

4
(2π)−

n−2
2 z

n−2
4 |x− y|−

n−2
2 H

(1)
n−2
2

(z
1
2 |x− y|), (2.20)

where H
(1)
ν := Jν + iYν denotes the Hankel function of the first kind of order ν, described

in [1, Chapters 9 and 10].

Proof. For r > 0 define ψ(r) = (r − z)−1, so that R0(z) = ψ(H0). By [125, Equation
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1.4.13] the Hankel transform of ψ̃(r) = r
n−1
2 (r2 − z)−1 is given by[

Hn−2
2
ψ̃
]

(µ) =
i

4
(2π)−1z

n−2
4 µ

1
2H

(1)
n−2
2

(z
1
2µ). (2.21)

Hence using Equation (2.17) the integral kernel of the free resolvent is given explicitly for

x, y ∈ Rn by

R0(x, y, z) = (2π)−
n
2 [Fψ](y − x) =

i

4
(2π)−

n−2
2 z

n−2
4 |x− y|−

n−2
2 H

(1)
n−2
2

(z
1
2 |x− y|), (2.22)

as claimed.

In odd dimensions the formula is particularly nice, for example if n = 3 then

R0(x, y, z) =
eiz

1
2 |x−y|

4π|x− y|
. (2.23)

One can explicitly compute the integral kernel of the resolvent in higher odd dimensions

in terms of polynomials in |x − y| also, see for example [56, Theorem 3.3]. The even

dimensional cases are complicated by a logarithmic singularity of the Hankel function

near the origin, as we shall see in Chapter 3 where we discuss expansions of the resolvent

for small z.

2.2.2 The perturbed Hamiltonian

In this section we describe a class of perturbations of our free Hamiltonian H0 by real

valued potentials V satisfying certain decay assumptions. Such operators H = H0 +V are

known as Schrödinger operators and have been studied extensively since the introduction

of the Schrödinger equation in [147]. The study of such perturbations motivated much

of the development of perturbation theory and thus the literature is vast, we refer the

reader to [21, 23, 95, 135, 136, 137] and the references therein for a more comprehensive

discussion.

The most basic and minimal assumption we make on our potential V is the following.

Assumption 2.2.14. The function V : Rn → R is real-valued and for almost all x ∈ Rn

satisfies |V (x)| ≤ C(1 + |x|)−ρ for some ρ > 1.

Throughout this thesis we will need to strengthen Assumption 2.2.14 in various places

by requiring greater decay.

Lemma 2.2.15. Suppose that V satisfies Assumption 2.2.14. Then the operator H =

H0 + V is essentially self-adjoint with σess(H) = [0,∞). Moreover, C∞c (Rn) is a core for

H.



CHAPTER 2. SCATTERING THEORY FOR SCHRÖDINGER OPERATORS 24

Proof. We use the Kato-Rellich theorem (see [135, Theorem X.12] for example). It is

immediate that Dom(H0) ⊂ Dom(V ) := H. For z ∈ ρ(H0) we have that R0(z)V is

compact by [158, Lemma 7.21] and thus V is H0-relatively compact. The Kato-Rellich

theorem [135, Theorem X.12] then tells us that H is self-adjoint on Dom(H0), bounded

from below, and σess(H) = σess(H0) = [0,∞). That C∞c (Rn) is a core for H follows from

the fact that it is a core for H0.

Definition 2.2.16. For a function V satisfying Assumption 2.2.14 we call the operator

H = H0 + V a (short-range) perturbed Hamiltonian.

The following fact, due to Kato [93], guarantees that there are no eigenvalues of H

embedded in the continuous spectrum. A simple proof in the case that V is compactly

supported can be found as [164, Theorem 6.1.1].

Theorem 2.2.17 (Kato’s theorem). Suppose that V satisfies Assumption 2.2.14. Then

the operator H = H0 + V has no positive eigenvalues.

The number of eigenvalues is known to be finite for ρ > 2, although proofs are rather

involved so we provide only references. The statement we use here is [164, Section 7.4.2].

Many explicit bounds on the number of eigenvalues are discussed in [151, Chapter 7].

Theorem 2.2.18. Suppose that V satisfies Assumption 2.2.14 for some ρ > 2. Then the

operator H = H0 + V has finitely many eigenvalues.

2.2.3 The dilation operator

We first consider the (one-dimensional) Dirac operatorD = 1
i

d
dx

with Dom(D) = C∞c (R) ⊂
L2(R). It is well-known that D is essentially self-adjoint and so has a unique self-adjoint

extension which we also denote by D. The one-dimensional Fourier transform shows that

D is unitarily equivalent to the multiplication operator M defined by [Mf ](ξ) = ξf(ξ)

and thus σ(D) = σac(D) = R.

By Stone’s theorem the operator D defines a strongly continuous one-parameter uni-

tary group (V (t))t∈R acting on L2(R). As is well-known, V (t) acts on f ∈ L2(R) by

[V (t)f ](x) = [e−itDf ](x) = f(x− t) (2.24)

so that D is the generator of the translation group on R. Since the operator H0 has

absolutely continuous spectrum σ(H0) = [0,∞) we are interested in the Hilbert space

L2(R+). We can naturally identify L2(R+) with L2(R) via the following.

Lemma 2.2.19. The map L : L2(R) → L2(R+) defined for λ ∈ R+ by [Lf ](λ) =

λ−
1
2f(ln (λ)) is unitary.
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Proof. We check that for f, g ∈ L2(R) we have

〈Lf, Lg〉=
∫
R+

[Lf ](λ)[Lg](λ) dλ=

∫
R+

λ−1f(ln (λ))g(ln (λ)) dλ=

∫
R
f(y)g(y) dy=〈f, g〉,

where we have made the substitution y = ln (λ). So the map L is an isometry. The

inverse map L−1 : L2(R+) → L2(R) is given for y ∈ R by [L−1g](y) = e
y
2 g(ey). It is

readily checked that L−1 is an isometry also and thus L is unitary as claimed.

The following result shows how the translation group of Equation (2.24) and the

generator of translations act when mapped to L2(R+) by the unitary L.

Lemma 2.2.20. The group (U+(t))t∈R defined by U+(t) = LV (−t)L∗ is given for λ ∈ R+

by

[U+(t)f ](λ) = e
t
2f(etλ)

and the action of the self-adjoint generator D+ of U+ on f ∈ C∞c (R+) is given, for λ ∈ R+,

by

[D+f ](λ) =

(
λ

i

df

dλ
+

1

2i
f(λ)

)
.

Proof. Direct computation shows that for f ∈ L2(R+) and λ ∈ R+ we have

[U+(t)f ](λ) = [LV (−t)L∗f ](λ) = λ−
1
2 [V (−t)L∗f ](ln (λ))

= λ−
1
2 [L∗f ](ln (λ) + t) = λ−

1
2 e

ln (λ)+t
2 f(eln (λ)+t) = e

t
2f(etλ),

as claimed. We can then use Stone’s theorem to compute the self-adjoint generator D+

of the unitary group (U+(t)) via the computation

[D+f ](λ) = −i
(

d

dt
[U+(t)f ](λ)

) ∣∣∣∣
t=0

= −i
(

d

dt
e
t
2f(etλ)

) ∣∣∣∣
t=0

= −i
(

d

dt

1

2
e
t
2f(etλ) + λe

3t
2 f ′(etλ)

) ∣∣∣∣
t=0

=

(
1

2i
f(λ) +

λ

i
f ′(λ)

)
,

which shows that D+ takes the form claimed.

We call D+ the generator of dilations on L2(R+) and use the group structure to

describe a simple and useful functional calculus for D+.

Lemma 2.2.21. Suppose that ϕ ∈ S(R+) (with S(R+) defined in Definition 2.2.10).

Then for f ∈ Dom(D+) we have

[ϕ(D+)f ](λ) = (2π)−
1
2

∫
R

[F∗ϕ](t)[U+(t)f ](λ) dt, λ ∈ R+.
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Proof. We let ϕ ∈ S(R+) and define for ξ ∈ R the multiplication operator [Mϕf ](ξ) =

ϕ(−ξ)f(ξ). Then for λ ∈ R+ we have

[ϕ(D+)f ](λ) = [LL∗ϕ(D+)f ](λ) = [Lϕ(−D)L∗f ](λ)

= [LFF∗ϕ(−D)L∗f ](λ) = [LFMϕF∗L∗f ](λ).

For ξ ∈ R we can explicitly write

[FMϕF∗g](ξ) = (2π)−
1
2

∫
R

e−iyξϕ(y)[F∗g](y) dy

= (2π)−1

∫
R

∫
R

e−iy(ξ−u)ϕ(−y)g(u) du dy

= (2π)−
1
2

∫
R

(
(2π)−

1
2

∫
R

e−iy(ξ−u)ϕ(−y) dy

)
du

= (2π)−
1
2

∫
R

[Fϕ](u− ξ)g(u) du.

So for λ ∈ R+ we find

[ϕ(D+)f ](λ) = [LFMϕF∗L∗f ](λ) = λ−
1
2 [FMϕF∗L∗f ](ln (λ))

= (2π)−
1
2λ−

1
2

∫
R

[Fϕ](u− ln (λ))[L∗f ](u) du

= (2π)−
1
2λ−

1
2

∫
R

[Fϕ](u− ln (λ))e
u
2 f(eu) du.

Now make the substitution t = ln (λ)− u to obtain

[ϕ(D+)f ](λ) = (2π)−
1
2λ−

1
2

∫
R

[F∗ϕ](ln (λ)− u)e
u
2 f(eu) du

= (2π)−
1
2

∫
R

[F∗ϕ](t)e−
t
2f(e−tλ) dt

= (2π)−
1
2

∫
R

[F∗ϕ](t)[U+(t)f ](λ) dt,

which completes the proof.

We can now construct an operator which diagonalises the generator of dilations by

using our unitaries.

Definition 2.2.22. We define the Mellin transform M : L2(R+)→ L2(R) byM = FL∗,
where L is defined in Lemma 2.2.19 .

Lemma 2.2.23. The Mellin transform is given explicitly for f ∈ C∞c (R+) and x ∈ R by

[Mf ](x) = (2π)−
1
2

∫
R+

y−
1
2
−ixf(y) dy (2.25)
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and satisfies MD+M∗ = M , where M is the multiplication operator by the variable in

L2(R).

Proof. Equation (2.25) follows from the definitions of F and L. The diagonalisation

relation is a consequence of the relation D+ = L∗DL and the fact that the Fourier

transform diagonalises the differentiation operator D.

We can easily generalise the group of dilations to L2(Rn) also.

Definition 2.2.24. We define the dilation group (Un(t))t∈R on L2(Rn) by the formula

[Un(t)f ](x) = e
nt
2 f(etx), x ∈ Rn.

Lemma 2.2.25. We have that (Un(t)) is a strongly continuous one-parameter unitary

group and the self-adjoint generator Dn of Un is given on f ∈ C∞c (Rn) by

[Dnf ](x) =
1

i

n∑
j=1

xj
∂f

∂xj
+
n

2i
f(x), x ∈ Rn.

Proof. That (Un(t)) defines a strongly continuous one-parameter unitary group can be

readily checked. Fix f ∈ C∞c (Rn). To determine the self-adjoint generator Dn, we again

use Stone’s theorem to find for x ∈ Rn that

[Dnf ](x) = −i
(

d

dt
[Un(t)f ](x)

) ∣∣∣∣
t=0

= −i
(

d

dt
e
nt
2 f(etx)

) ∣∣∣∣
t=0

= −i

(
n

2
e
nt
2 f(etx) + e

nt
2

n∑
j=1

d

dt
(etxj)

∂f

∂xj
(etx)

)∣∣∣∣
t=0

= −i

(
n

2
f(x) +

n∑
j=1

xj
∂f

∂xj

)
,

so that Dn is given by the claimed formula.

Lemma 2.2.26. The operator Dn anticommutes with the Fourier transform. The operator

U of Definition 2.2.7 satisfies UDnU∗ = 2D+ ⊗ Id, and F0DnF
∗
0 = −2D+ ⊗ Id.

Proof. For f ∈ C∞c (Rn) define the operators Mj by [Mjf ](x) = xj
∂f
∂xj

. We compute for

ξ ∈ Rn that

[FMjf ](ξ) = (2π)−
n
2

∫
Rn

e−i〈x,ξ〉[Mjf ](x) dx = (2π)−
n
2

∫
Rn

e−i〈x,ξ〉xj
∂f

∂xj
dx.

Integrating by parts in the xj variable and using the compact support of f to eliminate
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boundary conditions we obtain for ξ ∈ Rn that

[FMjf ](ξ) = −(2π)−
n
2

∫
Rn
f(x)

∂

∂xj

(
xje
−i〈x,ξ〉) dx

= −(2π)−
n
2

∫
Rn
f(x)e−i〈x,ξ〉 dx− ξj(2π)−

n
2

∫
Rn
f(x)(−ixj)e−i〈x,ξ〉 dx

= −[Ff ](ξ)− ξj
∂

∂ξj
[Ff ](ξ)

= −[(Id +Mj)Ff ](ξ).

Using Lemma 2.2.25 the operator Dn is given by

Dn =
n

2i
Id +

1

i

n∑
j=1

Mj.

So for f ∈ C∞c (Rn) and ξ ∈ Rn we find

[FDnf ](ξ) =
n

2i
[Ff ](ξ) +

1

i

n∑
j=1

[FMjf ](ξ) =
n

2i
[Ff ](ξ)− 1

i

n∑
j=1

[(Id +Mj)Ff ](ξ)

= − n
2i

[Ff ](ξ)− 1

i

n∑
j=1

[MjFf ](ξ) = −[DnFf ](ξ),

so that Dn anticommutes with F . Fix λ ∈ R+ and ω ∈ Sn−1. We next check that for

f ∈ C∞c (Rn) that

[UMjf ](λ, ω) = 2−
1
2λ

n−2
4 [Mjf ](λ

1
2ω) = 2−

1
2λ

n−2
4 λ

1
2ωj

∂f

∂xj
(λ

1
2ω).

So for f ∈ C∞c (Rn) we use the chain rule to see that

n∑
j=1

[UMjf ](λ, ω) =
n∑
j=1

(
2−

1
2λ

n−2
4 λ

1
2ωj

∂f

∂xj
(λ

1
2ω)

)
= 2−

1
2λ

n−2
4 2λ

d

dλ
f(λ

1
2ω)

= 2λ

(
d

dλ
⊗ Id

)
([Uf ](λ, ω))− n− 2

2
[Uf ](λ, ω).

Thus for f ∈ C∞c (Rn) we find

[UDnf ](λ, ω) =
n

2i
[Uf ](λ, ω) +

1

i

n∑
j=1

[UMjf ](λ, ω)

=
n

2i
[Uf ](λ, ω) +

([
2

(
d

dλ
⊗ Id

)
Uf
]

(λ, ω)− n− 2

2i
[Uf ](λ, ω)

)
= 2 [(D+ ⊗ Id)Uf ] (λ, ω)
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and so UDnU∗ = 2(D+⊗Id). The final claim now follows from the definition F0 = UF .

Corollary 2.2.27. We have σ(Dn) = σac(Dn) = R.

Proof. Lemma 2.2.26 shows that Dn is unitarily equivalent to D+ ⊗ IdP (where P =

L2(Sn−1)), which is in turn unitarily equivalent to D⊗IdP by Lemma 2.2.20. Thus we find

that Dn has purely absolutely continuous spectrum and σac(Dn) = σac(D⊗ IdP) = R.

Corollary 2.2.28. Let B = 1
2

ln (H0) acting onH = L2(Rn). Then we have [Dn, B] = iId.

Proof. It is well-known that the operator M : Dom(D) → L2(R) defined for f ∈ C∞c (R)

and ξ ∈ R by [Mf ](ξ) = ξf(ξ) satisfies the relation [D,M ] = −iId on Dom(D). Define

for g ∈ C∞c (R+) and λ ∈ R+ the operator Mln on C∞c (R+) by [Mlng](λ) = ln (λ)g(λ). We

can compute that

[Dn, B] = F ∗0F0[Dn, B]F ∗0F0 = F ∗0 [F0DnF
∗
0 , F0BF

∗
0 ]F0

= F ∗0 [−2(D+ ⊗ Id),
1

2
(Mln ⊗ Id)]F0 = −F ∗0 ([D+,Mln]⊗ Id)F0.

Conjugating by the unitary L of Lemma 2.2.19 we find

[Dn, B] = −F ∗0 ([D+,Mln]⊗ Id)F0 = −F ∗0 (L⊗ Id)[L∗D+L,L
∗MlnL](L∗ ⊗ Id)F0

= −F ∗0 (L⊗ Id)[D,M ](L∗ ⊗ Id)F0 = iId,

as claimed.

Corollary 2.2.28 shows that the operators B and Dn are canonically conjugate and

thus we can use Stone-von Neumann theorem methods of [151, Chapter 4] (with some

modifications, see Lemma 4.2.6) to deduce the compactness of operators of the form

f(Dn)g(B). The basic result is the following.

Theorem 2.2.29 ([151, Theorem 4.1]). If f, g ∈ Lp(Rn) with p ∈ [2,∞) then we have

the inclusion f(X)g(D) ∈ Lp(H) (the p-th Schatten class)

||f(X)g(D)||p ≤ (2π)−
n
p ||f ||p ||g||p .

We can use the structure of the dilation group to obtain a useful form of the functional

calculus for Dn in an analogous manner to the functional calculus for D+ in Lemma 2.2.21

Lemma 2.2.30. Suppose that ϕ ∈ S(R). Then for f ∈ Dom(Dn) we have

[ϕ(Dn)f ](x) = (2π)−
1
2

∫
R

[F∗ϕ](t)[Un(t)f ](x) dt.

Definition 2.2.31. We denote by P± the positive and negative spectral projections of

Dn, so that P+ = χ[0,∞)(Dn), P− = χ(−∞,0)(Dn) and P+ + P− = Id.
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The spectral projections P± will be used in the proof of the asymptotic completeness

of the wave operators for the pair (H,H0) and the absence of singular continuous spectrum

of H in Section 2.3.

2.3 Existence and completeness for Schrödinger op-

erators

In this section we demonstrate both the existence and asymptotic completeness of the wave

operators for Schrödinger operators with potentials satisfying Assumption 2.2.14. The

generator of dilations is used in a rather remarkable way to demonstrate the asymptotic

completeness of the wave operators for a short range potential. This geometric approach

to asymptotic completeness is due to Enss [58, 59, 60]. There are other methods of

obtaining asymptotic completeness, for example the method of H0-smoothness discussed

in [164, Chapter 1.6]. The technique we present here follows closely that of Perry [128]

(see also [127, Chapter 12] for more details in dimension n = 3).

We first apply Cook’s criterion in the manner described in [106, Section 3.4] to obtain

the existence of the wave operators.

Theorem 2.3.1. Let H = H0 + V with V satisfying Assumption 2.2.14. Then the wave

operators W±(H,H0) exist.

Proof. By Cook’s criterion it suffices to show that∫
R

∣∣∣∣V e−itH0f
∣∣∣∣

2
dt <∞ (2.26)

for Ff ∈ C∞c (Rn \ {0}). Suppose that [Ff ](ξ) = 0 for |ξ| ≤ r and let Pr denote the

projection onto functions supported on the ball of radius r in Rn. Then we have

∣∣∣∣V e−itH0f
∣∣∣∣

2
≤ ||V ||∞

∣∣∣∣Pr|t|e−iH0tf
∣∣∣∣

2
+
∣∣∣∣V (Id− Pr|t|)

∣∣∣∣
∞ ||f ||2 .

The method of stationary phase (see [78, Lemma A.1]) and [164, Lemma 1.2.5] show that

the first term on the right hand side is bounded by any positive integer power of |t|−1.

Since V satisfies Assumption 2.2.14 for some ρ > 1, the second term on the right hand

side is O(|t|−ρ) and thus the integral in Equation (2.26) is finite.

To deduce the compactness of certain operators, we need the following result, which

can be found as [128, Lemma 4].

Theorem 2.3.2. Suppose that f ∈ C0(R) and that V satisfies Assumption 2.2.14 for

some ρ > n
2
. Then the operator f(H)− f(H0) is compact.
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Proof. The assumption ρ > n
2

guarantees that R(z) − R0(z) ∈ Lp(H) for all p > n and

z ∈ C \R and is thus compact. By analogous arguments to [150, Lemma 4] one can show

that R(−i)jR(i)`−R0(−i)jR0(i)` is compact for all j, ` ∈ N and thus by Stone-Weierstrass

the conclusion follows for arbitrary f ∈ C0(R).

We now proceed to the proof of asymptotic completeness of the wave operators,

following closely the method of Perry [128]. The key tool in the following argument is the

dilation operator Dn and the Mellin transform diagonalising Dn.

Definition 2.3.3. The Mellin transform M : C∞c (Rn \ {0})→ L2(R)⊗ P is defined for

f ∈ C∞c (Rn \ {0}), s ∈ R and ω ∈ Sn−1 by

[Mf ](s, ω) = (2π)−
1
2

∫ ∞
0

λ
n−2
2
−isf(λω) dλ.

The Mellin transform extends to a unitary operatorM : L2(Rn)→ L2(R)⊗P which

satisfiesMDnM∗ = Ms, the operator of multiplication by the first variable on L2(R)⊗P .

Recall the non-negative and negative spectral projections P± for Dn of Definition 2.2.31.

As usual for z ∈ C \ R we write R(z) = (H − z)−1 and R0(z) = (H0 − z)−1.

Lemma 2.3.4. Let g ∈ C∞c (R+) have support in an interval [a, b] and let δ ∈ (0, a). Let

χ̃A denote the characteristic function of a set A ⊂ Rn. Let k ∈ N and t ∈ (0,±∞). For

|x| < δ|t| define Kx,t ∈ C∞c (Rn \ {0}) by

Kx,t(ξ) = ei|ξ|
2t−i〈ξ,x〉g(|ξ|2). (2.27)

Then we have for ±t > 0 the estimate

||P∓Kx,t|| ≤ Ck(1 + |t|)−k+ 1
2

for some constant Ck.

Proof. We show only the case t > 0, since the case t < 0 is similar. Using the unitarity of

the Mellin transform we have ||P−Kx,t|| =
∣∣∣∣χ(−∞,0)MKx,t

∣∣∣∣. Since Kx,t ∈ C∞c (Rn \ {0}),
we have for s ∈ R and ω ∈ Sn−1 that

[MKx,t](s, ω) = (2π)−
1
2

∫ ∞
0

λ
n−2
2 eitλ

2−i〈λω,x〉−is log (λ)g(λ2) dλ.

The function f : (0,∞) → C defined by f(λ) = λ
n−2
2 g(λ2) is smooth and compactly

supported. The phase function φx,s,t = φ : R+ × Sn−1 → R, defined by φ(λ, ω) =

tλ2 − i〈λx, ω〉 − is log (λ), has derivative ∂φ
∂λ

= 2λt − 〈x, ω〉 − s
λ

has no stationary points

for the allowed range of x, t, s. The method of stationary phase [78, Lemma A.3] then
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gives the pointwise estimate

|[MKx,t](s, ω)| < CN,g(1 + |t|+ |s|)−k.

Integrating this estimate in s and ω gives directly the statement of the lemma.

Lemma 2.3.5. Let g ∈ C∞c (R+) have support in an interval [a2, b2] and let δ ∈ (0, a).

Let χA denote the characteristic function of a set A ⊂ Rn. Then for any k ∈ N and

t ∈ (0,±∞) we have

∣∣∣∣χB(δ|t|)e
−itH0g(H0)P±

∣∣∣∣ ≤ CN,g(1 + |t|)−k+n+1,

where B(δ|t|) = {y ∈ Rn : |y| < δ|t|}, the open ball of radius δ|t|.

Proof. For x ∈ Rn, g ∈ C∞c (R+) and ψ ∈ C∞c (Rn) define

ψt±(x) = (2π)−
n
2

∫
Rn

ei〈ξ,x〉−i|ξ|
2tg(|ξ|2)[P±Fψ](ξ) dξ.

We consider the equality ψt±(x) = 〈Kx,t, P∓Fψ〉. The Cauchy-Schwarz inequality then

gives us

|ψt±(x)| = |〈Kx,t, P∓Fψ〉| = |〈P∓Kx,t,Fψ〉| ≤ ||P∓Kx,t|| ||ψ|| .

By Lemma 2.3.4 we find ||P∓Kx,t|| ≤ Ck,g(1 + |t|)−k+ 1
2 and thus

|ψt±(x)| ≤ Ck,g(1 + |t|)−k+ 1
2 ||ψ|| .

We thus find

∣∣∣∣χB(δ|t|)e
−itH0g(H0)P±

∣∣∣∣2 = sup
||ψ||=1

∫
|x|≤δ|t|

∣∣[e−itH0g(H0)P±ψ
]

(x)
∣∣2 dx

= sup
||ψ||=1

∫
|x|<δ|t|

|ψt±(x)|2 dx

≤ C2
k,g

∫
|x|<δ|t|

(1 + |t|)−2k+1 dx

= C̃δn|t|n(1 + |t|)−2k+1

≤ C̃δn(1 + |t|)−2k+n+1,

from which the claim follows.

Lemma 2.3.6. Suppose that V satisfies Assumption 2.2.14 for some ρ > n. Let α ≥ 1

and g ∈ C∞c (R+). Then the operator B = (H + i)−α(W∓ − Id)g(H0)P± is compact.
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Proof. We show that B is the norm limit of compact operators. Consider for ±t > 0 the

equality

R(−i)α(eitHe−itH0 − Id)g(H0)P± =

∫ t

0

R(−i)αeisHV e−isH0g(H0)P± ds. (2.28)

Since the family s 7→ eisH is strongly continuous, s 7→ e−isH0g(H0) is norm continuous and

the operator R(−i) − R0(−i) is compact (see the proof of Theorem 2.3.2), we find that

the right-hand side of Equation (2.28) defines a compact operator for finite t. It therefore

suffices to show that the map s 7→
∣∣∣∣R(−i)αeisHV e−isH0g(H0)P±

∣∣∣∣ defines an integrable

function on (0,±∞). So we make for β ≥ 1 the estimate

∣∣∣∣R(−i)αV e−itH0g(H0)P±
∣∣∣∣ ≤ ∣∣∣∣R(−i)αV R0(−i)β

∣∣∣∣ ∣∣∣∣χB(δ|t|)e
−itH0R0(−i)−βg(H0)P±

∣∣∣∣
+ C

∣∣∣∣R(−i)αV R0(−i)βχB(δ|t|)c
∣∣∣∣ .

By Lemma 2.3.5 the first term decays rapidly in t and is thus integrable. The second term

is integrable by our assumption on the potential. Thus we have shown that the operator

B is the norm limit of compact operators and is hence compact.

Theorem 2.3.7. Suppose that V satisfies Assumption 2.2.14 for some ρ > n+1
2

. Then

the wave operators W± are asymptotically complete.

Proof. We first show that H has no singular continuous spectrum. Let PA(H) be the

proejection onto the spectral subspace of H associated to the Borel set A ⊂ R. For an

interval I, let Psc,I = Psc(H)PI(H), where Psc(H) denotes the projection onto the singular

continuous spectrum of H. Let α, β ≥ 1 and g ∈ C∞c (R+). By Proposition 2.1.3 we have

W±W
∗
± = Pac(H) and W ∗

±W± = Id. So we find

Psc(H)W± = Psc(H)W±W
∗
±W± = Psc(H)Pac(H)W± = 0.

By an adjoint calculation we haveW ∗
±Psc(H) = 0. The operators P∓g(H0)(W ∗

±−Id)R(−i)α

are compact. Thus we find

g(H0)(H + i)−αPsc,I = g(H0)R(−i)αPsc(H)PI(H)

= (P+ + P−)g(H0)R(−i)αPsc(H)PI(H)

= −(P+ + P−)g(H0)(W ∗
± − Id)R(−i)αPsc(H)PI(H),

so that g(H0)R(−i)αPsc,I is compact. Define the function g̃ by g̃(λ) = g(λ)(λ+ i)−1 and

choose g such that g̃ = 1 on I. Then Psc,I is a compact projection, so is finite rank and

hence is zero.

We next show that W− is complete, with the proof for W+ being similar. Suppose

that f ∈ Hac(H) with f ∈ Range(W−)⊥. Without loss of generality we may suppose that
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there exists g ∈ C∞c (R+) with g(H)f = f . Then the vectors ft = e−itHf converge weakly

to 0 as t→∞. For α ≥ 1 we thus have

||f ||2 = 〈ft, ft〉 = 〈R(−i)αft, R(−i)−αft〉,

since f ∈ Dom(R(−i)−α). The compactness of R(−i)α(W∓ − Id)g(H0)P± and Theorem

2.3.2 then give

R(−i)αft − [R(−i)αW+g(H0)P−ft +R(−i)αW−g(H0)P+ft]→ 0

strongly as t→∞. So

||f ||2 = lim
t→∞

[〈ft,W+g(H0)P−ft〉+ 〈ft,W−g(H0)P+ft〉].

Since e−itH leaves Range(W−) invariant and f ∈ Range(W−)⊥ we have that the second

term vanishes. As t→∞, the first vanishes since

〈ft,W+g(H0)P−ft〉 = 〈P−g(H0)e−itH0W ∗
+f, ft〉

and P−g(H0)e−itH0 → 0 strongly as t→∞ by an adjoint estimate to Lemma 2.3.5.

Remark 2.3.8. Theorem 2.3.7 can be proved under the weaker assumption that V satisfies

Assumption 2.2.14 for some ρ > 1 (see [164, Theorem 1.6.2]), however the proof method

we have provided emphasises the key role of the generator of dilations in scattering theory.

Proposition 2.3.9. Suppose that V satisfies Assumption 2.2.14 for some ρ > 1. The

wave operators W±(H,H0) are Fredholm and the number of bound states (eigenvalues

counted with multiplicity) of H = H0 + V , denoted by N , is given by

Index(W±) = −N.

Proof. Note first that by Theorem 2.2.18 the projection Pp onto the eigenspace of H

is finite rank. If f ∈ Ker(W±) then the relation W ∗
±W± = Id shows f = 0. Suppose

f ∈ Ker(W ∗
±). By Theorem 2.3.7 we have that H has no singular continuous spectrum

and thus Pac(H) = Id− Pp(H). The relation W±W
∗
± = Pac(H) = Id− Pp(H) then shows

Ppf = f and thus f is an eigenfunction for H. Conversely, if f is an eigenfunction for

H we have W ∗
±f = 0 and thus f ∈ Ker(W ∗

±), so that Ker(W ∗
±) = PpH. Hence W± are

Fredholm operators and we can compute

Index(W±) = Dim(Ker(W±))−Dim(Ker(W ∗
±)) = 0−N = −N.
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2.4 Spectral properties of the perturbed Hamilto-

nian

The existence and asymptotic completeness of the wave operators proved in the previ-

ous section shows that σac(H) = σac(H0) = [0,∞). In this section we first describe the

point spectrum of the perturbed Hamiltonian. Then we describe the limiting absorption

principle for boundary values of the resolvent and use this to define a family of gener-

alised eigenfunctions for H. The limiting absorption principle also allows us to obtain

explicit stationary formulas for the wave and scattering operators in terms of generalised

eigenfunctions.

We shall regularly use the well known fact [110, p. 44] that a function in Hs,0 with

s > 1
2

has a trace (in the sense of restriction) on any smooth (n−1)-dimensional manifold

embedded in Rn.

Theorem 2.4.1. Let Ω be a smooth compact (n− 1)-dimensional manifold embedded in

Rn and let dω be the measure induced on Ω by Lebesgue measure. Then for any s > 1
2

there

exists a bounded linear map τ : Hs,0 → L2(Ω) such that τf = f |Ω for u ∈ Hs,0 ∩ C(Rn).

In particular, for λ > 0 and s > 1
2

we shall often let Ω = Sn−1 and denote for λ > 0

the trace operator by γ(λ
1
2 ) : Hs,0 → L2(Sn−1), whose action on f ∈ Hs,0 is given by

[γ(λ
1
2 )f ](ω) = f(λ

1
2ω). (2.29)

2.4.1 The limiting absorption principle

For z /∈ σ(H) we let R(z) = (H − z)−1. In this section we show in what sense R(z)

assumes boundary values along the positive real axis, as limits of values from the upper

and lower half plane. Since (0,∞) ⊂ σ(H) we see that such limits cannot exist in B(H),

however we will see that when considered in weaker topologies (that of B(H0,t, H0,−t) for

t > 1
2
) such limits do exist.

This fact is known as the limiting absorption principle and has its origins in the

work of Ignatowski [79], who considered the propagation of electromagnetic waves in a

wire, and Friedrichs [67] who established the existence of related limits to construct some

explicit wave operators. The terminology limiting absorption principle was introduced by

Svešnikov [156, 157]. The limiting absorption principle was used by Kato [92] and Kuroda

[102, 103] and established more generally in the work of Văınberg [159]. Proofs of the

limiting absorption principle can be found in many texts on scattering theory, however the

proof presented here follows closely those of Agmon [3, Section 4], Kuroda [106, Chapter

5] and Yafaev[164, Chapter 6].

The proof is rather long and so will be broken into a number of intermediate steps, the

first of which is to prove the limiting absorption principle forH0. We letR0(z) = (H0−z)−1



CHAPTER 2. SCATTERING THEORY FOR SCHRÖDINGER OPERATORS 36

and consider R0(z) as an analytic operator valued function on C \ [0,∞) with values in

B(H0,t, H2,−t) for any t > 1
2
.

Lemma 2.4.2. Let t > 1
2

and f, g ∈ H0,t. Then for any λ ∈ (0,∞) the limits

〈R0(λ± i0)f, g〉 := lim
ε→0
〈R0(λ± iε)f, g〉 (2.30)

exist. Furthermore, for any λ ∈ (0,∞) and f ∈ H0,t the limit

R0(λ± i0)f := lim
ε→0

R0(λ± iε)f, (2.31)

taken in the weak topology of H2,−t, exists in H2,−t.

Proof. Let t > 1
2

and f, g ∈ H0,t. We show that the function F : C \ [0,∞)→ C given by

F (z) = 〈R0(z)f, g〉 has continuous boundary values on both sides of (0,∞) (that is for

λ ∈ (0,∞) the limits limε→0 F (λ± iε) exist and are continuous in λ). By a version of the

elliptic estimate [3, Theorem A.1] we have

||R0(z)f ||H2,−t ≤ C ||f ||H0,t (2.32)

for all f ∈ H0,t and z ∈ C \ R+ such that K−1 ≤ |z| ≤ K for fixed K > 1. For g ∈ H2,−t

we obtain

|F (z)| = |〈R0(z)f, g〉| ≤ ||R0(z)f ||H2,−t ||g||H−2,t ≤ C ||f ||H0,t ||g||H0,t (2.33)

for another constant C and K−1 ≤ |z| ≤ K. The estimate (2.33) shows that it suffices

to prove that F assumes continuous boundary values on both sides of (0,∞) on a dense

subset of H0,t. So for f, g ∈ C∞c (Rn) we have by Equation (2.16) that

F (z) = 〈R0(z)f, g〉 = 〈FR0(z)f,Fg〉 =

∫
Rn

[Ff ](ξ)[Fg](ξ)

|ξ|2 − z
dξ

=
1

2

∫ ∞
0

∫
Sn−1

k
n−2
2

k − z
[Ff ](k

1
2ω)[Fg](k

1
2ω) dω dk.

This is a Cauchy type integral, which in the limit can be evaluated using the Plemelj

formula [131, Chapter 14] (see also [161, Theorem 9.8]) to obtain

lim
ε→0
〈R0(λ± iε)f, g〉 (2.34)

= ±πiλ
n−2
2

2

∫
Sn−1

[Ff ](λ
1
2ω)[Fg](λ

1
2ω) dω + P.V.

(∫
Rn

[Ff ](ξ)[Fg](ξ)

|ξ|2 − λ
dξ

)
,

where the last integral is singular and taken in the principal value sense. Applying [121,

Theorem 20.1] (see also [17, Theorem 2]) to Equation (2.34) shows that F admits continu-
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ous boundary values on both sides of (0,∞). The existence of the limits in Equation (2.34)

shows that for f ∈ H0,t the limit

lim
ε→0

R0(λ± iε)f, (2.35)

taken in the weak topology of H0,−t, exists in H0,−t. Then R0(z)f is bounded near λ

when considered as a function with values in H2,−t by the estimate (2.32). The weak

compactness of the unit ball in H2,−t then shows that the limit (2.35) exists also in H2,−t

and is by definition given by the function R0(λ± i0)f of Equation (2.31).

Corollary 2.4.3. For any t > 1
2

and f ∈ H0,t we have the identity

Im (〈R0(λ± i0)f, f〉) = ±πλ
1
2

2

∫
Sn−1

|[γ(λ
1
2 )Ff ](ω)|2 dω, (2.36)

where γ is defined by Equation (2.29).

Proof. The result follows immediately by taking f = g in Equation (2.34) and then taking

the imaginary part.

Corollary 2.4.4. For any t > 1
2
, f ∈ H0,t and λ ∈ (0,∞) the function ψ = R0(λ± i0)f

satisfies the differential equation

(H0 − λ)ψ = f (2.37)

in the sense of distributions.

Proof. For any ϕ ∈ C∞c (Rn) and z /∈ R we have the relation

〈R0(z)f, (H0 − z)ϕ〉 = 〈f, ϕ〉.

By Lemma 2.4.2 we thus have for λ ∈ (0,∞) the equalities

〈f, ϕ〉 = lim
ε→0
〈R0(λ± iε)f, (H0 − λ)ϕ〉 = 〈ψ, (H0 − λ)ϕ〉 = 〈(H0 − λ)ψ, ϕ〉.

Since this holds for all ϕ ∈ C∞c (Rn), we find (H0−λ)ψ = f in the sense of distributions.

We will now show that the weak limits (2.31) exist in a stronger sense.

Theorem 2.4.5 (Limiting absorption principle for H0). Consider the resolvent operator

R0(z) = (H0 − z)−1. Then for any λ ∈ (0,∞) and t > 1
2

the limits

lim
ε→0

R0(λ± iε) =: R0(λ± i0) (2.38)

exist in the uniform operator topology of B(H0,t, H2,−t)
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Proof. Let C± = {z ∈ C : ±Im(z) > 0} and C± = C±∪(0,∞). Define the operator-valued

functions R±0 : C± → B(H0,t, H2,−t) by

R±0 (z) =

R0(z), if ± Im(z) > 0,

R0(λ± i0), if z = λ ∈ (0,∞).
(2.39)

From Lemma 2.4.2 we have that theR±0 define weak operator topology continuous operator-

valued functions on C±. We now show that R±0 are actually continuous on C± in the

uniform operator topology of B(H0,t, H2,−t). Since for u ∈ H2−,t we have that ||u||H2,−t

is equivalent, via the elliptic estimate [76, p. 283], to ||·||eq = ||·||H0,−t + ||H0·||H0,−t it

suffices to show that both R±0 and H0R
±
0 are continuous in the uniform operator topol-

ogy of B(H0,t, H0,−t). Since H0R
±
0 (z) = Id + zR±0 (z) it further suffices to show that the

operators R±0 are continuous in the uniform operator topology of B(H0,t, H0,−t). We will

prove this in several steps.

First we show that R±0 are continuous on C± in the strong topology of B(H0,t, H0,−t).

Note that the inclusion H2,−m ↪→ H0,−t is compact for any m < t (a consequence of

Rellich’s compactness theorem, see Theorem 2.2.5 (b)), and that for f ∈ H0,t we have

R0(z)f ∈ H2,−m for any m > 1
2
. Then for z0 ∈ C± we have

R±0 (z0)f := lim
z→z0

R±0 (z)f (2.40)

exists in H0,−t by the continuity of R0(z) ∈ B(H0,t, H2,−t) and so in B(H0,t, H0,−t) by

compactness of the inclusion map H2,−t ↪→ H0,−t. For z0 ∈ (0,∞) we use that the

limit (2.31) exists to see that the limit (2.40) holds in H2,−t and thus R0(z0) defines an

operator in B(H0,t, H2,−t) and so also in B(H0,t, H0,−t) by compactness of the inclusion

H2,−t ↪→ H0,−t. Thus we have shown that R±0 are continuous on C± in the strong topology

of B(H0,t, H0,−t).

Let (zk) ⊂ C± and (fj) ⊂ H0,t be sequences with zk → z0 ∈ C± and lim fj = f ∈ H0,t

in the weak topology of H0,t. Then we can compute for any g ∈ H0,t that

lim
j→∞
〈R∓0 (zj)fj, g〉 = lim

j→∞
〈fj, R±0 (zj)g〉 = 〈f,R±0 (z0)g〉 = 〈R∓0 (z0)f, g〉.

Hence we find the existence of the limit

lim
j→∞

R±0 (zj)fj = R±0 (z0)f (2.41)

in the weak topology of H0,−t, considered as the dual of H0,t. The estimate (2.32) shows

that the sequence (R±0 (zj)fj) is bounded in H2,−m for any m > 1
2
. The compactness of

the inclusion H2,−m ↪→ H0,−t for m < t then shows that the existence of the limit (2.41)
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gives the existence of the limit

lim
j→∞

R±0 (zj)fj = R±0 (z0)f (2.42)

in the strong topology of H0,−t also. We now show that it follows from Equation (2.42)

that R±0 is continuous on C± in the uniform operator topology of B(H0,t, H0,−t). Suppose

for contradiction that R±0 is not continuous on C± in the uniform operator topology of

B(H0,t, H0,−t). Then there exists a sequence (zj) ⊂ C± with zj → z0 ∈ C± and a sequence

(fj) ⊂ H0,t with ||fj||H0,t = 1 such that

lim
j→∞

∣∣∣∣(R±0 (zj)−R±0 (z0))fj
∣∣∣∣
H0,−t > 0. (2.43)

We can assume (after passing to a subsequence if necessary) the existence of the weak

limit limj→∞ fj =: f ∈ H0,t in the weak topology of H0,t. Then by Equation (2.42) we

have

lim
j→∞

R±0 (zj)fj = R±0 (z0)f = lim
j→∞

R±0 (z0)fj,

in H0,−t (with the limits in the strong topology), which contradicts the inequality (2.43).

Definition 2.4.6. A function ψ ∈ H2,0
loc will be called k-outgoing (for ‘+’) or k-incoming

(for ‘−’) if for k > 0 the relation

ψ = R0(k2 ± i0)f (2.44)

holds for some f ∈ H0,t and t > 1
2
. Here the subscript loc denotes that ψ is locally

integrable, that is ψ ∈ H2,0(K) for any compact K ⊂ Rn,

Lemma 2.4.7. Let ψ ∈ H2,0
loc be a k-outgoing (or k-incoming) function satisfying the

differential equation

(H0 + V )ψ = k2ψ (2.45)

for some V satisfying Assumption 2.2.14. Then ψ ∈ H0,t for all t ∈ R.

Proof. We shall provide a proof for ψ outgoing, the proof for ψ incoming being similar.

Since ψ is outgoing there exists t0 >
1
2

and f ∈ H0,t0 such that ψ = R0(k2 + i0)f . Then

we compute

(H0 − k2)ψ = (H0 − k2)
(

lim
ε→0

R0(k2 + iε)f
)

= lim
ε→0

(H0 − k2)R0(k2 + iε)f

= lim
ε→0

(
f + iεR0(k2 + iε)f

)
= f,
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by Theorem 2.4.5. By Equation (2.45) we have f = −V ψ. By Corollary 2.4.3 and the

fact that V is real-valued, evaluating Ff on the sphere of radius k we find

kn−1

∫
Sn−1

|[Ff ](kω)|2 dω =
2k

π
Im
(
〈R0(k2 + i0)f, f〉

)
= −2k

π
Im (〈ψ, V ψ〉) = 0. (2.46)

This shows that the restriction of Ff to the sphere of radius k vanishes and so by [3,

Theorem 3.2] we have the function h : Rn → C defined by h(ξ) = [Ff ](ξ)(|ξ|2 − k2)−1 is

such that h ∈ L1
loc(Rn) (that is h ∈ L1(K) for all K ⊂ Rn compact). Define ψ ∈ H0,−t0

by ψ = limε→0R0(k2 + iε)f and let g ∈ S(Rn). We compute that

〈ψ, g〉 = lim
ε→0
〈R0(k2 + iε)f, g〉 = lim

ε→0

∫
Rn

[Ff ](ξ)[Fg](ξ)

|ξ|2 − k2

|ξ|2 − k2

|ξ|2 − k2 − iε
dξ

=

∫
Rn

[Ff ](ξ)

|ξ|2 − k2
[Fg](ξ) dξ, (2.47)

where we have used that ψ ∈ H0,−t0 , the unitarity of F and Lebesgue’s dominated

convergence theorem. Thus Fψ ∈ L1
loc(Rn) and since Equation (2.47) holds for all

g ∈ S(Rn), we find Fψ = h in the sense of distributions. Then by [3, Theorem 3.3]

we have ψ ∈ H2,t ⊂ H0,t for all t ∈ R, which proves the result.

We can now state and prove the limiting absorption principle for general Schrödinger

operators. For z ∈ C \ σ(H) we let R(z) = (H − z)−1 considered as an analytic operator

valued function on C \ σ(H) with values in B(H0,t, H2,−t) for any t > 1
2
.

Theorem 2.4.8 (Limiting absorption principle for H). Suppose that V satisfies Assump-

tion 2.2.14 for some ρ > 2 and consider the operator R(z) = (H − z)−1. Then for any

λ ∈ (0,∞) the limits

R(λ± i0) := lim
ε→0

R(λ± iε) (2.48)

exist in the uniform operator topology of B(H0,t, H2,−t) for any t > 1
2
.

Proof. We prove the theorem for R(λ+i0) since the proof for R(λ−i0) is similar. Without

loss of generality we suppose that t ∈
(

1
2
, 1

2
+ ε
)

for some ε > 0. We choose ε sufficiently

small so that V defines a compact operator from H2,− 1
2
−ε to H0, 1

2
+ε (possible by Rellich’s

compactness theorem since |V (x)| ≤ C(1 + |x|)−ρ for some ρ > 1 and almost all x ∈ Rn).

For any z ∈ C+ we define Q(z) ∈ B(H2,−t, H2,−t) by

Q(z)ψ = R0(z + i0)V ψ. (2.49)

From Theorem 2.4.5 and the compactness of V as an operator from H2,−t to H0,t we have

that Q(z) defines a compact operator for every z ∈ C+, and that the operator-valued

function Q is continuous on C+ in the uniform operator topology of B(H2,−t, H2,−t).
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For Im(z) > 0 we can use the resolvent equation

R(z) = R0(z)−R0(z)V R(z) (2.50)

and the definition of Q(z) to see that for any f ∈ H and ψ = R(z)f ∈ H2,0 we have

(Id +Q(z))ψ = R0(z)f. (2.51)

We see, by varying f , that H2,0 ⊂ Range(Id + Q(z)) ⊂ H2,−t. Since the closure of the

domain of the Laplacian with respect to the weight Rn 3 x 7→ (1 + |x|2)−
t
2 is H2,−t we

find Range(Id +Q(z)) = H2,−t. Standard Fredholm theory (see [106, Proposition 5.2.1])

then shows that the inverse (Id +Q(z))−1 exists in B(H2,−t, H2,−t).

Now we let z = λ ∈ (0,∞). Then the analytic Fredholm alternative says that Id+Q(λ)

is invertible if and only if −1 is not an eigenvalue of Q(λ). We now show that for λ > 0,

−1 is an eigenvalue of Q(λ) if and only if λ is an eigenvalue of H.

So we suppose that −1 is an eigenvalue of Q(λ) and that ψ ∈ H2,−t is a corresponding

eigenfunction. The definition of Q shows that ψ = −R0(λ + i0)V ψ which implies that

ψ is a λ
1
2 -outgoing solution of the equation (H0 + V )ψ = λψ. By Lemma 2.4.7 we see

that ψ ∈ H0,t0 for all t0 ∈ R. So Ff ∈ C∞(Rn) and hence f has rapid decay. Thus

f ∈ Dom(H0) and λ is an eigenvalue of H, contradicting the fact that H has no positive

eigenvalues.

Conversely, we suppose that λ > 0 is an eigenvalue of H with corresponding eigen-

function ψ ∈ Dom(H). Using Equation (2.50) we find that ψ+R0(z)V ψ = (λ−z)R0(z)ψ

for z ∈ C+. Taking the limit as z → λ we find ψ + R+
0 (λ)V ψ = 0 and thus −1 is an

eigenvalue of Q(λ). Since H has no positive eigenvalues we find that (Id +Q(z))−1 exists

for all z ∈ C+.

Since Q is continuous on C+ in the uniform operator topology of B(H2,−t, H2,−t),

it follows that the operator-valued function (Id + Q(z))−1 is also continuous on C+ in

the uniform operator topology of B(H2,−t, H2,−t). The resolvent equation (2.50) and the

definition of Q give us that

R(z) = (Id +Q(z))−1R0(z) (2.52)

for Im(z) > 0. Using the continuity properties of (Id +Q(z))−1 and R0(z) it follows that

the limits

lim
ε→0

R(λ+ iε) = (Id +Q(λ))−1R0(λ+ i0) (2.53)

exist in the uniform operator topology of B(H0,t, H2,−t).
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Corollary 2.4.9. For any t > 1
2

and f ∈ H0,t we have

R(λ± i0)f = R0(λ± i0)f −R0(λ± i0)V R(λ± i0)f. (2.54)

In particular, ψ+ = R(λ + i0)f is a λ
1
2 -outgoing solution and ψ− = R(λ − i0)f is a

λ
1
2 -incoming solution of the differential equation

(H0 + V )ψ = f. (2.55)

Proof. Using the continuity properties of R(z) established in Theorem 2.4.8 we obtain

Equation (2.54) immediately from Equation (2.50). The fact that ψ+ = R(λ + i0)f is a

λ
1
2 -outgoing solution was established and used in the proof of Theorem 2.4.8.

We conclude this section by using similar methods to determine the high energy

behaviour of the resolvent. The result is the following.

Lemma 2.4.10. Suppose that ρ > n+1
2

in Assumption (2.2.14) and define the complex

domain C+ = {z ∈ C : Re(z) ≥ 1 and Im(z) > 0} and t ∈ (1
2
, ρ − 1

2
). Then V R0(z) and

(Id +V R0(z))−1 can be extended to continuous and uniformly bounded functions from C+

to B(H0,t, H0,t). Similarly, R0(z)V and (Id + R0(z)V )−1 can be extended to continuous

and uniformly bounded functions from C+ to B(H0,−t, H0,−t).

Proof. Since for any ρ > n+1
2

and t ∈ (1
2
, ρ − 1

2
) we have R0(z) ∈ B(H0,t, H0,t−ρ) is

continuous in z ∈ C+ by [85, proof of Lemma 3.1], and since V ∈ B(H0,t−ρ, H0,t) by

assumption, we find that V R0(z) ∈ B(H0,t, H0,t) for any t ∈ (1
2
, ρ− 1

2
).

Since V R0(z) is compact and has no eigenvalue −1 for z ∈ C+ (see the discussion in

the proof of Theorem 2.4.8), the operator (Id + V R0(z))−1 ∈ B(H0,t, H0,t) exists and is

continuous in z ∈ C+. By [120, Theorem 1] we have that V R0(z) → 0 as |z| → ∞ in

C+ in the norm of B(H0,t, H0,t) for any t > 1
2
, so that the operator (Id + V R0(z))−1 is

uniformly bounded. A similar computation (or duality) can be used to prove the second

claim.

2.4.2 Generalised eigenfunctions and stationary wave operators

In this section we use the spectral properties of H0 in conjunction with the limiting

absorption principle to define a family of ‘generalised eigenfunctions’ for the operator H.

Definition 2.4.11. For each λ > 0 and ω ∈ Sn−1 the function ψ0(·, ω, λ) : Rn → C
defined by

ψ0(x, ω, λ) = eiλ
1
2 〈x,ω〉
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satisfies the relation [H0ψ0(·, ω, λ)](x) = λψ0(x, ω, λ) and thus defines a ‘generalised eigen-

function’ for the continuous spectrum of H0.

We now demonstrate how the generalised eigenfunctions give rise to Stone’s formula,

relating the spectral measure for H0 to the limiting absorption principle.

Theorem 2.4.12. For λ > 0 we have for t > 1
2
, the operator B(λ) ∈ B(H0,t, H0,−t) by

B(λ) = R0(λ+ i0)−R0(λ− i0) is an integral operator with kernel

R0(x, y, λ+ i0)−R0(x, y, λ− i0) =
i

2
λ
n−2
2 (2π)−(n−1)

∫
Sn−1

eiλ
1
2 〈ω,x−y〉 dω, (2.56)

for x, y ∈ Rn.

Proof. Fix λ > 0. From Corollary 2.4.3 we have for any f ∈ H0,t with t > 1
2

the relation

1

2i
〈(R0(λ+ i0)−R0(λ− i0)) f, f〉 =

πλ
n−2
2

4

∫
Sn−1

|[γ(λ
1
2 )Ff ](ω)|2 dω.

So we compute that∫
Sn−1

|[γ(λ
1
2 )Ff ](ω)|2 dω

= (2π)−n
∫
Sn−1

(∫
Rn
f(x)eiλ

1
2 〈x,ω〉 dx

)(∫
Rn
f(y)e−iλ

1
2 〈y,ω〉 dy

)
dω

= (2π)−n
∫
Rn

∫
Rn
f(x)f(y)

(∫
Sn−1

e−iλ
1
2 〈y−x,ω〉 dω

)
dy dx.

We next note that

〈(R0(λ+ i0)−R0(λ− i0)) f, f〉 =

∫
Rn

[(R0(λ+ i0)−R0(λ− i0)) f ] (x)f(y) dy

=

∫
Rn

∫
Rn

(R0(x, y, λ− i0)−R0(x, y, λ+ i0)) f(x)f(y) dy dx.

Since f ∈ H0,t was arbitrary, the claim follows.

Using the limiting absorption principle, one can define analogous generalised eigen-

functions for the operator H.

Proposition 2.4.13 (Lippmann-Schwinger). Suppose that V satisfies Assumption 2.2.14

for some ρ > n+1
2

. Then for all λ > 0, ω ∈ Sn−1 and m ∈
(
n
2
, ρ− n

2

)
there is a unique

solution ψ± ∈ H0,−m to

ψ±(x, ω, λ) = ψ0(x, ω, λ)− [R0(λ± i0)V ψ±(·, ω, λ)](x), x ∈ Rn. (2.57)
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This solution is given by the equation

ψ±(x, ω, λ) = ψ0(x, ω, λ)− [R(λ± i0)V ψ0(·, ω, λ)](x). (2.58)

Furthermore, for each fixed λ > 0 and ω ∈ Sn−1 we have

[Hψ±(·, ω, λ)](x) = λψ±(x, ω, λ). (2.59)

Proof. First note that for all s ∈ (1
2
, ρ − n

2
) we have V ψ0(·, ω, λ) ∈ H0,s. So defining ψ±

by Equation (2.58) we find that ψ±(·, ω, λ) ∈ H0,−m for all m > n
2
. Apply the operator

Id+R0(λ∓i0)V to both sides of Equation (2.58) in conjunction with the resolvent identity

(Id +R0(z)V )(Id−R(z)V ) = Id (2.60)

gives that ψ±(·, ω, λ) satisfies Equation (2.57). If ϕ±(·, ω, λ) ∈ H0,−m were another solu-

tion to Equation (2.57), we apply the operator Id−R(λ∓ i0)V to both sides of Equation

(2.57) in conjunction with (the adjoint of) Equation (2.60) to see that ϕ± = ψ±. Equation

(2.59) then follows from Corollary 2.4.9.

Equations (2.57) and (2.58) are known as the Lippmann-Schwinger equations and

were first introduced in a different form in [111, 112]. Equation (2.59) shows that the

ψ± define generalised eigenfunctions of the continuous spectrum of H. We now consider

the asymptotics of the generalised eigenfunctions ψ± as |x| → ∞. To do so requires the

introduction of the following operator.

Definition 2.4.14. Define for λ > 0 and t > 1
2

the operator Γ0(λ) : H0,t → P by

[Γ0(λ)f ](ω) = [F0f ](λ, ω) = 2−
1
2λ

n−2
4 [Ff ](λ

1
2ω), ω ∈ Sn−1,

with F0 from Definition 2.2.7.

Proposition 2.4.15. For λ > 0 and t > 1
2

the operator Γ0(λ) : H0,t → P and its formal

adjoint Γ0(λ)∗ : P → H0,−t are uniformly bounded on compact intervals. Moreover, the

operator-valued function Γ0(λ) is strongly continuous in λ > 0.

Proof. For f ∈ H0,t and λ > 0 we use the estimate (2.32) to obtain for λ in some compact

interval the bound

||Γ0(λ)f ||2 = lim
ε→0

ε ||R0(λ± iε)f ||2 ≤ C ||f ||H0,t

2
,

and thus Γ0(λ) is uniformly bounded. To see that Γ0(λ) is strongly continuous in λ > 0

we fix µ, λ > 0 and compute that

|[(Γ0(µ)− Γ0(λ))f ](ω)|2 = |[Γ0(µ)f ](ω)|2 + |[Γ0(λ)f ](ω)|2 − 2Re([Γ0(µ)f ](ω)[Γ0(λ)f ](ω)).
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So we write

[Γ0(µ)f ](ω)[Γ0(λ)f ](ω) =
(λµ)

n−2
4

2(2π)n

(∫
Rn

e−iµ
1
2 〈x,ω〉f(x) dx

)(∫
Rn

eiλ
1
2 〈x,ω〉f(x) dx

)
,

which converges to |[Γ0(λ)f ](ω)|2 as µ→ λ. Thus we find

||(Γ0(µ)− Γ0(λ))f ||2 =

∫
Sn−1

|[(Γ0(µ)− Γ0(λ))f ](ω)|2 dω → 0

as µ→ λ, so that Γ0(λ) is strongly continuous in λ.

We can use the operator Γ0(λ) to obtain the asymptotics of ψ± in terms of scattering

data. To do so requires the following definition.

Definition 2.4.16. For r, λ > 0 we define the outgoing and incoming spherical waves by

w±(r, λ) = r−
n−1
2 e±iλ

1
2 r∓iπ n−3

2 . (2.61)

Theorem 2.4.17. Suppose that V satisfies Assumption 2.2.14 for some ρ > n+1
2

. Then

for fixed ω ∈ Sn−1 and λ > 0, with ψ±(·, ω, λ) as in Proposition 2.4.13, we have as

|x| → ∞ that

ψ±(x, ω, λ) = ψ0(x, ω, λ) + a±(x̂, ω, λ)w∓(|x|, λ) + oav(|x|−
n+1
2 ), (2.62)

where for x 6= 0 we have defined x̂ = |x|−1x. The coefficient a± can be recovered by the

formula

a±(θ, ω, λ) = −π
1
2λ−

1
4 [Γ0(λ)V ψ±(·, ω, λ)](∓θ), (2.63)

with θ, ω ∈ Sn−1 and λ > 0.

Here oav denotes a Cesaro averaged asymptotics. We refer to 2.4.17 [164, Theorem

6.7.4] for the proof, which relies on the method of stationary phase. Our only use of

Theorem 2.4.17 is in Section 4.2 to develop intuition for the form of the wave operator

and thus the details are not necessary here.

Definition 2.4.18. For fixed ω ∈ Sn−1 and λ > 0 the coefficient a−(·, ω, λ) : Sn−1 → C
of the outgoing spherical wave in the asymptotics (2.62) is called the scattering amplitude

for the energy λ and direction ω.

We will justify the name scattering amplitude in Lemma 2.4.33.

For λ > 0, the operator Γ0(λ) is related to the limiting absorption principle via Stone’s

formula 2.4.12.
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Lemma 2.4.19. For λ > 0 and t > 1
2

the operator Γ0(λ)∗Γ0(λ) : H0,t → H0,−t satisfies

2πiΓ0(λ)∗Γ0(λ) = R0(λ+ i0)−R0(λ− i0).

In particular, 2πiΓ0(λ)∗Γ0(λ) is an integral operator with kernel given by Equation (2.56).

Proof. For t > 1
2
, λ > 0, f ∈ H0,t and x ∈ Rn we check that

[Γ0(λ)∗Γ0(λ)f ](x) = 2−
1
2 (2π)−

n
2 λ

n−2
4

∫
Sn−1

eiλ
1
2 〈ω,x〉[Γ0(λ)f ](ω) dω

= 2−1(2π)−nλ
n−2
2

∫
Sn−1

eiλ
1
2 〈x,ω〉

(∫
Rn

e−iλ
1
2 〈y,ω〉f(y) dy

)
dω

=
λ
n−2
2

2(2π)n

∫
Rn

(∫
Sn−1

e−iλ
1
2 〈y−x,ω〉 dω

)
f(y) dy.

Since f ∈ H0,t was arbitrary, a comparison with Equation (2.56) gives the result.

We now factorise the potential V in order to use the integral kernels defined by

Theorem 2.4.12 and Lemma 2.4.19 to define trace class operators, which we shall use

extensively in Chapter 5. For x ∈ Rn we introduce the notation

v(x) = |V (x)|
1
2 , U(x) =

1, if V (x) ≥ 0,

−1, if V (x) < 0,
(2.64)

so that V = vUv.

Lemma 2.4.20. Suppose that g1, g2 : Rn → C are compactly supported with g = g1g2.

For λ > 0 define the operator B(λ) ∈ B(H) by B(λ) = g1 (R0(λ+ i0)−R0(λ− i0)) g2.

Then B(λ) ∈ L1(H) and

Tr (B(λ)) =
(2πi)λ

n−2
2 Vol(Sn−1)

2(2π)n

∫
Rn
g(x) dx.

Furthermore, for t > 1
2

and λ > 0 we have the equality R0(λ + i0) − R0(λ − i0) =

2πiΓ0(λ)∗Γ0(λ) as operators in B(H0,t, H0,−t).

Proof. Fix t > 1
2

and λ > 0. As an operator in B(H0,t, H0,−t) we have (see [3, Equation

4.3] and [6, Equation 15]) that A(λ) = R0(λ + i0) − R0(λ − i0) is an integral operator

with integral kernel

A(λ, x, y) =
(2πi)

2(2π)n
λ
n−2
2

∫
Sn−1

eiλ
1
2 〈ω,x−y〉 dω,

for x, y ∈ Rn. Direct computation shows that the integral kernel of (2πi)Γ0(λ)∗Γ0(λ) is

the same as that of A(λ).
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That B(λ) is trace class is proved in [73, Lemma III.2] (see also the comments on

the bottom of page 32), however we provide an alternative proof. For any t > 1
2

direct

computation shows that g1Γ0(λ)∗ ∈ L2(P ,H) and Γ0(λ)g2 ∈ L2(H,P) and thus B(λ) ∈
L1(H).

We can then compute the trace of B(λ) by integrating along the diagonal, which

completes the proof.

Remark 2.4.21. The assumption of compact support on the potential V is stronger than

necessary to guarantee that the operator B(λ) is trace class. It is sufficient that the

multiplication operators corresponding to g1, g2 map H into H0,t for some t > 1
2
. The

computation of the trace of B(λ) was first done by Buslaev [36] (see also Newton [124]

and Bollé and Osborn [31]).

In fact we can differentiate B(λ) arbitrarily in λ in the trace norm.

Lemma 2.4.22. Suppose that g1, g2 are compactly supported and g = g1g2. For λ > 0

define the operator B(λ) ∈ L1(H) by B(λ) = g1 (R0(λ+ i0)−R0(λ− i0)) g2. Then B(λ)

is differentiable in λ in the norm of L1(H) and for all ` ∈ N we have

d`−1

dλ`−1
B(λ) = (`− 1)!g1

(
R0(λ+ i0)` −R0(λ− i0)`

)
g2. (2.65)

In particular for λ > 0 and ` ∈ N we have that g1

(
R0(λ+ i0)` −R0(λ− i0)`

)
g2 has for

x, y ∈ Rn the integral kernel

(2πi)Γ
(
n
2

)
λ
n
2
−`

2(`− 1)!Γ
(
n
2

+ 1− `
)

(2π)n
g1(x)g2(y)

∫
Sn−1

e−iλ
1
2 〈ω,y−x〉 dω + Ã(λ, x, y)

where Ã(λ, ·, ·) vanishes on the diagonal and thus

Tr
(
g1

(
R0(λ+ i0)` −R0(λ− i0)`

)
g2

)
=

(2πi)Γ
(
n
2

)
λ
n
2
−`Vol(Sn−1)

2(`− 1)!Γ
(
n
2

+ 1− `
)

(2π)n

∫
Rn
g(x) dx.

(2.66)

Proof. That B(λ) is differentiable is proved in [164, Lemma 8.1.8] and so we obtain

Equation (2.65). Differentiating (`− 1) times the integral kernel for B(λ) we obtain

d`−1

dλ`−1
B(λ, x, y) =

(2πi)

2(2π)n
g1(x)g2(y)

`−1∑
j=0

(
`− 1

j

)(
dj

dλj
λ
n−2
2

)
d`−1−j

dλ`−1−j

∫
Sn−1

eiλ
1
2 〈ω,x−y〉 dω.

By factoring as the product of two Hilbert-Schmidt operators as in Lemma 2.4.20, each

term in the sum is individually trace class. All terms except the j = ` − 1 term vanish

on the diagonal since they contain an 〈ω, x − y〉j term, so integrating over the diagonal

gives Equation (2.66).
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Remark 2.4.23. The differentiability of B(λ) and Equation (2.65) can be checked directly

at the level of kernels. Doing so demonstrates that again the assumption of compact

support is stronger than necessary, it is enough that the multiplication operators (1 + | ·
|)`g1, (1 + | · |)`g2 map H into H0,t for some t > 1

2
.

In fact we can easily generalise the above result to all positive integer powers of A(λ)

and B(λ) as follows.

Lemma 2.4.24. Suppose that V satisfies Assumption 2.2.14 for some ρ > 2n. For λ > 0

define the operators A(λ) ∈ B(H) and B(λ) ∈ B(P) by A(λ) = (Γ0(λ)V Γ0(λ)∗ and

B(λ) = v(R0(λ+ i0)−R0(λ− i0))Uv. Then we have

Tr(A(λ)`) = (2πi)−`Tr(B(λ)`)

for all ` ∈ N.

Proof. That A(λ)` and B(λ)` are trace class follows from the fact that A(λ) and B(λ)

are. We first write down the integral kernels explicitly and then integrate to show the

traces are the same. Fix λ > 0 and compute for any f ∈ Hs,t that

[Γ0(λ)∗Γ0(λ)f ](x) = 2−
1
2λ

n−2
4 (2π)−

n
2

∫
Sn−1

eiλ
1
2 〈x,ω〉[Γ0(λ)f ](ω) dω

= 2−1λ
n−2
4 (2π)−n

∫
Sn−1

∫
Rn

e−iλ
1
2 〈ω,y−x〉f(y) dy dω

=
1

2πi
[(R0(λ+ i0)−R0(λ− i0))f ](x),

where we have applied Theorem 2.4.12 for the final equality. We can thus determine the

expression

A(λ)` = (Γ0(λ)V Γ0(λ)∗)`

= Γ0(λ)V (Γ0(λ)∗Γ0(λ)V )`−1Γ0(λ)∗

= (2πi)−(`−1)Γ0(λ)V ((R0(λ+ i0)−R0(λ− i0))V )`−1Γ0(λ)∗

= (2πi)−(`−1)Γ0(λ)V B(λ)`−1Γ0(λ)∗.

Noting the identity Γ0(λ)∗Γ0(λ) = (2πi)−1(R0(λ+ i0)−R0(λ− i0)) we find using cyclicity

of the trace that

Tr(A(λ)`) = (2πi)−(`−1)Tr(Γ0(λ)V B(λ)`−1Γ0(λ)∗) = (2πi)−`Tr(B(λ)`).

We can also show the equality of traces at the level of integral kernels, however this is not

necessary.

We now use the operator Γ0(λ) to construct a generalised Fourier transform which
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diagonalises the perturbed Hamiltonian H.

Definition 2.4.25. Define for λ > 0 and t > 1
2

the operators Γ±(λ) : H0,t → P by

Γ±(λ) = Γ0(λ)(Id− V R(λ± i0)).

Proposition 2.4.26. For λ > 0 and t > 1
2

the operators Γ±(λ) : H0,t → P and their for-

mal adjoints Γ±(λ)∗ : P → H0,−t are uniformly bounded on compact intervals. Moreover,

the operator-valued functions Γ±(λ) are strongly continuous in λ > 0.

Proof. This follows from Lemma 2.4.15 and the limiting absorption principle for H (The-

orem 2.4.8).

Definition 2.4.27. For s ∈ R and t > 1
2

we define the generalised Fourier transforms

F± : Hs,t → Hspec by

[F±f ](λ, ω) = [Γ±(λ)f ](ω).

Theorem 2.4.28. Suppose that V satsifies Assymption 2.2.14. Then the operators F±

extend by continuity to bounded operators F± : H → Hac which satisfy F±F
∗
± = Id and

F ∗±F± = Pac(H). The operators F± diagonalise H in the sense that for f ∈ Dom(H) and

ϕ : R+ → C measurable we have

[F±ϕ(H)F ∗±f ](λ, ω) = ϕ(λ)f(λ, ω), λ ∈ R+, ω ∈ Sn−1. (2.67)

Proof. First note that for f ∈ H0,t and λ > 0 we have the limits

π−1 lim
ε→0

ε ||R0(λ± iε)f ||2 = lim
ε→0
〈(R0(λ+ iε)−R0(λ− iε))f, f〉 = |Γ0(λ)f |2.

The limiting absorption principle also gives us for λ > 0 the limit

lim
ε→0
||V R(λ+ iε)f − V R(λ+ i0)f ||H0,t = 0.

Combining these, we find for any f ∈ H0,t and λ > 0 that

|Γ±(λ)f |2 = |Γ0(λ)(Id− V R(λ± i0))f |2

= π−1 lim
ε→0

ε ||R0(λ± iε)(Id− V R(λ± iε))f ||2

= π−1 lim
ε→0

ε ||R(λ± iε)f ||2

=
d〈Pλf, f〉

dλ
,
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by Stone’s theorem (see [164, Equation (0.1.10)]. Integrating over R+ we find

||F±f ||2 =

∫
R+

|Γ±(λ)f |2 dλ =

∫
R+

d〈Pλf, f〉
dλ

dλ = ||Pac(H)f ||2 ,

which implies F ∗±F± = Pac(H). For the second partial isometry relation, we proceed by

contradiction. Supposing that F±F
∗
± 6= Id, we find there exists g ∈ Hspec such that all

f ∈ H0,t and intervals I ⊂ R+ we have 〈F±PIf, g〉 = 0, which further implies∫
I

〈Γ±(λ)f, g〉 dλ = 0.

Since I is an arbitrary interval we find 〈Γ±(λ)f, g(λ, ·)〉 = 〈f,Γ±(λ)∗g(λ, ·)〉 = 0 for almost

every λ > 0. Since f ∈ H0,t is arbitrary we have Γ±(λ)∗g(λ, ·) = 0 and thus by [164,

Lemma 6.6.4] we find g(λ, ·) = 0 for almost all λ > 0.

To prove the intertwining relation of Equation (2.67), it suffices to check that for all

f ∈ C∞c (Rn) and g ∈ Cc(R+)⊗ L2(Sn−1) that

0 =

∫
R+

〈Γ±(λ)(H − λ)f, g(λ, ·)〉 dλ =

∫
R+

〈f, (H − λ)Γ±(λ)∗g(λ, ·)〉 dλ. (2.68)

We readily check that [H0Γ0(λ)∗g(λ, ·)](x) = λg(λ, x) and so

[(H − λ)Γ±(λ)∗g(λ, ·)](x) = [(H − λ)(Id−R(λ∓ i0)V )Γ0(λ)∗g(λ, ·)](x)

= [(H0 + V − λ)Γ0(λ)∗g(λ, ·)](x)

− [(H − λ)R(λ∓ i0)V Γ0(λ)∗g(λ, ·)](x)

= 0,

which shows that the final integrand of Equation (2.68) is zero.

Theorem 2.4.29. Suppose that V satisfies Assumption 2.2.14 for some ρ > 1. Then for

all t > 1
2

and f, g ∈ H0,t we have

〈W±f, g〉 =

∫ ∞
0

〈Γ0(λ)f,Γ±(λ)f〉 dλ = 〈F0f, F±g〉.

That is the wave operators are given by W± = F ∗±F0.

Proof. We first compute for f, g ∈ H0,t with t > 1
2

that

〈Γ0(λ)f,Γ±(λ)g〉 = 〈Γ0(λ)f,Γ0(λ)(Id− V R(λ± iε))g〉

= (2πi)−1 lim
ε→0
〈(R(λ+ iε)−R(λ− iε))f, (Id− V R(λ± ε))g〉

= π−1 lim
ε→0

ε〈R0(λ± iε)f,R(λ± iε)g〉.
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Then by [164, Lemma 6.6.8] we can compute by bringing the limit inside the integral that

π−1 lim
ε→0

∫
R
〈R0(λ± iε)f,R(λ± ε)g〉 dλ =

∫ ∞
0

〈Γ0(λ)f,Γ±(λ)g〉 dλ. (2.69)

One readily checks using Theorem 2.1.11 that∫ ∞
0

〈Γ0(λ)f,Γ±(λ)g〉 dλ = lim
ε→0

2ε

∫ ∞
0

e−2εt〈eitH0f, e±itHg〉 dt

which gives the result.

Definition 2.4.30. Suppose V satisfies Assumption 2.2.14 for some ρ > n+1
2

. We define

the operators F± : H → H by F± = F±U∗, where U is as in Definition 2.2.7.

For 0 6= ξ ∈ Rn we use the notation

Sn−1 3 ξ̂ = |ξ|−1ξ (2.70)

for the unit vector in the direction of ξ.

Lemma 2.4.31. Suppose V satisfies Assumption 2.2.14 for some ρ > n+1
2

. Let ψ± be the

generalised eigenfunctions for H of Proposition 2.4.13. For f, g ∈ C∞c (Rn) and x, ξ ∈ Rn

we have

[F±f ](ξ) = (2π)−
n
2

∫
Rn
ψ±(x, ξ̂, |ξ|2)f(x) dx, ξ ∈ Rn, (2.71)

and

[F∗±g](x) = (2π)−
n
2

∫
Rn
ψ±(x, ξ̂, |ξ|2)g(ξ) dξ, x ∈ Rn. (2.72)

Proof. For t > n+1
2

, f ∈ H0,t, ω ∈ Sn−1 and λ > 0 we note that

2
1
2λ−

n−2
4 (2π)

n
2 [Γ±(λ)f ](ω) = 〈(Id− V R(λ± i0))f, ψ0(·, ω, λ)〉

= 〈f, (Id−R(λ∓ i0)V )ψ0(·, ω, λ)〉

= 〈f, ψ±(·, ω, λ)〉.

Since ψ± ∈ H0,t, this immediately implies the formula for F±. To determine the adjoint,

we let t > n+1
2

and fix f ∈ H0,t and g ∈ H with compact support in Rn \ {0}. Then we

have

〈F∗±f, g〉 = 〈g,F±f〉 = (2π)−
n
2

∫
Rn
g(ξ)

(∫
Rn
f(x)ψ±(x, ξ̂, |ξ|2) dx

)
dξ.

Since the integral is absolutely convergent, Fubini’s theorem allows us to interchange the
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order of integration and obtain the formula for F∗± as claimed. For arbitrary g ∈ H and

x ∈ Rn one should use the formula

[F∗±g](x) = (2π)−
n
2 lim
r→∞

∫
r−1≤|ξ|≤r

g(ξ)ψ±(x, ξ̂, |ξ|2) dξ,

where the limit is taken in H.

The operators F± can be considered as ‘generalised Fourier transforms’ which di-

agonalise the operator H = H0 + V in the sense that F±HF∗± = M , and share many

interesting properties with the Fourier transform. In particular we note that if V = 0 we

recover the standard Fourier transform and we have the for f ∈ C∞c (Rn) and ξ ∈ Rn the

relation

f(ξ) = [F±F∗±f ](ξ) = (2π)−
n
2

∫
Rn
ψ±(x, ξ̂, |ξ|2)[F∗±f ](x) dx

= (2π)−n
∫
Rn

∫
Rn
ψ±(x, ξ̂, |ξ|2)ψ±(x, ρ̂, |ρ|2)f(ρ) dρ dx

=

∫
Rn

(
(2π)−n

∫
Rn
ψ±(x, ξ̂, |ξ|2)ψ±(x, ρ̂, |ρ|2) dx

)
f(ρ) dρ,

so that the generalised eigenfunctions ψ± gives rise to a delta function, as in the case of

the plane waves ψ0 and the standard Fourier transform.

2.4.3 The scattering matrix

Let S be the scattering operator for the pair (H,H0) as defined in Definition 2.1.9. Since

the scattering operator S satisfies [S,H0] = 0 the spectral theorem asserts that there

exists a family {S(λ)}λ∈R+ of unitary operators on P = L2(Sn−1) such that for all λ ∈ R+

we have [F0SF
∗
0 f ](λ, ω) = S(λ)f(λ, ω). For λ ∈ R+ the operator S(λ) is referred to as the

scattering matrix at energy λ and was first studied by Wheeler [162] and Heisenberg [75].

The term ‘scattering matrix’ is historical and due to the fact that in dimension n = 1

we have L2(S0) = C2, so that the scattering matrix is a bona fide matrix-valued function

S : R+ →M2(C).

For potentials decaying sufficiently fast, Kuroda [104, 105] used stationary scattering

theory to establish an expression for the scattering matrix in terms of the potential and

resolvent using the limiting absorption principal.

Theorem 2.4.32 ([164, Theorem 6.10]). Suppose that V satisfies Assumption 2.2.14.

Then the scattering matrix is given for all λ ∈ (0,∞) by the equation

S(λ) = Id− 2πiΓ0(λ)(V − V R(λ+ i0)V )Γ0(λ)∗. (2.73)

The operator S(λ) is unitary in L2(Sn−1) and depends norm continuously on λ ∈ (0,∞).
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Proof. By Theorem 2.4.29 we can write the wave operators in terms of generalised Fourier

transforms and thus S = W ∗
+W− = (F ∗+F0)∗(F ∗−F0) = F ∗0 (F+F

∗
−)F0. Thus the scattering

matrix is given by S = F+F
∗
−. So to prove that Equation (2.73) defines the scattering

matrix it suffices to check for any t > 1
2

and f ∈ H0,t that S(λ) defined by Equation

(2.73) satisfies

[F+f ](λ, ω) = S(λ)[F−f ](λ, ω), λ ∈ R+, ω ∈ Sn−1,

which by Definition 2.4.27 is equivalent to the relation

Γ+(λ)f = S(λ)Γ−(λ)f. (2.74)

So we compute the right hand side of Equation (2.74) as

S(λ)Γ−(λ)f = Γ−(λ)f − 2πiΓ0(λ)(V − V R(λ+ i0)V )Γ0(λ)∗Γ−(λ)f

= Γ0(λ)(Id− V R(λ− i0))f

− 2πiΓ0(λ)(V − V R(λ+ i0)V )Γ0(λ)∗Γ0(λ)(Id− V R(λ− i0))f

= Γ0(λ)f − Γ0(λ)V R(λ− i0)f

− 2πiΓ0(λ)(V − V R(λ+ i0)V )Γ0(λ)∗Γ0(λ)(Id− V R(λ− i0))f

The left hand side of Equation (2.74) can be written as

Γ+(λ)f = Γ0(λ)f − Γ0(λ)V R(λ+ i0)f.

Taking the difference of the two expressions shows that Equation (2.74) is equivalent to

Γ0(λ)(R(λ− i0)−R(λ+ i0))f

= −2πiΓ0(λ)(V − V R(λ+ i0)V )Γ0(λ)∗Γ0(λ)(Id− V R(λ− i0))f.

We recall the identity 2πiΓ0(λ)Γ0(λ)∗ = R0(λ+ i0)−R0(λ− i0) (see Lemma 2.4.19) and

thus it suffices to check

R(λ+ i0)−R(λ− i0) = V (Id−R(λ+ i0)V )(R0(λ+ i0)−R0(λ− i0))(Id− V R(λ− i0)),

(2.75)

where both sides are considered as mappings from H0,t to H0,−t. For z ∈ ρ(H), Equation

(2.75) follows from resolvent identities (see Equation (2.50)) and for z = λ+ i0 the result

follows by the limiting absorption principle (Theorems 2.4.5 and 2.4.8).

We can use the Lippmann-Schwinger equation to explicitly determine the integral

kernel of the scattering matrix in terms of the scattering amplitude of Definition 2.4.18.
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Lemma 2.4.33. [164, Theorem 6.7.8] Suppose that V satisfies Assumption 2.2.14 for

some ρ > n+1
2

. Then for λ > 0 the operator S(λ)− Id ∈ B(P) is an integral operator with

integral kernel

S̃(θ, ω, λ) = (2πi)(2π)−
n+1
2 λ

n−1
4 a−(θ, ω, λ),

where a− is the scattering amplitude of Definition 2.4.18.

Proof. Note that for t > n
2

and f ∈ H0,t we can write

[Γ0(λ)f ](ω) = 2−
1
2λ

n−2
4 (2π)−

n
2 〈f, ψ0(·, ω, λ)〉,

where here we are considering 〈·, ·〉 as the duality between H0,t and H0,−t. Thus by

Equation (2.63) we have the scattering amplitude a± given by the absolutely convergent

integral

a−(θ, ω, λ) = −2−1(2π)−
n−1
2 λ

n−3
4

∫
Rn

e−iλ
1
2 〈θ,x〉V (x)ψ±(x, ω, λ) dx

= −2−1(2π)−
n−1
2 λ

n−3
4 〈(V − V R(λ+ i0)V )ψ0(·, ω, λ), ψ0(·, θ, λ)〉.

Comparing with Equation (2.73) completes the proof.

Birman and Krĕın [25] note that for trace class perturbations V the operator S(λ)−Id

defines a compact operator on P for all λ ∈ R+. In fact much stronger summability

conditions for the scattering operator are known. The following can be found as [164,

Proposition 8.1.5], we omit the proof since it requires substantial techniques from the

method of H0-smoothness.

Theorem 2.4.34. Suppose that V satisfies Assumption 2.2.14 for some ρ > 1. Then for

all λ > 0 and p > n−1
ρ−1

we have S(λ)− Id ∈ Lp(P), the p-th Schatten class . In particular,

if ρ > n then S(λ)− Id is trace class.

In fact the proof of Theorem 2.4.34 can be used to establish differentiability of the

scattering matrix in the Schatten norms also. The following is [164, Proposition 8.1.9].

Proposition 2.4.35. Let ` ∈ N∪{0} and p ≥ 1 and suppose that V satisfies Assumption

2.2.14 for some ρ > ` + 1 + n−1
p

. Then the scattering matrix S : R+ → Lp(P) is `

times continuously differentiable in Lp(H). In particular, if ρ > ` + n then S is ` times

differentiable in trace norm.

2.5 Levinson’s theorem

Levinson’s theorem [108] is a fundamental result in scattering theory relating the number

of bound states of a Hamiltonian H = H0 + V to a quantity related to the ‘total phase
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shift’. The original proof of Levinson’s theorem uses classical ODE theory, complex

analysis and the subtleties of a scattering object known as the Jost function. As such the

proof is specific to one dimension. In this section we describe the time-delay operator and

the spectral shift function, important quantities in scattering theory which can be used

to prove and generalise Levinson’s theorem to higher dimensions. We discuss the high

energy behaviour of the time-delay operator and spectral shift function and how they

relate to Levinson’s theorem. We conclude with several simple examples.

2.5.1 Time delay

In this section we describe intuitively the time delay of a quantum mechanical system

and construct an operator, known as the Eisenbud-Wigner time delay operator which is

defined to be the time delay in the spectral representation and can be explicitly described

in terms of the scattering matrix. The time delay of particles was first considered by

Eisenbud [57] and Wigner [163] in a stationary manner.

To define the time delay, we consider for r > 0 the orthogonal projection Pr onto the

functions with support in the ball of radius r in H. For f ∈ H a measure of the total

time spent in PrH is given by ∫
R

∣∣∣∣Pre−itHf ∣∣∣∣2 dt. (2.76)

For any f ∈ H, the quantities e−itH0f and e−itHW−f agree in the limit as t→ −∞. The

difference of times spent in PrH of these states is given by

∆Tr(f) =

∫
R

(∣∣∣∣Pre−itHW−f ∣∣∣∣2 − ∣∣∣∣Pre−itH0f
∣∣∣∣2) dt. (2.77)

As r →∞ one expects a finite limit (at least for a dense set of f ∈ H). We will show that

there exists a self-adjoint operator T , called the Eisenbud-Wigner time delay operator,

which satisfies

〈f, Tf〉 := lim
r→∞

∆Tr(f). (2.78)

This time-dependent definition of the time-delay operator was introduced in [82] and fur-

ther discussed in [83]. Proofs of Equations (2.77) and (2.78) were first given in [114] in the

case that the scattering matrix is scalar and later extended in [86]. An alternative defini-

tion of time delay is provided in [122]. A thorough and physically motivated discussion of

the time delay operator is given in [115], see also [48]. The operator T is given explicitly in

terms of the scattering matrix. To prove such a result requires some intermediary results

on the differentiability of the scattering matrix.

Recall from Theorem 2.4.1 for µ > 0 the trace operator γ(µ) : C∞c (Rn)→ P defined
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by [γ(µ)f ](ω) = f(µω). It is well-known that for any s > 1
2

and m ∈ R the operator

γ(µ) extends to an element of B(Hs,m,P). The following result, which demonstrates the

differentiability of the trace map, is due to Jensen [86, Lemma 3.3].

Lemma 2.5.1. Let m ∈ R, k ≥ 0 an integer and s > k + 1
2
. Then µ 7→ γ(µ) is k times

continuously differentiable in norm on B(Hs,m,P).

To construct the time delay operator we also need differentiability properties of the

boundary values of the free resolvent along the positive real axis. The following result is

a combination of [86, Lemma 3.4].

Lemma 2.5.2. Suppose that V satsifies Assumption 2.2.14 for some ρ > 2. Suppose that

s,m > 3
2
. Then λ 7→ R(λ + i0) is continuously differentiable as a map from (0,∞) to

B(H−1,s, H1,−m).

With the differentiability of the trace and free resolvent established, we can use the

stationary formula for the scattering matrix of Theorem 2.4.32 to determine the differen-

tiability of the scattering matrix.

We are now ready to construct the time delay operator as in [86, Theorem 3.7].

Theorem 2.5.3. Let V satisfy Assumption 2.2.14 for some ε > 0 and ρ > 2 + ε and let

T be defined by

Dom(T ) = {f ∈ H : P[a,b](H0)f = f for some [a, b] ⊂ (0,∞)} ⊂ Dom(H0)

with T = −iF ∗0S(·)∗S ′(·)F0. The operator T is essentially self-adjoint on Dom(T ) and T

commutes with H0.

Proof. By Proposition 2.4.35 we have that the scattering matrix is differentiable in the

pth Schatten class Lp(P) ⊂ B(P) for all p > n−1
ε

. Unitarity of the scattering matrix then

implies the relation

0 =
d

dλ
(S(λ)∗S(λ)) = S(λ)∗S ′(λ) + (S ′(λ))∗S(λ)

and thus for each λ ∈ (0,∞) we find −iS(λ)∗S ′(λ) is a bounded self-adjoint operator in

B(P). So T is densely-defined, symmetric and for each [a, b] ⊂ (0,∞) we have TP[a,b]

is a bounded self-adjoint operator. So T is essentially self-adjoint on Dom(T ). That T

commutes with H0 follows from the definition in terms of S.

We refer to T as the Eisenbud-Wigner time delay operator, or simply the time delay.

The explicit representation of T in Theorem 2.5.3 was first given in [152]. We note that

here we have only discussed time delay for Euclidean Schrödinger operators, however time

delay is a more fundamental concept of a scattering system and its definition generalises

to a more abstract setting. We refer to [139] for a discussion of such topics.
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Lemma 2.5.4. Suppose that V satisfies Assumption 2.2.14 for some ρ > n + 1. Then

for all λ ∈ R+ the operator S(λ)∗S ′(λ) is trace class on P.

Proof. By Theorem 2.4.34 the operator S ′(λ) is trace class. Since the trace class operators

form an ideal, the product S(λ)∗S ′(λ) is trace class also.

2.5.2 The spectral shift function

The spectral shift function was first introduced by Lifshits to study the size of the eigen-

value shift for finite rank perturbations B of a lattice model operator A0 in quantum

mechanics and later extended in [109] to computing the trace of f(A0 +B)− f(A0) for a

large class of functions. Lifshits suggested the formula

Tr(f(A0 +B)− f(A0)) =

∫
R
f ′(λ)ξ(λ,A0 +B,A0) dλ (2.79)

where the function ξ(·, A0 + B,A0) depends only on the self-adjoint operators A0 and

A0 + B. The extension from discrete models to continuous models was first studied by

Krĕın [100], who provided a suitable class of perturbations for which the spectral shift

function ξ exists and Equation (2.79) holds. In [101] Krĕın showed that the spectral shift

function exists and satisfies Equation (2.79) if the operator (A0 +B − z)−1 − (A0 − z)−1

is trace class for some (and hence all) z ∈ C \ R. The approach of Krĕın is based on

the theory of perturbation determinants as in Definition 2.5.5 (see [33], [99], [70, Section

IV.3] and [151, Chapter 5] for more details).

Definition 2.5.5. Suppose that H is a Hilbert space and A is a trace class operator on

H. Then we define

Det(Id + A) =
∞∏
j=1

(1 + µj(A)),

where the µj denote the eigenvalues of A. The absolute convergence of the product is

guaranteed by the assumption that A is trace class. If A ∈ Lp(H) (the p-th Schatten

class) for some p ∈ N then we can define the regularised determinant by

Detp(Id + A) =
∞∏
j=1

(
(1 + µj(A)) exp

(
p−1∑
`=1

(−1)`

`
µj(A)`

))
.

Definition 2.5.6. Let A and B = A + Ṽ be self-adjoint operators on H such that

Ṽ (A − z)−1 defines a trace class operator for some (and hence all) z ∈ ρ(A). Then we

define for z ∈ ρ(A) the function

D(z) = Det(Id + Ṽ (A− z)−1).
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The analytic Fredholm alternative tells us that D(z) is defined and holomorphic on

the set ρ(A) and that D(z) 6= 0 for all z ∈ ρ(A)∩ ρ(B). Furthermore for z ∈ ρ(A)∩ ρ(B)

we have [164, Equation 0.9.3] the equality

D−1(z)D′(z) = Tr((A− z)−1 − (B − z)−1).

The first theorem of Krĕın demonstrates the existence of the spectral shift function for a

trace class perturbation Ṽ .

Theorem 2.5.7. [164, Theorem 0.9.1] Let A and B be self-adjoint operators on H such

that Ṽ := B − A is trace class. Then for almost all λ ∈ R the limit

ξ(λ,A,B) := π−1 lim
ε→0

Arg(D(λ+ iε)) (2.80)

exists and satisfies∫
R
|ξ(λ,A,B))| dλ ≤

∣∣∣∣∣∣Ṽ ∣∣∣∣∣∣
1
, and

∫
R
ξ(λ,A,B) dλ = Tr(Ṽ ).

Proposition 2.5.8. [164, Proposition 0.9.1] Let A and B be self-adjoint operators on

H such that Ṽ := B − A is trace class. On component intervals of the set ρ(A) ∩ ρ(B)

of common regular points of the operators A and B the spectral shift function ξ(λ,A,B)

assumes constant integer values. If λ is an isolated eigenvalue of finite multiplicity MA(λ)

of the operator A and MB(λ) of the operator B, then

ξ(λ+ 0, A,B)− ξ(λ− 0, A,B) = MA(λ)−MB(λ).

The second theorem of Krĕın establishes Equation (2.79) for trace class perturbations

Ṽ .

Theorem 2.5.9. [164, Theorem 0.9.3] Let A and B be self-adjoint operators on H such

that Ṽ := B − A is trace class and suppose that f ∈ C1(R) and its derivative admits the

representative

f ′(λ) =

∫
R

e−iλtdm(t)

for a finite (complex) measure m and almost all λ ∈ R. Then f(B)− f(A) ∈ L1(H) and

we have the trace formula

Tr(f(B)− f(A)) =

∫
R
f ′(λ)ξ(λ,A,B) dλ. (2.81)

We now specialise again to the operators H0 andH = H0+V . The following statement

gives a relationship between the spectral shift function, the scattering matrix and the time
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delay operator.

Theorem 2.5.10. Suppose V ∈ L1(H). Then we have

Det(S(λ)) = e−2πiξ(λ) (2.82)

for almost all λ ∈ σac(H0). Furthermore, we have

Tr(S(λ)∗S ′(λ)) = −2πiξ′(λ). (2.83)

Equation (2.82) dates back to an observation of Beth and Uhlenbeck [22] relating

a phase shift to the second virial coefficient, and was first proved in the context of the

spectral shift function by Birman and Krĕın [25]. Unfortunately the above definition

needs some modification since our multiplication operator V is not usually compact. To

fix this, we consider relatively trace class perturbations.

Lemma 2.5.11. [73, Proposition III.1] Suppose that V satisfies Assumption 2.2.14 for

some ρ > n+1
2

and fix c > | inf σp(H)|. Then the operators H0 + c and H + c are positive

definite and we have the difference R(−c)m−R0(−c)m is trace class for any integer m ≥ ρ.

Define the operators G = R(−c)m and G0 = R0(−c)m. Then we can use Theo-

rem 2.5.7 to define the spectral shift function for the pair (G,G0) and lead us to the

following definition.

Definition 2.5.12. Suppose that V satisfies Assumption 2.2.14 for some ρ > n. We

define the spectral shift function for the pair (H,H0) to be the function

ξ(λ,H,H0) =

−ξ((λ+ c)−m, G,G0), if λ > −c,

0 if λ− ≤ c.

The spectral shift function is determined uniquely by the constraint ξ(λ,H,H0) = 0 for

λ ≤ −c. We will often just write ξ(λ) for the spectral shift function of the pair (H,H0)

and drop the reference to these operators.

The spectral shift function satisfies the following properties.

Theorem 2.5.13. [164, Theorem 0.9.7] Suppose that V satisfies Assumption 2.2.14 for

some ρ > n. Then the spectral shift function ξ of Definition 2.5.12 satisfies the estimate

m

∫
R
|ξ(λ)|(1 + |λ|)−m−1 dλ ≤ ||R(−c)m −R0(−c)m||1 <∞

and is related to the scattering matrix by Equation (2.82). Furthermore, if f : R→ C has
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two locally bounded derivatives and for some ε > 0 we have

(λm+1f ′(λ))′ = O(λ−1−ε) (2.84)

as λ→∞ then the trace formula of Equation (2.81) holds. The conclusion of Proposition

2.5.8 holds also.

In Chapter 5 we will use Equation (2.82) to determine the value of the spectral shift

function as λ→ 0 from above.

We have the following statement regarding the properties of Det(S(λ)) due to Guillopé

[73, Theorem III.1].

Lemma 2.5.14. Suppose that V = q1q2 with q1, q2 ∈ C∞c (Rn). Then for all λ > 0 and

p ≥ bn
2
c we have

Det (S(λ))

=
Detp (Id + q1R0(λ− i0)q2)

Detp (Id + q1R0(λ+ i0)q2)
exp

(
p−1∑
`=1

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
))

.

Remark 2.5.15. If n = 1 and p = 1 or n = 2, 3 and p = 2 we only require that V satisfies

Assumption 4.3.1 to obtain the statement of Lemma 2.5.14 (see [164, Section 9.1]).

We also recall the following [164, Proposition 9.1.3].

Lemma 2.5.16. Suppose that ρ satisfies Assumption 4.3.1. If n = 1, let p ≥ 1, if n = 2, 3

let p ≥ 2 and if n ≥ 4 let p ≥ n. Define for z ∈ C \ R the function

Dp(z) = Detp(Id + q1R0(z)q2).

Then we have

lim
|z|→∞

Dp(z) = 1

uniformly in Arg(z). By the limiting absorption principle this limit extends to the positive

real axis also.

Combining the results of Lemmas 2.5.14 and 2.5.16 with Theorem 2.5.13 we can

determine the high-energy behaviour of the spectral shift function.

Lemma 2.5.17. Suppose that V = q1q2 with q1, q2 ∈ C∞c (Rn). If n = 1, let p ≥ 1, if

n = 2, 3 let p ≥ 2 and if n ≥ 4 let p ≥ n. Then we have the limit

lim
λ→∞

(
−2πiξ(λ) +

p−1∑
`=1

(−1)`

`
Tr
(
(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`

))
= 2πm
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for some m ∈ Z.

Proof. Using Lemma 2.5.14 and Theorem 2.5.13 we have

Detp (Id + q1R0(λ− i0)q2)

Detp (Id + q1R0(λ+ i0)q2)

= Det(S(λ)) exp

(
p−1∑
`=1

(−1)`

`
Tr
(
(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`

))

= exp

(
−2πiξ(λ) +

p−1∑
`=1

(−1)`

`
Tr
(
(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`

))
.

By Lemma 2.5.16 we have

lim
λ→∞

Detp (Id + q1R0(λ− i0)q2)

Detp (Id + q1R0(λ+ i0)q2)
= 1,

from which the result follows.

Remark 2.5.18. We can fix a branch of the meromorphic function ln Detp(Id + q1R0(z)q2)

by the condition

lim
|z|→∞

arg Detp(Id + q1R0(z)q2) = 0.

Fixing this branch gives m = 0 in Lemma 2.5.17 and we take this convention for the

results of Chapter 5.

We now demonstrate some further special properties of the spectral shift function

for Schrödinger operators. We enumerate the eigenvalues of H in increasing order as

λK < · · · < λ2 < λ1 ≤ 0 and write M(λk) for the multiplicity of the eigenvalue λk. We

also write N0 = M(0).

Theorem 2.5.19 (Birman-Krĕın). Suppose that V satisfies Assumption 2.2.14 for some

ρ > n. Then for any differentiable f such that Equation (2.81) holds we have

Tr(f(H)− f(H0)) =
K∑
k=1

f(λk)M(λk) + f(0)
(
ξ(0−)− ξ(0+)−N0

)
(2.85)

+
1

2πi

∫ ∞
0

f(λ)Tr(S(λ)∗S ′(λ)) dλ.

Proof. Suppose that 0 is an eigenvalue of H, so that when enumerated the distinct eigen-

values of H are λK < · · · < λ2 < λ1 = 0. The case when 0 is not an eigenvalue is similar.
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We begin by applying Proposition 2.5.8 and the trace formula (2.81) to note that

Tr(f(H)− f(H0)) =

∫
R
f ′(λ)ξ(λ) dλ =

∫ 0

−∞
f ′(λ)ξ(λ) dλ+

∫ ∞
0

f ′(λ)ξ(λ) dλ

=

∫ λK

−∞
f ′(λ)ξ(λ) dλ+

K−1∑
k=2

∫ λk

λk+1

f ′(λ)ξ(λ) dλ+

∫ 0

λ2

f ′(λ)ξ(λ) dλ

+

∫ ∞
0

f ′(λ)ξ(λ) dλ.

The spectral shift function is constant in intervals between eigenvalues by Proposition 2.5.8

and so we obtain

Tr(f(H)− f(H0)) = ξ(λK−)(f(λK)− f(−∞)) +
K−1∑
k=2

(f(λk)ξ(λk−)− f(λk+1)ξ(λk+1+))

+ (f(0)ξ(0−)− f(λ2)ξ(λ2+)) +

∫ ∞
0

f ′(λ)ξ(λ) dλ

=
K∑
k=2

f(λk)(ξ(λk−)− ξ(λk+)) + f(0)ξ(0−) +

∫ ∞
0

f ′(λ)ξ(λ) dλ

=
K∑
k=1

f(λk)M(λk)− f(0)N0 + f(0)ξ(0−) +

∫ ∞
0

f ′(λ)ξ(λ) dλ.

We note that by [164, Lemma 9.1.20] we have ξ|(0,∞) ∈ C1((0,∞)) provided ρ > n. We

integrate by parts and apply Equation (2.83) (valid by Theorem 2.5.13) to obtain

Tr(f(H)− f(H0)) =
K∑
k=1

f(λk)M(λk)− f(0)N0 + f(0)ξ(0−) +

∫ ∞
0

f ′(λ)ξ(λ) dλ

=
K∑
k=1

f(λk)M(λk)− f(0)N0 + f(0)ξ(0−)

+ (f(∞)ξ(∞)− f(0)ξ(0+)) +
1

2πi

∫ ∞
0

f(λ)Tr(S(λ)∗S ′(λ)) dλ.

Noting that f(∞) = 0 completes the proof.

We will discuss further in Chapter 5 how the value of ξ(0+) depends on the existence

of resonances in each dimension after developing the relevant low energy expansions of the

resolvent. Such results have been discussed in dimension n 6= 2, 4 in [73, Theorem III.2]

using perturbation determinant methods and the low energy behaviour of the resolvent

discussed in Chapter 3. The Birman-Krĕın formula can also be obtained (in odd dimen-

sions) using the Helffer-Sjöstrand functional calculus, see [56, Theorem 3.51] for example.

The Birman-Krĕın formula can also be shown to hold in other scattering contexts, such

as for massive Dirac operators in R3 [51, Theorem 4.2] and for obstacle scattering [155,
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Theorem 6.1]. A discussion of the spectral shift function and Birman-Krĕın formula for

scattering on asymptotically cylindrical manifolds can be found in [119]. A discussion of

the spectral shift function in supersymmetric scattering can be found in [32] and [118].

2.5.3 Trace class properties of the scattering matrix

In this section we describe the high-energy behaviour of the scattering operator in the trace

norm using the expression for Det(S(λ)) of Lemma 2.5.14. As a result we determine, using

pseudodifferential expansions of the resolvent and the limiting absorption principle, the

leading order high-energy asymptotics of the spectral shift function ξ and its derivative.

These leading order asymptotics are related to the heat kernel expansion as t → 0+ of

the trace of the difference e−tH − e−tH0 .

To evaluate some further traces, we need to be able to integrate polynomials over

Sn−1. We use the following result [65].

Lemma 2.5.20. Let α be a multi-index of length n and let Pα : Rn → C be given by

Pα(x) = xα = xα1
1 · · ·xαnn . Then

∫
Sn−1

Pα(ω) dω =

0, if some αj is odd,
2Γ(α1+1

2 )···Γ(αn+1
2 )

Γ(n+|α|2 )
, if all αj are even.

Lemma 2.5.21. Suppose that α is a multi-index of length n, g ∈ C∞c (Rn) and let X =

g∂α, a differential operator of order |α|. Then for t > 0 we have

Tr
(
Xe−tH0

)
=

(−i)|α|Γ
(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
t−

n+|α|
2

(2π)n

(∫
Rn
g(x) dx

)
if all αj are even and Tr

(
Xe−tH0

)
= 0 otherwise.

Proof. We compute the trace as

Tr
(
Xe−tH0

)
=

(−i)|α|

(2π)n

(∫
Rn
g(x) dx

)(∫
Rn
yαe−t|y|

2

dy

)
.

If any of the components αj is odd, then by changing to polar coordinates we find that

Tr
(
Xe−tH0

)
= 0 by Lemma 2.5.20. If all of the αj are even we obtain

Tr
(
Xe−tH0

)
=

2(−i)|α|Γ
(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
(2π)nΓ

(
n+|α|

2

) (∫
Rn
g(x) dx

)(∫ ∞
0

r|α|+n−1e−tr
2

dr

)

=
(−i)|α|Γ

(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
t−

n+|α|
2

(2π)n

(∫
Rn
g(x) dx

)
,



CHAPTER 2. SCATTERING THEORY FOR SCHRÖDINGER OPERATORS 64

where we have used polar coordinates and Lemma 2.5.20 to compute the spherical integral.

Lemma 2.5.22. Suppose that α is a multi-index of length n, g1, g2 ∈ C∞c (Rn) and let

g = g1g2. Let X = g2∂
α be a differential operator of order |α|. Fix ` ∈ N with ` ≤ n+|α|

2

if n is even. Then for λ > 0 we have

Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
=

(−i)|α|(2πi)Γ
(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
λ
n+|α|

2
−`

(`− 1)!Γ
(
n
2

+ 1− `+ |α|
2

)
(2π)n

(∫
Rn
g(x) dx

)

if all αj are even and Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
= 0 otherwise. If n is even

and ` > n+|α|
2

then Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
= 0 also.

Proof. Fix λ > 0. The integral kernel of B(λ) = (R0(λ+ i0)−R0(λ− i0)) g1 is given by

B(λ, x, y) =
(2πi)λ

n
2
−1

2(2π)n
g1(y)

∫
Sn−1

e−iλ
1
2 〈ω,y−x〉 dω.

Letting A(λ) = X (R0(λ+ i0)−R0(λ− i0)) g1 we see by Lemma 2.4.20 that A(λ) has

integral kernel

A(λ, x, y) =
(−i)|α|(2πi)λ

n+|α|
2
−1

2(2π)n
g2(x)g1(y)

∫
Sn−1

ωα1
1 · · ·ωαnn e−iλ

1
2 〈ω,y−x〉 dω.

Applying now the techniques of Lemma 2.4.22 we differentiate (`− 1) times to find that

the operator A`(λ) = X(R0(λ+ i0)` −R0(λ− i0)`)g1 has integral kernel

A`(λ, x, y) =
(−i)|α|(2πi)Γ

(
n+|α|

2

)
λ
n+|α|

2
−1

2Γ
(
n
2

+ 1− `+ |α|
2

)
(2π)n

g2(x)g1(y)

∫
Sn−1

ωα1
1 · · ·ωαnn e−iλ

1
2 〈ω,y−x〉 dω

+ Ã(λ, x, y),

where Ã(λ, ·, ·) has vanishing trace. Integrating over the diagonal gives that

Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
=

(−i)|α|(2πi)Γ
(
n+|α|

2

)
λ
n+|α|

2
−`

2(`− 1)!Γ
(
n
2

+ 1− `+ |α|
2

)
(2π)n

(∫
Rn
g(x) dx

)(∫
Sn−1

ωα1
1 · · ·ωαnn dω

)
.

If some αj is odd we find Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
= 0 by Lemma 2.5.20. If
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all αj are even we have

Tr
(
X
(
R0(λ+ i0)` −R0(λ− i0)`

)
g1

)
=

(−i)|α|(2πi)Γ
(
α1+1

2

)
· · ·Γ

(
αn+1

2

)
λ
n+|α|

2
−`

(`− 1)!Γ
(
n
2

+ 1− `+ |α|
2

)
(2π)n

(∫
Rn
g(x) dx

)
,

again by Lemma 2.5.20.

For the next statement, we introduce for m ∈ N ∪ {0} and f ∈ C∞c (Rn) the notation

f (m) = [H0, [H0, [· · · , [H0, f ] · · · ]]] (where the expression has m commutators). Note that

f (m) is a differential operator of order m.

Lemma 2.5.23. Suppose that q1, q2 ∈ C∞c (Rn) with V = q1q2. Then for all z ∈ C \ R,

` ∈ N and K ∈ N ∪ {0} we have

(q1R0(z)q2)` = q1

 K∑
|k|=0

(−1)|k|+1C`−1(k)V (k1) · · ·V (k`−1)R0(z)`+|k|

 q2 + q1PK,`(z)q2,

(2.86)

where PK,`(z) is of order at most −2`−K − 1, k is a multi-index of length (`− 1) and

C`(k) =
(|k|+ `)!

k1!k2! · · · k`!(k1 + 1)(k1 + k2 + 2) · · · (|k|+ `)
.

When ` = 1 we have no remainder term. For all z ∈ C \R, M ∈ N and K ∈ N ∪ {0} we

have

R(z)−R0(z) =
M∑
m=1

 K∑
|k|=0

(−1)m+|k|Cm(k)V (k1) · · ·V (km)R0(z)m+|k|+1 + PK,m(z)


(2.87)

+ (−1)M+1(R0(z)V )M+1R(z),

where PK,m(z) has order (at most) −2m−K − 3 and k is a multi-index of length m.

Proof. Equation (2.86) follows from the pseudodifferential calculus of [46, Lemma 6.11].

For Equation (2.87), we write

R(z)−R0(z) =
M∑
m=1

(−1)m(R0(z)V )mR0(z) + (−1)M+1(R0(z)V )M+1R(z).
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Applying again [46, Lemma 6.11] we have

R(z)−R0(z) =
M∑
m=1

 K∑
|k|=0

(−1)m+|k|Cm(k)V (k1) · · ·V (km)R0(z)m+|k|+1 + PK,m(z)


+ (−1)M+1(R0(z)V )M+1R(z),

where PK,m(z) has order (at most) −2m−K − 3.

Since V ∈ C∞c (Rn) and for ` ∈ N and k a multi-index of length ` we have V (k1) · · ·V (k`)

is a differential operator of order |k| with smooth compactly supported coefficients, we

can write

V (k1) · · ·V (k`) =

|k|∑
|r|=0

gk,r∂
r, (2.88)

with r a multi-index with n components and gr,k ∈ C∞c (Rn). With this notation, we obtain

the following heat kernel expansion due to Colin de Verdière [160] in odd dimensions (see

also [56, Theorem 3.64] for a general proof and [15] for explicit computations of some

coefficients). We provide a detailed proof using the pseudodifferential expansion of Lemma

2.5.23 and the trace formulae of Lemma 2.5.21. As a result we obtain an expression for the

coefficients which differs from [56, Theorem 3.64] or [15], although is equivalent. This new

expression is necessary for a comparison with the high-energy behaviour of the scattering

operator, as we show in Theorem 2.5.29.

Proposition 2.5.24. Suppose that V ∈ C∞c (Rn). Then for any J ∈ N we have the

expansion

Tr
(
e−tH − e−tH0

)
=

J∑
j=1

aj(n, V )tj−
n
2 + EJ(t),

where EJ(t) = O
(
tJ+1−n

2

)
as t→ 0+. For j ∈ N we define the set

QM,K(j) =

{
(m, k, r) ∈ {0, 1, . . . ,M} × {0, 1, . . . , K}m × {0, 1, . . . , K}n : |r| ≤ |k|,

all rj are even and m+ |k|+ 1− |r|
2

= j

}
.

The constants aj(n, V ) are given by

aj(n, V ) =
∑

(m,k,r)∈QM,K(j)

(−i)|r|Cm(k)(−1)m+|k|+1Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
(2π)n(m+ 1)(m+ |k|)!

(∫
Rn
V (x)gk,r(x) dx

)
,
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where we have used the notation of Equation (2.88).

Proof. Fix t > 0. By [56, Theorem 3.64] we have e−tH − e−tH0 ∈ L1(H). Choose a > 0

such that a > |λ| for all λ ∈ σp(H) and define the vertical line γt = {−a− 1
t
+ iv : v ∈ R}.

We write

e−tH − e−tH0 =

∫ 1

0

d

ds
e−t(H0+sV ) ds = −t

∫ 1

0

V e−t(H0+sV ) ds.

Cauchy’s integral theorem tells us that for all s ∈ [0, 1] we have

e−t(H0+sV ) =
1

2πi

∫
γt

e−tz(z −H0 − sV )−1 dz = − 1

2πi

∫
γt

e−tzRs(z) dz,

where we have introduced the notation Rs(z) = (H0 + sV − z)−1. An application of

Lemma 2.5.23 gives us for all M,K ∈ N ∪ {0} the expansion

Rs(z) =
M∑
m=0

 K∑
|k|=0

(−1)m+|k|smCm(k)V (k1) · · ·V (km)R0(z)m+|k|+1 + smPK,m(z)


+ (−1)M+1sM+1(R0(z)V )M+1Rs(z).

Thus we write

Tr
(
V e−t(H0+sV )

)
= −Tr

(
1

2πi

∫
γt

e−tzRs(z) dz

)
= −Tr

(
1

2πi

∫
γt

e−tz
M∑
m=0

K∑
|k|=0

(−1)m+|k|smCm(k)V V (k1) · · ·V (km)R0(z)m+|k|+1 dz

)

− Tr

(
1

2πi

∫
γt

e−tz
M∑
m=0

smV PK,m(z)dz− 1

2πi

∫
γt

e−tz(−1)M+1sM+1V (R0(z)V )M+1Rs(z)dz

)

:= −Tr

(
1

2πi

∫
γt

e−tz
M∑
m=0

K∑
|k|=0

(−1)m+|k|smCm(k)V V (k1) · · ·V (km)R0(z)m+|k|+1 dz

)
+ eM,K(t, s).

We now apply Cauchy’s integral formula again to obtain

1

2πi

∫
γt

e−tzR0(z)m+|k|+1 dz = (−1)m+|k|+1 1

2πi

∫
γt

e−tz(z −H0)−m−|k|−1 dz

=
(−1)m+|k|+1

(m+ |k|)!
dm+|k|

dzm+|k|

(
e−tz

)
|z=H0 = − tm+|k|

(m+ |k|)!
e−tH0 .
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Hence we find

Tr
(
V e−t(H0+sV )

)
=

M∑
m=0

K∑
|k|=0

(−1)m+|k|sm
Cm(k)

(m+ |k|)!
tm+|k|Tr

(
V V (k1) · · ·V (km)e−tH0

)
+ eM,K(t, s).

Integrating out the s variable we have

Tr
(
e−tH − e−tH0

)
= −t

∫ 1

0

Tr
(
V e−t(H0+sV )

)
ds

=
M∑
m=0

K∑
|k|=0

(−1)m+|k|+1Cm(k)

(m+ 1)(m+ |k|)!
tm+|k|+1Tr

(
V V (k1) · · ·V (km)e−tH0

)
− t
∫ 1

0

eM,K(t, s) ds.

We now use Lemma 2.5.21 to write

M∑
m=0

K∑
|k|=0

(−1)m+|k|+1Cm(k)

(m+ 1)(m+ |k|)!
tm+|k|+1Tr

(
V V (k1) · · ·V (km)e−tH0

)
=

M∑
m=0

K∑
|k|=0

|k|∑
|r|=0

r even

(−i)|r|(−1)`+m+|k|Cm(k)Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
tm+|k|+1−n+|r|

2

(m+ 1)(m+ |k|)!(2π)n

×
(∫

Rn
V (x)gk,r(x) dx

)
,

where the sum is over all multi-indices r of length n such that all rj are even. We now

collect together powers of t. For j ∈ N we define the set

QM,K(j) =

{
(m, k, r) ∈ {0, 1, . . . ,M} × {0, 1, . . . , K}m × {0, 1, . . . , K}n : |r| ≤ |k|,

all rj are even and m+ |k|+ 1− |r|
2

= j

}
and the coefficients

aj(n, V ) =
∑

(m,k,r)∈QM,K(j)

(−i)|r|(−1)m+|k|+1Cm(k)Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
(m+ 1)(m+ |k|)!(2π)n

(∫
Rn
V (x)gk,r(x) dx

)
.

The aj(n, V ) allow us to write

M∑
m=0

K∑
|k|=0

(−1)m+|k|+1Cm(k)

(m+ 1)(m+ |k|)!
tm+|k|+1Tr

(
V V {k1} · · ·V {km}e−tH0

)
=
M+1∑
j=1

aj(n, V )t−
n
2

+j +G(t),
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where G(t) = O(tM+2−n
2 ) as t→ 0+. Thus we have the expansion

Tr
(
e−tH − e−tH0

)
=

M+1∑
j=1

aj(n, V )t−
n
2

+j +G(t)− t
∫ 1

0

eM,K(t, s).

It remains to check the behaviour of the final remainder term, which consists of two types

of terms. Recall that the operator PK,m(z) has order (at most) −2m − K − 3. By [46,

Lemma 6.12] there exists a constant C (depending on V , m and K but not z) such that∣∣∣∣∣∣R0(z)−m−
K
2
− 1

2 q2PK,m(z)
∣∣∣∣∣∣ ≤ C.

Choose K = n −m, large enough so that q1R0(z)m+K
2

+ 1
2 defines a trace-class operator.

So we use Hölder’s inequality for Schatten classes to find

||V PK,m(z)||1 ≤ C
∣∣∣∣∣∣q1R0(z)m+K

2
+ 1

2

∣∣∣∣∣∣
1
.

We can now estimate the remainder term via∣∣∣∣∣∣∣∣∫ 1

0

sm
∫
γt

e−tzPK,m(z) dz ds

∣∣∣∣∣∣∣∣
1

≤ C

m+ 1

∫
R

eat+1
∣∣∣∣∣∣q1R0(z)m+K

2
+ 1

2

∣∣∣∣∣∣
1

dv

≤ C̃eat+1

∫
R

((
a+

1

t

)2

+ v2

)−m
2
−K

4
− 1

4
+n

4

dv.

Make the substitution v =
(
a+ 1

t

)
w to find

∣∣∣∣∣∣∣∣∫ 1

0

sm
∫
γt

e−tzPK,m(z) dz ds

∣∣∣∣∣∣∣∣
1

≤ C̃eat+1

∫
R

((
a+

1

t

)2

+ v2

)−m
2
−K

4
− 1

4
+n

4

dv

= C̃eat
(
a+

1

t

)−m−K
2
− 1

2
+n

2
∫
R
(1 + w2)−

m
2
−K

4
− 1

4
+n

4 dw

≤ Ceattm+K
2

+ 1
2
−n

2

∫
R
(1 + w2)−

m
2
−K

4
− 1

4
+n

4 dw

= O
(
tm+K+1

2
−n

2

)
as t→ 0+. A similar estimate shows that∣∣∣∣∣∣∣∣∫ 1

0

sM+1

∫
γt

V (R0(z)V )M+1Rs(z)e−tz dz ds

∣∣∣∣∣∣∣∣
1

= O
(
tM+2−n

2

)
as t→ 0+. Taking J = M + 1 completes the proof.

Remark 2.5.25. The heat kernel coefficients aj(n, V ) are well-known and have been com-

puted for small j by many authors, see for example [15] and [160] in this context. The
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first few are

a1(n, V ) = −
Γ
(
n
2

)
Vol(Sn−1)

2(2π)n

∫
Rn
V (x) dx,

a2(n, V ) =
Γ
(
n
2

)
Vol(Sn−1)

4(2π)n

∫
Rn
V (x)2 dx,

a3(n, V ) = −
Γ
(
n
2

)
Vol(Sn−1)

6(2π)n

∫
Rn

(
V (x)3 +

1

2
|[∇V ](x)|2

)
dx.

The expression for the aj(n, V ) provided by Proposition 2.5.24 provides a systematic way

of computing these coefficients.

Truncating the heat kernel expansion of Proposition 2.5.24 at J = bn
2
c we can write

for t > 0 the expression

Tr
(
e−tH − e−tH0

)
=

bn
2
c∑

j=1

aj(n, V )tj−
n
2 + Ebn

2
c(t) (2.89)

=

bn−1
2
c∑

j=1

aj(n, V )

Γ
(
n
2
− j
) ∫ ∞

0

λ
n
2
−j−1e−tλ dλ+

(−1)n + 1

2
abn

2
c(n, V ) + Ebn

2
c(t),

where we have separated out the constant term in even dimensions as

βn(V ) =
(−1)n + 1

2
abn

2
c(n, V ). (2.90)

Definition 2.5.26. We define the high-energy polynomial for ξ′ to be pn : (0,∞) → C
given for λ ∈ (0,∞) by

pn(λ) =

bn−1
2
c∑

j=1

cj(n, V )λ
n
2
−j−1 :=

bn−1
2
c∑

j=1

(2πi)aj(n, V )

Γ
(
n
2
− j
) λ

n
2
−j−1.

By [144, Theorem 1.2] the high-energy polynomial pn is related to the spectral shift

function by lim
λ→∞

(−2πiξ′(λ)− pn(λ)) = 0.

We can explicitly determine pn for small n as p1 = p2 = 0,

p3(λ) = −(2πi)λ−
1
2 Vol(S2)

4(2π)3

∫
R3

V (x) dx =
(2πi)λ−

1
2a1(3, V )

Γ
(

1
2

) ,

p4(λ) = −(2πi)Vol(S3)

2(2π)4

∫
R4

V (x) dx = (2πi)a1(4, V ).

We can use Proposition 2.5.24 and the Birman-Krĕın trace formula to analyse the

integrability of the (derivative of) the spectral shift function on R+.
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Lemma 2.5.27. If n = 1, 2, 3 suppose that V satisfies Assumption 4.3.1. If n ≥ 4

suppose that V ∈ C∞c (Rn). Then the function Tr (S(·)∗S ′(·))− pn is integrable on R+. In

particular, if n = 1, 2 we have Tr (S(·)∗S ′(·)) ∈ L1(R+).

Proof. Since ξ|(0,∞) ∈ C1((0,∞)) by [164, Lemma 9.1.20] it suffices to check integrability

in a neighbourhood of zero and a neighbourhood of infinity. The lowest power in the

high-energy polynomial pn is λ−
1
2 and thus pn is integrable in a neighbourhood of zero.

That ξ′ is integrable in a neighbourhood of zero is the statement of [90, Theorem 5.2].

This can also be proved directly by using the resolvent expansions of [88, 85, 87, 89] and

Equation (2.73) to analyse the small λ behaviour of Tr (S(λ)∗S ′(λ)) as in [52, Lemma

5.1].

For the claim regarding the integrability in a neighbourhood of infinity, we use the

high-energy asymptotics of [132, Theorem 1]. The result is that as λ → ∞ we have the

expansion

Tr (S(λ)∗S ′(λ))− pn(λ) ∼
∞∑

j=bn
2
c+1

cj(n, V )λ
n
2
−j−1. (2.91)

We note also that there is no coefficient of λ−1 in even dimensions by [90, Theorem 5.3].

The expansion (2.91) implies that for sufficiently large λ we have the estimate

|Tr (S(λ)∗S ′(λ))− pn(λ)| ≤ Cλ
n
2
−bn

2
c−2,

from which the integrability of Tr (S(·)∗S ′(·))− pn in a neighbourhood of infinity follows.

We now analyse the high-energy behaviour of the (determinant of the) scattering

matrix using the limiting absorption principle and the pseudodifferential expansion of

Lemma 2.5.23. To do so we define the following high-energy polynomial.

Definition 2.5.28. We define the high-energy polynomial for ξ to be Pn : (0,∞) → C
given for λ ∈ (0,∞) by

Pn(λ) = 2πiβn(V ) +

bn−1
2
c∑

j=1

cj(n, V )
n
2
− j

λ
n
2
−j =

bn
2
c∑

j=1

(2πi)aj(n, V )

Γ
(
n
2
− j + 1

)λn2−j.
We note also that P ′n = pn, with pn the high-energy polynomial for ξ′ of Definition 2.5.26.
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We can explicitly compute the lowest order polynomials, finding P1 = 0,

P2(λ) = −(2πi)Vol(S1)

2(2π)2

∫
R2

V (x) dx = −2πi

4π

∫
R2

V (x) dx = (2πi)β2(V ),

P3(λ) = −(2πi)λ
1
2 Vol(S2)

2(2π)3

∫
R3

V (x) dx = −(2πi)λ
1
2

4π2

∫
R3

V (x) dx =
(2πi)a1(3, V )λ

1
2

Γ
(

3
2

) ,

P4(λ) = −(2πi)λVol(S3)

2(2π)4

∫
R4

V (x)dx+
(2πi)Vol(S3)

4(2π)4

∫
R4

V (x)2dx.

Theorem 2.5.29. Suppose that q1, q2 ∈ C∞c (Rn) with V = q1q2. Then for all λ > 0 and

J ∈ N we have

J∑
`=1

(
(−1)`

`
Tr
(
(q1R0(λ+ i0)q2)` − (q1R0(λ− i0))`q2

))
= −

J∑
j=1

Cj(n, V )λ
n
2
−j + EJ(λ),

(2.92)

where EJ(λ) = O
(
λ
n
2
−J−3

)
as λ → ∞ and EJ is differentiable. If n is even we have

Cj(n, V ) = 0 for all j > n
2
. If n is even and j ≤ n

2
or n is odd the coefficients Cj(n, V )

are given by

Cj(n, V ) =
(2πi)aj(n, V )

Γ
(
n
2
− j + 1

) , (2.93)

with the aj(n, V ) the heat kernel coefficients of Proposition 2.5.24. Note also that for n

even we have Cn
2
(n, V ) = 2πiβn(V ).

Proof. For λ > 0, we have

Tr (q1 (R0(λ+ i0)−R0(λ− i0)) q2) =
(2πi)λ

n−2
2 Vol(Sn−1)

2(2π)n

∫
Rn
V (x) dx

= −(2πi)a1(n, V )λ
n
2
−1

Γ
(
n
2

) .

by Lemma 2.4.20, with no need for any kind of expansion. We now consider the ` ≥ 2

terms in the sum. For z ∈ C \ R we use Lemma 2.5.23 to obtain the expansion

(−1)`

`
(q1R0(z)q2)`

=

(−1)`

`
q1

 K∑
|k|=0

(−1)|k|+1C`−1(k)V (k1) · · ·V (k`−1)R0(z)`+|k|

 q2 +
(−1)`

`
q1PK,`(z)q2

 ,

where PK,`(z) is of order (at most) −2` − K − 1. By the limiting absorption principle,
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this equality extends to z = λ± i0 for λ ∈ (0,∞) and thus we find

(−1)`

`
Tr
(
(q1(R0(λ+ i0)q2)` − (q1R0(λ− i0))q2)`

)
= Tr

(
q1

 K∑
|k|=0

(−1)`+|k|+1

`
C`−1(k)V (k1) · · ·V (k`−1)

(
R0(λ+ i0)`+|k|−R0(λ− i0)`+|k|

)q2

+
(−1)`

`
q1 (PK,`(λ+ i0)− PL,`(λ− i0)) q2

)
.

We now use the expansion of Equation (2.88) to write

(−1)`

`
Tr
(
q1(R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`

)
= Tr

(
q1

 K∑
|k|=0

|k|∑
|r|=0

(−1)`+|k|+1

`
C`−1(k)q1gk,r∂

r
(
R0(λ+ i0)`+|k|−R0(λ− i0)`+|k|

) q2

+
(−1)`

`
q1 (PL,`(λ+ i0)− PL,`(λ− i0))q2

)
.

Ignoring for a moment the remainder term we find using Lemma 2.4.22 that

Tr

(
(−1)`

`
q1

 K∑
|k|=0

|k|∑
|r|=0

(−1)|k|+1C`−1(k)gk,r∂
r
(
R0(λ+ i0)`+|k| −R0(λ− i0)`+|k|

) q2

)

=
K∑
|k|=0

|k|∑
|r|=0

(−1)`+|k|(2πi)C`−1(k)(−i)|r|Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
λ
n+|r|

2
−`−|k|

`(`+ |k| − 1)!Γ
(
n
2

+ 1− `− |k|+ |r|
2

)
(2π)n

∫
Rn
V (x)gk,r(x) dx.

Lemma 2.4.22 also gives that for n even all terms with ` + |k| − |r|
2
> n

2
vanish. We now

collect together the powers of λ. For j ∈ N we define the set

QL,K(j) =

{
(`, k, r) ∈ {1, . . . , L} × {0, . . . , K}` × {0, . . . , K}n : |r| ≤ |k| ≤ K,

all rj are even, and `+ |k| − |r|
2

= j

}
So we write

L∑
`=2

Tr

(
(−1)`

`
q1

 K∑
|k|=0

|k|∑
|r|=0

(−1)|k|+1C`−1(k)q1gr,k∂
r
(
R0(λ+ i0)`+|k|−R0(λ− i0)`+|k|

)q2

)

= −
J∑
j=2

Cj(n, V )λ
n
2
−j,
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where the coefficients Cj(n, V ) are given by

Cj(n, V ) =
∑

(`,k,r)∈QL,K(j)

(−1)`+|k|(2πi)C`−1(k)(−i)|r|Γ
(
r1+1

2

)
· · ·Γ

(
rn+1

2

)
`(`+ |k| − 1)!Γ

(
n
2

+ 1− `− |k|+ |r|
2

)
(2π)n

∫
Rn
V (x)gr,k(x) dx.

Direct comparison with Proposition 2.5.24 shows that we have the relation

Cj(n, V ) =
(2πi)aj(n, V )

Γ
(
n
2

+ 1− j
) .

We now return to the remainder term. Due to the form of the remainder terms

PK,`(λ ± i0) the difference q1 (PK,`(λ+ i0)− PK,`(λ− i0)) q2 is always trace-class, as we

now show. The proof of [46, Lemma 6.12] shows that PK,`(λ± i0) is a linear combination

of terms of the form

M∏
m=1

AmR0(λ± i0)αm ,

for some M,αm ∈ N and differential operators Am of order am < 2αm with smooth

compactly supported coefficients and

M∑
m=1

(
αm −

am
2

)
≥ −2`− L− 1.

Each Am can be factored as fmÃmgm for fm, gm ∈ C∞c (Rn) and Ãm also of order am.

Taking the difference and factorising we find(
M∏
m=1

AmR0(λ+ i0)αm −
M∏
m=1

AmR0(λ− i0)αm

)

=
M∑
p=1

(∏
m<p

AmR0(λ− i0)αm

)
(Ap(R0(λ+ i0)αp−R0(λ− i0)αp))

(∏
m>p

AmR0(λ+ i0)αm

)
,

each term of which is trace-class by Lemma 2.4.22. Hölder’s inequality for the trace norm

then shows that∣∣∣∣∣
∣∣∣∣∣q1

(
M∏
m=1

AmR0(λ+ i0)αm −
M∏
m=1

AmR0(λ− i0)αm

)
q2

∣∣∣∣∣
∣∣∣∣∣
1

≤
M∑
p=1

∣∣∣∣∣
∣∣∣∣∣q1f1

(∏
m<p

ÃmgmR0(λ− i0)αmfm+1

)∣∣∣∣∣
∣∣∣∣∣ ∣∣∣∣∣∣Ãpgp (R0(λ+ i0)αp−R0(λ− i0)αp) fp+1

∣∣∣∣∣∣
1

×

∣∣∣∣∣
∣∣∣∣∣Ãp+1gp+1

( ∏
p<m≤M

R0(λ+ i0)αmfm+1

)
q2

∣∣∣∣∣
∣∣∣∣∣ ,
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where we use the convention fM+1 = 1. By [3, Theorem A.1] (see also [120, Theorem 1])

we have for any α > 0 and differential operator A of order a < 2α the estimate

||q1AR0(λ± i0)αq2|| = O
(
λ−

1
2
α+a

4

)
as λ→∞. By Lemma 2.5.22 we have the estimate

||q1A (R0(λ+ i0)α −R0(λ− i0)α) q2||1 ≤ Cλ
n
2
−α+a

2 .

Combining these we obtain∣∣∣∣∣
∣∣∣∣∣q1

(
M∏
m=1

q1Amq2R0(λ+ i0)αm −
M∏
m=1

q1Amq2R0(λ− i0)αm

)
q2

∣∣∣∣∣
∣∣∣∣∣
1

= C

M∑
p=1

λ
n
2
−αp+

ap
2

(∏
m6=p

O
(
λ−

1
2
αm+am

4

))
≤ O

(
λ
n
2
−`−L+1

2

)
as λ → ∞. By varying K we obtain Equation (2.92). That EL is differentiable follows

from the observation that the left-hand side of Equation (2.92) is differentiable, as is each

power of λ on the right-hand side.

Remark 2.5.30. Choosing J ≥ bn
2
c in Theorem 2.5.29 gives

J∑
`=1

(
(−1)`

`
Tr
(
(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`

))
= −Pn(λ)− E(λ),

with E(λ) = O(λ−
1
2 ) as λ→∞ with E differentiable. A comparison with Lemma 2.5.17

and using the convention of Remark 2.5.18 gives the relation

lim
λ→∞

(−2πiξ(λ)− Pn(λ)) = 0,

justifying the terminology of Pn being the high-energy polynomial for ξ.

2.5.4 Levinson’s theorem

Levinson’s original theorem [108] gives, in one dimension, a relation between the number

of bound states of a system and a quantity related to the scattering data of the system.

The original proof makes use of the Jost functions [91] and relies heavily on complex anal-

ysis. Such techniques are specific to one dimension and not easily generalisable to higher

dimensions, except in the case of spherically symmetric potentials which can essentially be

reduced to a one dimensional problem, see [123, Section 5] and [137, Theorem XI.59]. We

will present in Chapter 5 a proof based based on the index of the wave operator, which will
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allow us to obtain analogous statements in higher dimensions. Statements of Levinson’s

theorem require slight modification when certain obstructions, called resonances, exist at

zero energy. The nature of these obstructions depends on the parity of the dimension,

and they cannot occur for dimension n ≥ 5. We will develop the required machinery to

motivate definitions of resonances in Chapter 3, however for now we make reference to

them without providing a precise definition.

Theorem 2.5.31 (Levinson’s theorem in one dimension). Let n = 1 and suppose that V

satisfies Assumption 2.2.14 for some ρ > 2. Then the number of bound states (eigenvalues

counted with multiplicity) N of the operator H = H0 + V is given by

−N =
1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ)) dλ+
1

2
(MR(0)− 1) , (2.94)

where MR(0) = 1 if there exists a resonance or H = H0, and MR(0) = 0 otherwise.

Levinson’s theorem is more complicated in even dimensions due to the nature of the

logarithmic singularity of the perturbed resolvent R(z) = (H − z)−1 near z = 0.

Theorem 2.5.32 (Levinson’s theorem in two dimensions). Let n = 2 and suppose that

V satisfies Assumption 2.2.14 for some ρ > 11. Then the number of bound states (eigen-

values counted with multiplicity) of H = H0 + V is given by

−N =
1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ)) dλ+Mp(0) +
1

4π

∫
R2

V (x) dx, (2.95)

where Mp(0) ∈ {0, 1, 2} is the number of p-resonances.

Theorem 2.5.32 was originally proved in [26, Theorem 6.3], although the proof is rather

complicated and requires a good deal of supplementary arguments from the reader. In

Chapter 5 we provide a new proof based on the index of the wave operator in the case of

no p-resonances. The extra term involving the integral of the potential in Equation (2.95)

is related to the high energy behaviour of the scattering matrix via

1

2πi
Log(Det(S(∞))) =

1

4π

∫
R2

V (x) dx. (2.96)

The intricate behaviour of the scattering matrix at infinity plays a role in Levinson’s

theorem in all dimensions and is rather subtle. The fact that the term on the right

hand side of Equation (2.96) does not appear under the λ integral with Tr(S(λ)∗S ′(λ)) is

peculiar to even dimensions.

In three dimensions (and all higher dimensions), the large λ behaviour of the scattering

matrix means that the function Tr(S(·)∗S ′(·)) is no longer integrable (see Theorem 2.5.34)

and thus we require additional correction terms to Levinson’s theorem. Such correction
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terms are a feature for all n ≥ 3, however quickly become very difficult to compute (see

for example [73, Section V], [143, Theorem 1.2] and [56, Section 3.11]). The following

statement is due to [31] and can be deduced also from [124] under the assumption that

the spectral shift function belongs to C1(R+), although as in the dimension n = 2 case a

good deal of additional argument from the reader is required to make the proofs work.

Theorem 2.5.33 (Levinson’s theorem in three dimensions). Let n = 3 and suppose

that V satisfies Assumption 2.2.14 for some ρ > 5. Then the number of bound states

(eigenvalues counted with multiplicity) of H = H0 + V is given by

−N =
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S ′(λ)))− c1(3, V )λ−

1
2

)
dλ+

1

2
MR(0),

where MR(0) = 1 if there is a zero-energy resonance and MR(0) = 0 otherwise. The

constant c1 is given by

c1(3, V ) = − i

4π

∫
R3

V (x) dx.

A higher dimensional version of Levinson’s theorem can be obtained from the Birman-

Krĕın trace formula with knowledge of heat asymptotics, although as in lower dimensions

requires knowledge of the spectral shift function at zero. We have the following, due in

odd dimensions to Guillopé [73, Theorem IV.5] (see also [56, Theorem 3.66]). We provide

only a sketch of the proof as there are many subleties.

Theorem 2.5.34. [Levinson’s theorem in higher dimensions] Suppose that V ∈ C∞c (Rn).

Then the number of bound states of H = H0 + V is given by

−N =
1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ))−
bn−1

2
c∑

j=1

cj(n, V )λ
n−2
2
−j

 dλ−N0

− (ξ(0+)− ξ(0−))− βn(V ),

where the cj(n, V ) and βn(V ) are constants depending on V and its derivatives with bn = 0

for n odd.

Proof sketch. From Proposition 2.5.24 we have the limit

0 = lim
t→0+

(
Tr
(
e−tH − e−tH0

)
−
bn
2
c∑

j=1

aj(n, V )tk−
n
2

)
.

Using Equation (2.89) and the Birman-Krĕın trace formula in the form of Theorem 2.5.19
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we obtain

0 = lim
t→0+

(
1

2πi

∫ ∞
0

e−tλTr (S(λ)∗S ′(λ)) dλ+
K∑
k=1

e−tλkM(λk)

−N − ξ(0+)−
bn−1

2
c∑

j=1

aj(n, V )

Γ
(
n
2
− k
) ∫ ∞

0

λ
n
2
−k−1e−tλ dλ− βn(V )

)

= lim
t→0+

(
1

2πi

∫ ∞
0

e−tλ

Tr (S(λ)∗S ′(λ))−
bn−1

2
c∑

j=1

(2πi)aj(n, V )λ
n
2
−k−1

Γ
(
n
2
− k
)

 dλ

+
K∑
k=1

e−tλkM(λk)−N − ξ(0+)− βn(V )

)

= lim
t→0+

1

2πi

∫ ∞
0

e−tλ (Tr (S(λ)∗S ′(λ))− pn(λ)) dλ− ξ(0+)− βn(V ).

Here the constant βn(V ) is as in Equation (2.90). An application of Lemma 2.5.27 and

the dominated convergence theorem then allows us to bring the limit as t → 0+ inside

the integral to obtain

ξ(0+) =
1

2πi

∫ ∞
0

(Tr (S(λ)∗S ′(λ))− pn(λ)) dλ− βn(V ).

The key element missing in Theorem 2.5.34 is the difference ξ(0+) − ξ(0−) of the

spectral shift function from the left and right at zero. The value ξ(0−) = −N + N0

is determined by Theorem 2.5.13 and thus the only unknown element in statements of

Levinson’s theorem is the value ξ(0+), which we determine in Chapter 5 to be dependent

on the existence of resonances. In fact we can rewrite Levinson’s theorem as

ξ(0+) =
1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ))−
bn−1

2
c∑

j=1

cj(n, V )λ
n
2
−j−1

 dλ− βn(V ). (2.97)

We shall not have occasion to use any higher order terms, although they can be computed

if necessary (see [56, Theorem 3.64] for more details). These coefficients will return in

Chapter 5 when we study high energy corrections to the scattering operator and in Chapter

6 when we study spectral flow.

An interesting point to note is that in all even dimensions, Levinson’s theorem has

an additional term outside of the integral expression. This additional term is given in low
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dimensions by

β2(V ) = −Vol(S1)

2(2π)2

∫
R2

V (x) dx,

β4(V ) =
Vol(S3)

4(2π)4

∫
R4

V (x)2 dx,

β6(V ) = −Vol(S5)

6(2π)6

∫
R6

(
V (x)3 +

1

2
|[∇V ](x)|2

)
dx.

Here we have used the coefficients cj(n, V ) to determine the βn(V ).

2.5.5 Examples

In this section we demonstrate some explicit low dimensional examples, explicitly comput-

ing the scattering operator and describing the bound states and any anomalous behaviour.

In dimension n = 1, we see that for fixed energy λ ∈ R+ we have the unitary scattering

matrix S(λ) ∈ B(L2(S0)) = M2(C). In our definition of U we have made a choice of basis

of C2. Some authors use a different convention which leads to different forms of the

scattering matrix. Recall that U : L2(R)→ L2(R+,C2) is unitary and defined by

[Uf ](r) = 2−
1
2λ−

1
2

(
f(λ

1
2 )

f(−λ 1
2 )

)
.

Some authors prefer to use the map V : L2(R)→ L2(R+,C2) defined by

[Vf ](r) = 2−
1
2λ−

1
2

f(λ
1
2 )+f(−λ

1
2 )

2

f(λ
1
2 )−f(−λ

1
2 )

2

 .

The operator V is unitary and related to U by the change of basis,

B = 2−
1
2

(
1 1

1 −1

)
.

which satisfies B−1U(λ, ·)B = V(λ, ·).
The first example we consider is the finite square well in dimension n = 1.

Example 2.5.35. We fix E0, L > 0 and define the function V : R→ R by

V (x) =

0, if |x| > L,

−E0, if |x| ≤ L.

The potential V is a step function which is only non-zero inside the region [−L,L] with

depth −E0. We note that V satisfies Assumption 2.2.14 for any ρ > 1 and thus all of



CHAPTER 2. SCATTERING THEORY FOR SCHRÖDINGER OPERATORS 80

our results apply. In particular, the operator H = H0 + V has finitely many non-positive

eigenvalues.

Recall the change of basis matrix B = 2−
1
2

(
1 1

1 −1

)
from the standard polar decom-

position of L2(R+,C2) into the basis provided by the operator V . The scattering matrix

is given explicitly by

B−1S(λ)B = −e−2iλ
1
2L


(λ+E0

λ )
1
2 tan

(
(λ+E0)

1
2L

)
−i

(λ+E0
λ )

1
2 tan

(
(λ+E0)

1
2L

)
+i

0

0
−
(

λ
λ+E0

) 1
2 tan

(
(λ+E0)

1
2L

)
+i(

λ
λ+E0

) 1
2 tan

(
(λ+E0)

1
2L

)
+i

 .

Due to the symmetry of the potential V , the expression for S is much nicer when decom-

posed according to V rather than U . An interesting point to note is that the poles of S(·)
lie on the imaginary axis and correspond precisely to the bound states of H, see [19] for

a numerical discussion of the behaviour of such poles.

We note that if E
1
2
0 L 6= mπ for any m ∈ Z and E

1
2
0 L 6= (m + 1

2
)π for any m ∈ Z

then we find Det(S(0)) = −1 and we call this the generic case, which corresponds to the

non-existence of resonances. See Theorem 4.1.3 for more details.

If there exists m ∈ Z such that E
1
2
0 L = mπ or E

1
2
0 L = (m + 1

2
)π then Det(S(0)) = 1,

which is atypical and corresponds to the existence of resonances. 4

Remark 2.5.36. Example 2.5.35 can be extended to higher dimensions in a straightforward

manner, decomposing the scattering matrix into spherical harmonics. The explicit terms

are however rather difficult to describe, involving ratios of Bessel functions.

We next consider another one dimensional example in which scattering quantities can

be computed explicitly, known as the Pöschl-Teller potential.

Example 2.5.37 (Pöschl-Teller potential). For fixed α ∈ R and β > 0 we define the

potential

V (x) = −α
2β(β − 1)

cosh2 (αx)
.

For k ≥ 0 solutions to the equation (H0 + V )ψ = −k2ψ can be determined explicitly in

terms of hypergeometric functions (see [49, Equation 9]). Note that if β = 0, 1 then we

have V = 0. For β 6= 0, 1 the scattering matrix can be determined explicitly (see [49,

Equations (14) and (15)]) as

B−1S(k2)B =

(
−Γ(1+ik)Γ(β−ik)Γ(1−β−ik)

Γ(1−ik)Γ(β)Γ(1−β)
Γ(β−ik)Γ(1−β−ik)

Γ(1−ik)Γ(−ik)
Γ(1+ik)Γ(ik)

Γ(1+ik−β)Γ(ik+β)
− Γ(1+ik)Γ(ik)Γ(β−ik)Γ(1−β−ik)

Γ(β)2Γ(1−β)2
Γ(ik)Γ(β−ik)Γ(1−β−ik)

Γ(−ik)Γ(1−β)Γ(β)

)
.
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One can compute directly that

B−1S(0)B =

(
−1 0

0 1,

)

provided that β /∈ Z. 4

The above examples demonstrate that even simple potentials V can result in extremely

complicated scattering behaviour and bound state solutions. In fact for most potentials

the Schrödinger equation cannot be solved analytically, the list of exactly solveable po-

tentials is short (see [4] and [35] for some limited examples).

Example 2.5.38. Suppose that ϕ ∈ C∞(R) is such that ϕ(±∞) = c± for some c± ∈ R\{0}
with c2

+ + c2
− = 1 and ϕ(x) 6= 0 for all x ∈ R. Then we define V = ϕ′′

ϕ
and compute that

(H0 + V )ϕ = 0,

whilst ϕ /∈ L2(R). Such a function will be called a zero energy resonance in Chapter 3.

In this case one can show directly (see [56, Remark on p. 46]) that

S(0) =

(
2c+c− c2

+ − c2
−

c2
− − c2

+ 2c1c2

)
.

Direct computation shows that Det(S(0)) = 1. 4



Chapter 3

Resolvent expansions and resonances

In this chapter we develop low energy expansions of operators related to the resolvents

R0(z) and R(z). The expansions we consider here follow the technique of Jensen and

Nenciu [89] and can be found throughout the literature. In particular, there are no

new results in this chapter. In dimension n ≤ 4, such expansions are complicated by

analytic obstructions to invertibility at zero, which give rise to definitions of zero-energy

resonances. These resolvent expansions can be used to analyse the behaviour of the

scattering matrix at zero-energy and the form of the wave operator in 4.0.1, which allows

us to proveide new proofs of Levinson’s theorem.

We decompose the potential V into V = vUv where v(x) = |V (x)| 12 and U(x) =

sign(V ). Such a factorisation is well-known and was first used in the work of Birman [24]

and Schwinger [148]. For z ∈ C \ R with Im(z
1
2 ) > 0, we let k = −iz 1

2 . We have the

symmetrised resolvent identity

R(−k2)−R0(−k2) = −R0(−k2)v(U + vR0(−k2)v)−1vR0(−k2)

=: −R0(−k2)vM(k)−1vR0(−k2). (3.1)

Thus we see to obtain expansions of the resolvent R(−k2) it suffices to consider the known

expansions of the operators R0(−k2) and (the inverse of)

M(k) := U + vR0(−k2)v. (3.2)

The analysis of the inverse of M(k) as k → 0 is sensitive to the fine structure of the

spectrum of H near zero. In particular the presence of zero energy resonances will force

multiple uses of the Feshbach inversion method of Lemma 3.1.1. We shall find that such

obstructions cannot occur for n ≥ 5. Also the inversion of M(k) is sensitive to the parity

of the dimension, due to the fact that the integral kernel of the free resolvent has a

logarithmic singularity near k = 0 in even dimensions. As such, our analysis is split into

six different cases. We begin with the easiest cases of n ≥ 5 odd to demonstrate the use

82
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of Lemma 3.1.1 and end with the most involved cases of dimension n = 2 and n = 1.

Throughout this chapter we will have to strengthen the decay assumptions on the

potential to guarantee that the operators we consider are bounded. The most general

assumption we shall need is the following.

Assumption 3.0.1. We suppose that the potential satisfies Assumption 2.2.14 for

1. ρ > n+1
2

if n ≥ 11;

2. ρ > 7 if n = 7, 8, 9, 10;

3. ρ > 7 if n = 5, 6;

4. ρ > 12 if n = 4;

5. ρ > 5 if n = 3;

6. ρ > 11 if n = 2; and

7. ρ > 7 if n = 1.

We do not claim that Assumption 3.0.1 gives the optimal decay required for the

existence of the expansions in each case. For ease of exposition, we prefer to give in each

dimension only a sufficient value of ρ required for all expansions to exist. More optimal

results can be found in the cited references in each section.

The expansions we obtain for the operator M(k) are summarised in the following

result.

Theorem 3.0.2. Suppose that V satisfies Assumption 3.0.1. Then for sufficiently small

k and with η = 1
ln (k)

we have the expansion

M(k)−1 = −k−2A+ k−2g(k)An + k−1h(k)Bn + R̃(k),

where An, Bn = 0 for n ≥ 5, An = 0 for n = 1, 3, g(k), h(k) = O(η−1), A,An, Bn are

bounded operators and R̃(k) is uniformly bounded in k.

For ease of exposition, we have used the phrase ‘for sufficiently small k . . . ’ as short-

hand for the statement ‘there exists k0 > 0 such that for all 0 < |k| < k0 . . . ’. The

coefficient operators An and Bn are related to the presence of analytic obstructions to

invertibility, called resonances. Their behaviour is dimension dependent, with a single

type of resonance occurring in dimensions n = 1, 3, 4 and two distinct types occurring in

dimension n = 2. Despite the fact that there is only one type, resonances occurring in

dimension n = 4 behave more similarly to those in dimension n = 2 due to the nature of

the obstruction and the logarithmic singularity of the free resolvent.
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3.1 Algebraic and analytic preliminaries

The starting point for our analysis is the following inversion formulae for particular

operator-valued matrices (see [89, Section 2]).

Lemma 3.1.1. Let A be a closed operator on H, Q a projection and suppose A+Q has

a bounded inverse. Then A has a bounded inverse if and only if

B = Q−Q(A+Q)−1Q

has a bounded inverse in QH. In this case A−1 is given by

C = (A+Q)−1 + (A+Q)−1QB−1Q(A+Q)−1. (3.3)

Proof. Suppose that B has a bounded inverse and let C be as in Equation (3.3). Then

we can check the relations

AC = (A+Q−Q)C

= Id +QB−1Q(A+Q)−1 −Q
(
(A+Q)−1 + (A+Q)−1QB−1Q(A+Q)−1

)
= Id +

(
Q−B −Q(A+Q)−1Q

)
B−1Q(A+Q)−1

= Id.

A similar calculation shows that CA = Id so that A has a bounded inverse given by

A−1 = C. Next suppose that A has a bounded inverse. Then the operator

D = (A+Q)A−1(A+Q)− (A+Q) = Q(Id + A−1)Q

defines a bounded operator on QH. We then compute that

BD =
(
Q−Q(A+Q)−1Q

)
Q(Id + A−1)Q

= Q
(
Id− (A+Q)−1 + A−1 − (A+Q)−1QA−1

)
Q

= Q
(
Id− (A+Q)−1 + A−1 − A−1 + (A+Q)−1

)
Q

= Q,

the identity on QH. A similar calculation shows that DB = Q and thus the operator B

has a bounded inverse on QH given by B−1 = D.

Corollary 3.1.2. Let F ⊂ C have zero as an accumulation point. Let A(z), z ∈ F , be a

family of bounded operators of the form

A(z) = A0 + zA1(z) (3.4)
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with A1(z) uniformly bounded as z → 0 and A0 self-adjoint. Suppose 0 is an isolated

point of the spectrum of A0, and let Q be the orthogonal projection onto Ker(A0). Then

for sufficiently small z ∈ F the operator B(z) : QH → QH defined by

B(z) = z−1(Q−Q(A(z) +Q)−1Q) =
∞∑
j=0

(−1)jzjQ[A1(z)(A0 +Q)−1]j+1Q

is uniformly bounded as z → 0. The operator A(z) has a bounded inverse in H if and

only if B(z) has a bounded inverse in QH. In this case

A(z)−1 = (A(z) +Q)−1 + z−1(A(z) +Q)−1QB(z)−1Q(A(z) +Q)−1

Proof. By construction the operator A0 + Q is invertible. Define D0 = (A0 + Q)−1. For

sufficiently small z the operator A1(z) satisfies ||zA1(z)D0|| < 1 and so we can compute

the Neumann expansion

(A(z) +Q)−1 = (A0 +Q+ zA1(z))−1 = D0(Id + zA1(z)D0)−1

= D0

∞∑
j=0

(−1)jzj(A1(z)D0)j.

Since Q is the projection onto Ker(A0) and A0 is self-adjoint, we find Q = Q(A0 +Q)D0 =

QD0 and so by taking adjoints D0Q = Q also. We can thus compute

B(z) = z−1(Q−Q(A(z) +Q)−1Q) = z−1

(
Q−Q

(
D0

∞∑
j=0

(−1)jzj(A1(z)D0)j

)
Q

)

= z−1

(
Q−QD0Q−QD0

(
∞∑
j=1

(−1)jzj(A1(z)D0)j

)
Q

)

=
∞∑
j=0

(−1)jzjQ[A1(z)(A0 +Q)−1]j+1Q.

Since A1(z) is uniformly bounded as z → 0 we see that B(z) is also. The fact that A(z)

has a bounded inverse if and only if B(z) has a bounded inverse given by

A(z)−1 = (A(z) +Q)−1 + z−1(A(z) +Q)−1QB(z)−1Q(A(z) +Q)−1

now follows from Lemma 3.1.1.

The next lemma is a form of what is known as the Feshbach formula.

Lemma 3.1.3. Let A be an operator-valued matrix on the direct sum of Hilbert spaces
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H = H1 ⊕H2,

A =

(
a11 a12

a21 a22

)

with aij : Hj → Hi. Suppose that a11 and a22 are closed and a12 and a21 are bounded.

Suppose a22 has a bounded inverse. Then A has a bounded inverse if and only if

B = (a11 − a12a
−1
22 a21)−1

exists and is bounded. Furthermore we have

A−1 =

(
B −Ba12a

−1
22

−a−1
22 a21B a−1

22 a21Ba12a
−1
22 + a−1

22

)
.

Proof. Suppose that B exists and is bounded and let

C =

(
B −Ba12a

−1
22

−a−1
22 a21B a−1

22 a21Ba12a
−1
22 + a−1

22

)
.

Then we can compute directly that

AC =

(
a11 a12

a21 a22

)(
B −Ba12a

−1
22

−a−1
22 a21B a−1

22 a21Ba12a
−1
22 + a−1

22

)

=

(
a11B − a12a

−1
22 a21B −a11Ba12a

−1
22 + a12a

−1
22 a21Ba12a

−1
22 + a12a

−1
22

a21B − a21B −a21Ba12a
−1
22 + a21Ba12a

−1
22 + Id

)
.

We can then calculate each term individually, finding first

(AC)11 = a11B − a12a
−1
22 a21B = (a11 − a12a

−1
22 a21)B = IdH1 .

Next we have

(AC)12 = −a11Ba12a
−1
22 + a12a

−1
22 a21Ba12a

−1
22 + a12a

−1
22

= −a11Ba12a
−1
22 + a11Ba12 − (a11 − a12a

−1
22 a21)Ba12a

−1
22 + a12a

−1
22

= −a11Ba12a
−1
22 + a11Ba12 − a12a

−1
22 + a12a

−1
22

= 0.

We see immediately that (AC)21 = 0 and (AC)22 = IdH2 . A similar calculation shows

that CA = IdH and thus A has a bounded inverse given by C. For the converse, we
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suppose that A has a bounded inverse given by

C =

(
c11 c12

c21 c22

)
.

We now use the relations AC = CA = Id to demonstrate the existence of the operator

B. The relation AC = Id gives us the four equations

a11c11 + a12c21 = IdH1 , a11c12 + a12c22 = 0, (3.5)

a21c11 + a22c21 = 0, , a21c12 + a22c22 = IdH2 . (3.6)

The invertibility of a22 and Equation (3.6) then immediately gives us c21 = −a−1
22 a21c11.

Combining with Equation (3.5) we find

IdH1 = a11c11 + a12c21 = a11c11 − a12a
−1
22 a21c11 = (a11 − a12a

−1
22 a21)c11

so that a11 − a12a
−1
22 a21 is a left inverse for c11. Similarly the relation CA = IdH gives us

the four equations

c11a11 + c12a21 = IdH1 , , c21a11 + c22a21 = 0, (3.7)

c11a12 + c12a22 = 0, c21a12 + c22a22 = IdH2 . (3.8)

The invertibility of a22 and Equation (3.8) then immediately gives us c12 = −c11a12a
−1
22 .

Combining with Equation (3.7) we find

IdH1 = c11a11 + c12a21 = c11a11 − c11a12a
−1
22 a21 = c11(a11 − a12a

−1
22 a21),

so that a11 − a12a
−1
22 a21 is a right inverse of c11 also. Thus we have shown c11 = (a11 −

a12a
−1
22 a21)−1 = B exists and defines a bounded operator.

We shall now give a broad overview of how the above algebraic results will be used.

If the operator M(k) is of the form M(k) = A0 + kA1(k) with A0 self-adjoint and not

invertible and A1(k) uniformly bounded as k → 0, define the orthogonal projection Q1

onto the kernel of A0. Then for sufficiently small k we have ||kA1(k)|| < 1 and thus we

can compute the inverse of M(k) + Q1 = A0 + Q1 + kA1(k) via a Neumann expansion.

Then by Lemma 3.1.1 the operator M(k) is invertible if and only if

B1(k) = Q1 −Q1(M(k) +Q1)−1Q1

is invertible. If B1(k) can be written as B1(k) = A2 + kA3(k) with A2 invertible, then for

sufficiently small k we can invert B1(k) via a Neumann expansion and find the inverse of
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M(k) as

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1.

If B1(k) has self-adjoint leading term A2 which is not invertible, we repeat the procedure

by defining Q2 to be the orthogonal projection onto the kernel of A2 so that the operator

B1(k) is invertible if and only if

B2(k) = Q2 −Q2(B1(k) +Q2)−1Q2

is invertible. Write B2(k) = A4 +kA5(k). If the leading term A4 of B2(k) is invertible, we

can again use (for sufficiently small k, taking a new k0 if necessary) a Neumann expansion

to obtain

B1(k)−1 = (B1(k) +Q2)−1 + (B1(k) +Q2)−1Q2B2(k)−1Q2(B1(k) +Q2)−1.

Substituting back into the formula for M(k)−1 we obtain

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1(B1(k) +Q2)−1Q1(M(k) +Q1)−1

+ (M(k) +Q1)−1Q1(B1(k) +Q2)−1Q2B2(k)−1Q2(B1(k) +Q2)−1Q1(M(k) +Q1)−1.

If the self-adjoint leading term A4 of B2(k) is not invertible, we repeat the procedure by

defining the orthogonal projection Q3 onto the kernel of A4. Due to general resolvent

estimates (see [89]), the procedure terminates after a finite number of steps. In fact, we

shall show that at most three projections are required (this occurs in the case n = 2) and

the final inversion formula takes the form

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1(B1(k) +Q2)−1Q1(M(k) +Q1)−1

+ (M(k) +Q1)−1Q1(B1(k) +Q2)−1Q2B2(k)−1Q2(B1(k) +Q2)−1Q1(M(k) +Q1)−1

+ (M(k)+Q1)−1Q1(B1(k) +Q2)−1Q2(B2(k) +Q2)−1Q2(B1(k) +Q2)−1Q1(M(k)+Q1)−1

+ (M(k) +Q1)−1Q1(B1(k) +Q2)−1Q2(B2(k) +Q2)−1Q3B3(k)−1Q3

× (B2(k) +Q2)−1Q2(B1(k) +Q2)−1Q1(M(k) +Q1)−1.

Another key feature to note is that the above is only a heuristic, in some of our

applications the leading term is multiplied by a function of k and this is the scenario in

which an application of Corollary 3.1.2 is more appropriate. In some cases the leading

term is of the form A+η−1B and thus it is easier to decompose the Hilbert space into the

span of complementary projections. In this case an application of Lemma 3.1.3 is more

appropriate. We note also that by construction the projections satisfy Q3 ≤ Q2 ≤ Q1.

The advantage of the Feshbach method just described is that it allows us to system-
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atically isolate the obstructions to invertibility of the operator M(k) into the range of a

finite number of decreasing projections, which can be related to the spectrum of H using

analytic methods.

We now note several algebraic identities which will be frequently used in our expan-

sions.

Lemma 3.1.4. Suppose that A0 is a bounded self-adjoint operator on a Hilbert space H
and that Q1 is the orthogonal projection onto Ker(A0) with zero an isolated point of the

spectrum. Then the operator A0+Q1 is invertible with inverse D0 = (A0+Q1)−1 satisfying

the relations

Q1 = D0Q1 = Q1D0.

Proof. Since Q1 is the projection onto Ker(A0) we have the relation Q1A0 = 0 and thus

we find

Q1 = Q1(A0 +Q1)D = Q1D.

Taking adjoints gives us DQ1 = Q1 also, since D0 is a self-adjoint operator.

Remark 3.1.5. If Q ≥ Q1 is an orthogonal projection and QA0 = A0Q = A0 then we have

the additional relations QD0 = D0Q = D0, which follow immediately from the fact that

Q is the identity on QH.

We end this section by describing a result which will allow us to show that the inversion

procedure terminates in each dimension. The termination of the Feshbach procedure of

Lemma 3.1.1 is guaranteed by more abstract bounds on the resolvent, however the next

result also allows us to deduce useful relationships between certain integral operators.

Lemma 3.1.6. Suppose that f ∈ L1(Rn)∩C1(Rn) satisfies f(0) = 0. Then for n ≥ 3 we

have

lim
k→0

∫
Rn

1

|ξ|2(|ξ|2 + k2)
|f(ξ)|2 dξ =

∫
Rn

1

|ξ|4
|f(ξ)|2 dξ. (3.9)

If in addition we have (x 7→ |x|−2f(x)) ∈ L1(Rn) then Equation (3.9) holds in dimension

n = 1, 2 also.

Proof. Since f ∈ L1(Rn) and f(0) = 0 we know that |f(r)| = O(r) as r → 0. We compute

for any R > 0 that∫
Rn

1

|ξ|4
|f(ξ)|2 dξ =

∫
Sn−1

∫ ∞
0

rn−5|f(rω)|2 dr dω

=

∫
Sn−1

∫ R

0

rn−5|f(rω)|2 dr dω +

∫
Sn−1

∫ ∞
R

rn−5|f(rω)|2 dr dω.
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The integral from R to infinity always converges given the assumptions on f , so we must

consider only the integral from 0 to R0. Since |f(r)| = O(r) as r → 0 we see that the

integral over [0, R] converges for all n ≥ 3. Applying the dominated convergence theorem

now gives the equality of Equation (3.9).

If in addition we have that |x|−2f(x) ∈ L1(Rn) then we obtain |f(r)| = O(r3) as r → 0

and thus the integral over [0, R] converges in dimension n = 1, 2 also. An application of

the dominated convergence theorem completes the proof.

3.2 Expansions of the operator M(k)

We follow the method outlined in [89]. The expansions we present have been computed in

various forms throughout the literature, in particular in dimension n = 1 in [89, 116], in

dimension n = 2 in [63, 89, 166] in dimension n = 3 in [64, 88], in dimension n = 4 in [62,

87] and in dimension n ≥ 5 in [71, 72, 85]. The older papers [85, 87, 88, 116] compute a

non-symmetrised resolvent expansion whilst the more recent papers use the symmetrised

technique outlined in [89].

Due to the dependence of the integral kernel of R0(z) on the parity of the dimension

n our analysis is divided into odd and even dimensions. There are no resonances for

n ≥ 5, the only poles of the resolvent at z = 0 arising from the presence of zero energy

eigenvalues. As a result the analysis is much simpler in dimension n ≥ 5 and so we

consider this first. As a general rule, the logarithmic behaviour of the integral kernel of

R0(z) makes the analysis more difficult in even dimensions.

As discussed in Corollary 2.2.13 for z ∈ C\ [0,∞) with Im(z
1
2 ) > 0 (here we are using

the principal branch of the logarithm) the integral kernel of the resolvent R0(z) is given

by

R0(x, y, z) =
i

4
z
n−2
4 (2π)−

n−2
2 |x− y|−

n−2
2 H

(1)
n−2
2

(z
1
2 |x− y|), (3.10)

where H
(1)
ν is the Hankel function of the first kind of order ν. We will use the variable

k = −iz 1
2 so that z = −k2. For n = 1 we thus have the expansion

R0(x, y,−k2) =
1

2

∞∑
p=0

(−1)p

p!
kp−1|x− y|p. (3.11)

For n ≥ 3 odd we have the expansion

R0(x, y,−k2) = |x− y|−(n−2)

∞∑
p=0

cn,pk
p|x− y|p. (3.12)

Here the cn,p are numerical coefficients whose value is not needed and can be found in [89,
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Section 3], although we note that cn,1 = 0 and in fact cn,p = 0 for p = 1, 3, . . . , n − 4 by

[85, Lemma 3.3] (the argument here is purely combinatorial and uses an expansion of the

heat kernel). If n is even we obtain

R0(x, y,−k2) = kn−2 ln (k|x− y|)
∞∑
p=0

cn,pk
2p|x− y|2p + |x− y|−(n−2)

∞∑
p=0

dn,pk
2p|x− y|2p

(3.13)

where the cn,p and dn,p are numerical coefficients whose value will be recalled as needed

and can be found in [89, Section 3].

The above expansions are only formal and one needs to be more precise in what sense

they are valid, truncating after finitely many terms. The expansions of Equation (3.11),

(3.12) and (3.13) will be used in conjunction with the definition

M(k) = U + vR0(−k2)v

to determine expansions of M(k) in each dimension.

3.2.1 Dimension n ≥ 5 odd

In this section we employ the methods of [89] to compute an expansion of M(k)−1 for

n ≥ 5 odd. For our purposes only the lowest order term in our expansions will be needed

and thus we only compute the first term in the expansion, although we remark that

more terms could be computed if necessary. We will refer to [85] for some boundedness

properties of the operators involved in our expansions. The symmetrised expansions we

present have appeared in [71].

The assumptions we make on the potential depend heavily on the dimension.

Assumption 3.2.1. If n ≥ 5 is odd we assume that V satisfies Assumption 2.2.14 for

1. ρ > 7 if n = 5,

2. ρ > 6 if n = 7, 9 and

3. ρ > n+1
2

if n ≥ 11.

We make the following definition, based the asymptotic expansion of R0(−k2) in

Equation (3.12).

Definition 3.2.2. Suppose that n ≥ 5 is odd and V satisfies Assumption 3.2.1. We

define for p ∈ N the integral operators Gp with integral kernels

Gp(x, y) = cn,p|x− y|2−n+p
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and for p ≥ 1 define the operators Mp by the integral kernels

Mp(x, y) = v(x)Gp(x, y)v(y).

For p = 0 we define the operator M0 by the integral kernel

(M0 − U)(x, y) = v(x)G0(x, y)v(y).

Note that we have M1 = 0 by [85, Lemma 3.3]. Thus by the definition of M(k) we

have the expansion

M(k) = U + vR0(−k2)v = M0 + k2M2 + k3R̃0(k),

where R̃0(k) is uniformly bounded in F = {k ∈ C : Re(k) ≥ 0 and |k| ≤ 1}.

Lemma 3.2.3. Suppose that n ≥ 5 is odd and V satisfies Assumption 3.2.1. Then the

operators M0 and M2 are bounded and R̃0 is uniformly bounded in norm for k ∈ F .

Proof. We have by [85, Lemma 3.4] that G0, G2 ∈ B(H−1,t, H1,−t) for all t ≥ 1 and

G2 ∈ B(H−1,t, H1,−t) for t ≥ 2 and ρ satisfying Assumption 3.2.1. Thus the operators M0

and M2 are bounded also.

Note that M0 is a compact self-adjoint perturbation of U and so has essential spec-

trum contained in {−1, 1}. Thus 0 is an isolated point of the spectrum of M0 and

DimKer(M0) < ∞. If 0 is an eigenvalue of H then M0 is not invertible, however we

can use the Feshbach inversion method to overcome this and make the following defini-

tion.

Definition 3.2.4. If the operator M0 is invertible then we say that zero is a regular point

of the spectrum of H. If M0 is not invertible, we say that zero is an exceptional point of

the spectrum of H. For an exceptional point we can define the orthogonal projection Q1

onto the kernel of M0 and note that M0 + Q1 is invertible on H, so that we may define

the operator

D0 = (M0 +Q1)−1.

Since M0 is a compact perturbation of U (an invertible operator), the Fredholm

alternative guarantees that Q1 is a finite rank operator.

We will now apply Lemma 3.1.1 with A = M(k) and the projection Q1. Thus we

need to show that M(k) +Q1 has a bounded inverse on H.

Lemma 3.2.5. Suppose that n ≥ 5 is odd and V satisfies Assumption 3.2.1 and that zero

is an exceptional point of the spectrum of H. Define the operator D0 = (M0 + Q1)−1.
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Then for sufficiently small k we have that M(k) + Q1 is invertible on H. Furthermore,

we have the expansion

(M(k) +Q1)−1 = D0 − k2D0M2D0 + k3R̃1(k), (3.14)

where R̃1(k) is uniformly bounded in k.

Proof. For sufficiently small k we find that∣∣∣∣∣∣k2M2D0 + k3R̃0(k)D0

∣∣∣∣∣∣ < 1.

We can thus use a Neumann expansion to compute that

(M(k) +Q1)−1 =
(
M0 +Q1 + k2M2 + k3R̃0(k)

)−1

= D0

(
Id + (k2M2 + k3R̃0(k))D0

)−1

= D0

(
Id +

∞∑
j=1

(−1)j
(

(k2M2 + k3R̃0(k))D0

)j)
= D0 − k2D0M2D0 − k3D0R̃0(k)D0

+
∞∑
j=2

(−1)jD0

(
(k2M2 + k3R̃0(k))D0

)j
D0.

Defining the operator

R̃1(k) = −D0R̃0(k)D0 +
∞∑
j=2

(−1)jk−3D0

(
(k2M2 + k3R̃0(k))D0

)j
D0

completes the proof.

Lemma 3.1.1 states that M(k) is invertible if and only if the operator

B1(k) := Q1 −Q1(M(k) +Q1)−1Q1,

is invertible on Q1H and in this case

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1.

We thus need to determine an inverse for B1(k). Using Lemma 3.2.5 and the fact that

Q1 = Q1D0Q1 (see Lemma 3.1.4) we can first determine an expansion for B1(k).

Lemma 3.2.6. Suppose that n ≥ 5 is odd and V satisfies Assumption 3.2.1 and that zero

is an exceptional point of the spectrum of H. Then for sufficiently small k we have the
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expansion

B1(k) = k2Q1M2Q1 − k3Q1R̃1(k). (3.15)

Proof. We compute that

B1(k) = Q1 −Q1(M(k) +Q1)−1Q1 = Q1 −Q1

(
D0 − k2D0M2D0 + k3R̃1(k)

)
Q1

= Q1 −Q1D0Q1 + k2Q1D0M2D0Q1 − k3Q1R̃1(k)Q1

= k2Q1M2Q1 − k3Q1R̃1(k),

where we have used the relations Q1D0 = D0Q1 = Q1 of Lemma 3.1.4 several times.

Hence the invertibility of B1(k) depends on the invertibility of the operator Q1M2Q1

on Q1H.

Lemma 3.2.7. [71, Lemma 5.3] Suppose that n ≥ 5 is odd and V satisfies Assump-

tion 3.2.1 and that zero is an exceptional point of the spectrum of H. Then the oper-

ator Q1M2Q1 is invertible on Q1H. Furthermore, for f ∈ Q1H we have the relation

〈G2vf, vf〉 = 〈G0vf,G0vf〉.

Proof. Take f ∈ Q1H, so that (U + vG0v)f = 0, and suppose Q1M2Q1f = 0. We note

that the resolvent expansion (3.12) implies the weak operator topology limit

lim
k→0

k−2(R0(k2)−G0) = G2.

Note also that vf ∈ L1(Rn) and x 7→ |x|vf ∈ L1(Rn), so that F(vf) ∈ L1(Rn) ∩ C1(Rn).

So we find

〈Q1vG2vQ1f, f〉 = 〈G2vf, vf〉 = lim
k→0
〈k−2(R0(k2)−G0)vf, vf〉

= lim
k→0

k−2

∫
Rn

(
|ξ|2 − k2)−1 − |ξ|−2

)
[F(vf)](ξ)[F(vf)](ξ) dξ

= lim
k→0

∫
Rn

1

|ξ|2(|ξ|2 − λ2)
|[F(vf)](ξ)|2 dξ

=

∫
Rn
|ξ|−4|[F(vf)](ξ)|2 dξ

= 〈G0vf,G0vf〉,

where we have used Lemma 3.1.6 to bring the limit inside the integral. The relation

〈G2vf, vf〉 = 〈G0vf,G0vf〉 follows from the above equalities. Since Q1M2Q1f = 0 the

final equality implies that F(vf) = 0 which in turn gives vf = 0. So we see that

Ker(Q1M2Q1) = {0} and the claim is proved.
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We now have a well-defined bounded operator D1 = (Q1M2Q1)−1 on Q1H. Noting

that D1 = Q1D1Q1 we see that D1 is finite rank.

Lemma 3.2.8. Suppose that n ≥ 5 is odd and V satisfies Assumption 3.2.1 and that zero

is an exceptional point of the spectrum of H. Then for sufficiently small k the operator

B1(k) is invertible and we have the expansion

B1(k)−1 = k−2D1 + k−1D1Q1R̃1(k)Q1D1 + k2R̃2(k),

where R̃2(k) is uniformly bounded in k and D1 = (Q1M2Q1)−1.

Proof. For sufficiently small k we have the estimate∣∣∣∣∣∣kQ1R̃1(k)Q1D1

∣∣∣∣∣∣ < 1.

We thus begin with Equation (3.15) to compute the Neumann expansion

B1(k)−1 =
(
k2Q1M2Q1 − k3Q1R̃1(k)

)−1

= k−2D1

(
Id− kQ1R̃1(k)Q1D1

)−1

= k−2D1

(
Id + kQ1R̃1(k)Q1D1 +

∞∑
j=2

kj(R̃1(k)jQ1D1)j

)
.

Defining R̃2(k) =
∑∞

j=2 k
j−2(R̃1(k)jQD1)j completes the proof.

We finally have the required tools for our expansion of M(k).

Theorem 3.2.9. Suppose that n ≥ 5 is odd and V satisfies Assumption 3.2.1 and that

zero is an exceptional point for the spectrum of H. Then for sufficiently small k we have

the expansion

M(k)−1 = k−2Q1D1Q1 + R̃3(k), (3.16)

where the operator R̃3(k) is uniformly bounded in k.

Proof. We apply Lemma 3.1.1 to A = M(k) and use Lemmas 3.2.5 and 3.2.8 to obtain

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1

= D0 − k2D0M2D0 + k3R̃1(k) +
(
D0 − k2D0M2D0 + k3R̃1(k)

)
×Q1

(
k−2D1+k−1D1Q1R̃1(k)Q1D1+k2R̃2(k)

)
Q1

(
D0−k2D0M2D0+k3R̃1(k)

)
.

Expanding out the product shows that

(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1 = k−2Q1D1Q1 −Q1D1Q1M2D0

+ k−1Q1D1Q1R̃1(k)Q1D1Q1 + kR̃4(k),
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where R̃4(k) is uniformly bounded for k ∈ F . Thus we find M(k)−1 = k−2Q1D1Q1+R̃3(k),

where we have defined the operator

R̃3(k) = D0 − k2D0M2D0 + k3R̃1(k)−Q1D1Q1M2D0

+ k−1Q1D1Q1R̃1(k)Q1D1Q1 + kR̃4(k),

which is uniformly bounded in k.

Finally we characterise the zero eigenspace of H in terms of the operators just de-

scribed. The following result is implicit in [85] and can be found as [71, Lemma 5.5].

Lemma 3.2.10. [71, Lemma 5.5] Suppose that n ≥ 5 is odd and V satisfies Assumption

3.2.1 and that zero is an exceptional point of the spectrum of H. Then the projection onto

the eigenspace at zero is P0 = G0vQ1D1Q1vG0.

Proof. Suppose that Dim(Q1H) = N0 and let (ϕj)
N0
j=1 be an orthonormal basis for Q1H.

Then we have

0 = M0ϕj = UM0ϕj = U(Uϕj + vG0vϕj) = ϕj + UvG0vϕj.

Write ϕj = Uvψj for (ψj)
N0
j=1 ⊂ H a linearly independent set (see [71, Lemma 5.1]), so

that

0 = Uvψj + UvG0vUvψj = Uv(ψj +G0V ψj),

which implies ψj +G0V ψj = 0. Thus for any f ∈ H we may write

Q1vG0f =

N0∑
j=1

〈vG0f, ϕj〉ϕj =

N0∑
j=1

〈f,G0vϕj〉ϕj

=

N0∑
j=1

〈f,G0V ψj〉ϕj = −
N0∑
j=1

〈f, ψj〉ϕj.

We let (Aij) be the matrix representation of Q1M2Q1 with respect to (ϕj)
N0
j=1, so that

Aij = 〈ϕi, Q1M2Q1ϕj〉 = 〈vϕi, G2vϕj〉 = 〈G0vϕi, G0vϕj〉 = 〈ϕi, ϕj〉,

where we have used the relation 〈G2vf, vg〉 = 〈G0vf,G0vg〉 valid for all f, g ∈ Q1H (see
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Lemma 3.2.7). Then for f ∈ H we may calculate that

P0f = G0vQD1QvG0f = G0vQ1D1

(
−

N0∑
j=1

〈f, ψjf〉ϕj

)
= −

N0∑
j=1

G0vQD1ϕj〈f, ψj〉

= −
N0∑
j=1

N0∑
p=1

G0vQ1(A−1)pjϕp〈f, ψj〉 = −
N0∑
j=1

N0∑
p=1

G0vϕp(A
−1)pj〈f, ψj〉

=

N0∑
j=1

N0∑
p=1

(A−1)pjψp〈f, ψj〉.

In particular for f = ψm we find P0ψm = ψm and so the range of P0 is the span of (ψm)N0
m=1

and since P0 is self-adjoint it is the desired projection onto the kernel of H.

The operator P0 arises when considering the lowest order term in the expansion of

R(−k2) = R0(−k2)−R0(−k2)vM(k)−1vR0(−k2),

as we now demonstrate.

Theorem 3.2.11. Suppose that n ≥ 5 is odd and V satisfies Assumption 3.2.1. Then for

sufficiently small k we have the expansion

R(−k2)−R0(−k2) = −k−2P0 + R̃(k), (3.17)

where R̃(k) is uniformly bounded.

Proof. We note that

R(−k2)−R0(−k2) = −R0(−k2)vM(k)−1vR0(−k2)

= −(G0v + R̃1(k))(k−2Q1D1Q1 + R̃3(k))(vG0 + R̃2(k))

= −k−2G0vQ1D1Q1vG0 + R̃(k).

An application of Lemma 3.2.10 completes the proof.

3.2.2 Dimension n ≥ 5 even

In this section we compute the low energy behaviour of the operator M(k) in even di-

mensions n ≥ 5. We use the Feshbach inversion formula as described in [89]. Such

expansions have been considered in a different context in [72] and first appeared in a

non-symmetrised form in [85], to which we will refer for some boundedness properties of

the operators involved in our expansions. The statements and proofs in this section are

rather similar to the case n ≥ 5 odd, however are made more cumbersome by the presence
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of the logarithmic behaviour of the Hankel function appearing in the integral kernel of

R0(−k2). We thus introduce the variable η = ln (k)−1 (we are using the principal branch

of the logarithm).

We require stronger assumptions on the potential than Assumption 2.2.14.

Assumption 3.2.12. If n ≥ 5 is even we assume that V satisfies Assumption 2.2.14 for

1. ρ > 7 if n = 6,

2. ρ > 6 if n = 8, 10 and

3. ρ > n+1
2

if n ≥ 12.

We recall that if n is even we have the expansion

R0(x, y, z) = kn−2 ln (k|x− y|)
∞∑
p=0

cn,pk
2p|x− y|2p + |x− y|−(n−2)

∞∑
p=0

dn,pk
2p|x− y|2p

(3.18)

Considering the terms in the expansion of R0(x, y, k2) of Equation (3.18) with loga-

rithmic coefficients leads to the following operator definitions.

Definition 3.2.13. For 0 ≤ p ≤ n
2
−2 we define the operators G2p,−1 = 0 and the integral

operators G2p,0 with the integral kernels

G2p,0(x, y) = dn,|x− y|2p+2−n.

For p ≥ n
2
− 1 we define the operators G2p,0 and G2p,−1 by the integral kernels

G2p,0(x, y) = |x− y|2p (cn,2p ln (|x− y|) + dn,2p+n−2) ,

G2p,−1(x, y) = cn,p|x− y|2p.

For (0, 0) 6= (p, q) ∈ N × {0,−1} we can further define the operators M0,0 = U + vG0,0v

and Mp,q = vGp,qv.

We will only need the first few terms in this expansion, although it is helpful to see

how each is defined. We may then write using the definition of M(k) the expansion

M(k) = U + vR0(−k2)v = M0,0 + k2M2,0 + k4η−1R̃0(k)

with R̃0(k) uniformly bounded in k. The labelling convention we use is that a pair (i, j)

of subscripts refers to an operator with coefficient kiηj. We make the following definition

of exceptional points.
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Definition 3.2.14. We say that zero is a regular point for H if the operator M0,0 is

invertible. If M0,0 is not invertible, we say zero is an exceptional point for H and define

the operator Q1 to be the orthogonal projection onto the kernel of M0,0. The operator

M0,0 +Q1 is then invertible and we let D0 = (M0,0 +Q1)−1.

We now proceed as in the odd case to obtain an expansion for M(k)−1.

Lemma 3.2.15. Suppose that n ≥ 5 is even and V satisfies Assumption 3.2.12 and that

zero is an exceptional point for H. Then for sufficiently small k we have the expansion

(M(k) +Q1)−1 = D0 − k2D0M2,0D0 + k4η−1R̃2(k),

where R̃2(k) is uniformly bounded in k and D0 = (M0,0 +Q1)−1.

Proof. For sufficiently small k we have the estimate∣∣∣∣∣∣k2M2,0D0 + k4η−1R̃0(k)D0

∣∣∣∣∣∣ < 1.

We are thus able to compute using a Neumann expansion the expansion

(M(k) +Q1)−1 = (M0,0 + k2M2,0 + k4η−1R̃0(k) +Q1)−1

= D0(Id + k2M2,0D0 + k4η−1R̃0(k)D0)−1

= D0(Id− k2M2,0D0 − k4η−1R̃0(k)D0 + k4η−1R̃1(k)),

where R̃1(k) is uniformly bounded in k. The result follows by defining the remainder

R̃2(k) = R̃0(k) + R̃1(k).

We next define the operator B1(k) by

B1(k) = Q1 −Q1(M(k) +Q1)−1Q1. (3.19)

Lemma 3.2.16. Suppose that n ≥ 5 is even and V satisfies Assumption 3.2.12 and that

zero is an exceptional point for H. Then for sufficiently small k we have the expansion

B1(k) = k2Q1M2,0Q1 −Q1k
4R̃2(k).

Proof. We compute using the definition of B1(k) and Lemma 3.2.15 that

B1(k) = Q1 −Q1(M(k) +Q1)−1Q1 = Q1 −Q1(D0 − k2D0M2,0D0 + k4η−1R̃2(k))Q1

= k2Q1M2,0Q1 − k4Q1η
−1R̃2(k)Q1,

where we have used the relations Q1D0 = D0Q1 = Q (see Lemma 3.1.4).
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We see that the invertibility of B1(k) depends on the invertibility of the operator

Q1M2,0Q1. The following result shows that the Feshbach procedure of Lemma 3.1.1

terminates.

Lemma 3.2.17. [72, Lemma 5.2] Suppose that n ≥ 5 is even and V satisfies Assumption

3.2.12. Then the operator Q1M2,0Q1 is invertible on Q1H.

Proof. The proof is identical to that of Lemma 3.2.7 with the operator M2 replaced by

M2,0, since the integral kernels are scalar multiples of each other.

We can now determine an expansion for the inverse of the operator B1(k). We write

D1 = (Q1M2,0Q1)−1 on Q1H.

Lemma 3.2.18. Suppose that n ≥ 5 is even and V satisfies Assumption 3.2.12 and that

zero is an exceptional point for H. Then for sufficiently small k we have the expansion

B1(k)−1 = k−2D1 − k2D1Q1η
−1R̃2(k)Q1D1 + k2η−1R̃3(k),

where R̃3(k) is uniformly bounded in k and D1 = (Q1M2,0Q1)−1.

Proof. For sufficiently small k we have the estimate∣∣∣∣∣∣k4Q1η
−1R̃2(k)Q1D1

∣∣∣∣∣∣ < 1

We are thus able to compute using the definition of B1(k) and Lemma 3.2.17 the Neumann

expansion

B1(k)−1 = (k2Q1M2,0Q1 − k4Q1η
−1R̃2(k)Q1)−1 = k−2D1(Id− k4Q1η

−1R̃2(k)Q1D1)−1

= k−2D1 − k2D1Q1η
−1R̃2(k)Q1D1 + k2η−1R̃3(k),

where R̃3(k) is uniformly bounded in k.

We can now use Lemma 3.1.1 to invert M(k).

Theorem 3.2.19. Suppose that n ≥ 5 is even and V satisfies Assumption 3.2.12 and that

zero is an exceptional point for H. Then for sufficiently small k we have the expansion

M(k)−1 = k−2Q1D1Q1 + η−1R̃6(k),

where R̃6(k) is uniformly bounded in k.

Proof. We use Lemma 3.2.15 to find

(M(k) +Q1)−1Q1 = Q1 − k2D0M2,0Q1 + k4η−1R̃2(k)Q1,

Q1(M(k) +Q1)−1 = Q1 − k2Q1M2,0D0 + k4Q1η
−1R̃2(k).
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We can thus use Lemma 3.2.18 to find

(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1

= (Q1 − k2D0M2,0Q1 + k4η−1R̃2(k)Q1)(k−2D1 − k2D1Q1η
−1R̃2(k)Q1D0 + k2η−1R̃3(k))

× (Q1 − k2Q1M2,0D0 + k4Q1η
−1R̃2(k))

= k−2Q1D1Q1 + η−1R̃5(k),

where R̃5(k) is uniformly bounded in k. Lemma 3.1.1 then gives us the expansion

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1

= D0 − k2D0M2,0D0 + k4η−1R̃2(k) + k−2Q1D1Q1 + η−1R̃5(k)

= k−2Q1D1Q1 + η−1R̃6(k),

where R̃6(k) is uniformly bounded in k.

We observe that despite the logarithmic singularity in the integral kernel of R0(−k2),

the leading behaviour is identical to that of the case n ≥ 5 odd. We will demonstrate

shortly that this is no longer the case in dimension n = 2, 4 and must be handled with

care.

Lemma 3.2.20. [72, Lemma 5.3] Suppose that n ≥ 5 is even and V satisfies As-

sumption 3.2.12. Then the projection P0 onto the zero eigenspace of H is the operator

G0,0vQ1D1Q1vG0,0.

Proof. The proof is identical to that of Lemma 3.2.10, so we omit the details.

Theorem 3.2.21. Suppose that n ≥ 5 is even and V satisfies Assumption 3.2.12. Then

for sufficiently small k we have

R(−k2)−R(−k2) = −k−2P0 + R̃(k), (3.20)

where R̃(k) is uniformly bounded.

The proof is identical to the odd dimensional case.

3.2.3 Dimension n = 4

In this section we demonstrate an expansion for the symmetrised resolvent in dimension

n = 4. Such results have been demonstrated in the unsymmetrised case in [87] and have

been used in various contexts, see [62]. We will again employ the Feshbach inversion

method of [89] discussed at the beginning of this chapter. The resolvent expansions are

similar to those found in the case n ≥ 5 even, however are sensitive to extra obstructions
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to the invertibility of the operator M(k) near zero arising from the presence of zero

eigenvalues and of another phenomena, called a zero energy resonance. Our inversion

procedure will lead to a natural definition of zero energy resonance in dimension n = 4.

Throughout this section we make the following assumption on the potential.

Assumption 3.2.22. We assume the potential V satisfies Assumption 2.2.14 for some

ρ > 12.

Equation (3.13) in dimension n = 4 reads

R0(x, y, z) = k2 ln (k|x− y|)
∞∑
p=0

c4,pk
2p|x− y|2p + |x− y|−2

∞∑
p=0

d4,pk
2p|x− y|2p (3.21)

and leads to the following operator definitions.

Definition 3.2.23. Suppose that n = 4 and V satisfies Assumption 3.2.22. Define the

integral operator G0,0 by the kernel

G0,0(x, y) = d4,0|x− y|−2

and for integers p ≥ 1 the integral operators G2p,0 and G2p,−1 by the kernels

G2p,0(x, y) = (c4,2p ln (|x− y|) + d4,2p+2)|x− y|2p−2,

G2p,−1(x, y) = c4,2p|x− y|2p−2.

Further define the operators M0,0 = U + vG0,0v and M2p,j = vG2p,jv for j = 0,−1 and

p ≥ 1 an integer.

The operator G2p,j is the operator coefficient of the term k2p ln (k)j in Equation (3.21).

As in the previous section we introduce the variable η = ln (k)−1. Then using the definition

of M(k) we have the expansions

M(k) = U + vR0(−k2)v = M0,0 + k2M2,0 + k2η−1M2,−1 + k4η−1R̃0(k) (3.22)

and

M(k) = M0,0 + k2M2,0 + k2η−1M2,−1 + k4M4,0 + k4η−1M4,−1 + k6η−1R̃1(k), (3.23)

where R̃0(k) and R̃1(k) are uniformly bounded for k ∈ F . The expansion of Equa-

tion (3.22) does not have sufficiently many terms for some of the more involved calcula-

tions and in these situations we will consider the expansion of Equation (3.23). We also

define the projection P = ||v||−2 〈·, v〉v which is by definition a scalar multiple of M2,−1.
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Definition 3.2.24. Suppose that n = 4 and V satisfies Assumption 3.2.22. We say that

zero is a regular point of the spectrum of H if the operator M0,0 is invertible. If zero is not

a regular point of the spectrum of H, we define Q1 to be the orthogonal projection onto

the kernel of M0,0. Then M0,0 + Q1 is invertible and we can define D0 = (M0,0 + Q1)−1.

We say there is an exceptional point of the first kind if Q1M2,−1Q1 is invertible on Q1H. If

Q1M2,−1Q1 is not invertible, we define Q2 to be the orthogonal projection onto the kernel

of Q1M2,−1Q1 (as an operator on Q1H). Then Q1M2,−1Q1 + Q2 is invertible on Q1H. If

Q1 = Q2 we say there is an exceptional point of the second kind. Otherwise, we say there

is an exceptional point of the third kind.

In our definition, Q2 6= 0 (an exceptional point of the second kind) will be shown

to correspond to the existence of an eigenvalue whilst Q1 6= 0 will lead to a definition

of resonance in dimension n = 4. Before proceeding to our expansion of M(k)−1, we

characterise the range of the projections Q1 and Q2 in terms of solutions to the equation

Hψ = 0. We can characterise the image of the projections Q1 and Q2 in terms of the

spectrum of H.

Lemma 3.2.25. [62, Lemma 7.1] Suppose that n = 4 and V satisfies Assumption 3.2.22.

Then 0 6= f ∈ Q1H if and only if f = Uvg for some g ∈ H0,−t for some t > 0 such that

Hg = 0 in the sense of distributions.

Proof. Composing with H0 shows that Hg = 0 if and only if (Id + G0,0V )g = 0. So

suppose that f ∈ Q1H which gives us (U + vG0,0v)f = 0 and upon multiplying by U we

obtain

f(x) = −U(x)v(x)[G0,0vf ](x) = d4,0U(x)v(x)

∫
R4

|x− y|−2v(y)f(y) dy.

Thus we define the function g by

g(x) = d4,0

∫
R4

|x− y|−2v(y)f(y) dy = −[G0,0vf ](x). (3.24)

Since vf ∈ H0,2 we find by [85, Lemma 2.3] that g ∈ H0,−t for some t > 0. By construction

we have f = Uvg and we have the relation

0 = g +G0,0vf = g +G0,0V g = (Id +G0,0V )g,

so that g satisfies Hg = 0 in the sense of distributions. For the converse, suppose f = Uvg

for some non-zero g satisfying Hg = 0. Then we have

(U + vG0,0v)f = vg + vG0,0V g = v(Id +G0,0V )g = 0,

so that f ∈ Q1H.
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Lemma 3.2.26. [62, Lemma 7.2] Suppose n = 4 and V satisfies Assumption 3.2.22.

Then 0 6= f ∈ Q2H if and only if f = Uvg for some 0 6= g ∈ H such that Hg = 0 in the

sense of distributions.

Proof. Suppose that f ∈ Q2H. Since Q2 ≤ Q1 we have by Lemma 3.2.25 that f = Uvg

and it suffices to show g ∈ H. We note that PQ2 = 0 implies∫
R4

v(y)f(y) dy = 0. (3.25)

By Lemma 3.2.25 we have that g satisfies Equation (3.24). Equation (3.25) gives

(1 + |x|2)−1

∫
R4

v(y)f(y) dy = 0

and thus

g(x) = d4,0

∫
R4

(
|x− y|−2 − (1 + |x|2)−1

)
v(y)f(y) dy.

For x 6= y ∈ Rn we have the estimate (see [87, Equation (2.8)])

∣∣|x− y|−2 − (1 + |x|2)−1
∣∣ ≤ 5

(
(1 + |y|2)

1
2

(1 + |x|2)
1
2 |x− y|2

+
(1 + |y|2)

1
2

(1 + |x|2)|x− y|2

)
. (3.26)

Both terms on the right hand side of the estimate (3.26) are the integral kernels of Riesz

operators (see [153, Chapter V.1]). Define the operators L1, L2 : C∞c (R4) → C∞c (R4) by

the integral kernels

L1(x, y) =
1

|x− y|2
and L2(x, y) =

1

|x− y|2
.

By Theorem 2.2.5 we have that for α ∈ R the operator qα of multiplication by the function

qα = (1 + | · |2)
α
2 maps Hs,t → Hs,t−α for any s, t ∈ R. For t > 0 we have by [153, Chapter

V.1] L1 : H0,1+t → H0,−1 and L2 : H0,1+t → H0,−2. Since q1vf ∈ H0,1+t we find for

j = 1, 2 that q−jLjq1v : H → H and thus g ∈ H.

For the converse, suppose f = Uvg and use Equations (3.24) and (3.25) to show

g(x) = d4,0

∫
R4

(
|x− y|−2 − (1 + |x|2)−1

)
v(y)f(y) dy + d4,0(1 + |x|2)−1

∫
R4

v(y)f(y) dy.

(3.27)

Then by assumption g ∈ H and the first term in Equation (3.27) is in H by the estimate
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(3.26), which forces the second term in Equation (3.27) to be in H also. That is(
R4 3 x 7→ (1 + |x|2)−1

∫
R4

v(y)f(y) dy

)
∈ H.

which forces 0 = Pf = Q1PQ1f and so f ∈ H.

Corollary 3.2.27. Suppose that n = 4 and V satisfies Assumption 3.2.22. Then

Rank(Q1) ≤ Rank(Q2) + 1.

Proof. Suppose that 0 6= f1, f2 ∈ Q1H and let g1, g2 be the corresponding distributional

solutions of Hg = 0. Then we just need to show there exists a constant c ∈ C and a

function h ∈ H such that g2 − cg1 = h, which follows from Equation (3.27).

The invertibility of the operator M(k) depends on the nature of the singularity at the

point zero, however the following result will be used in each exceptional case.

Lemma 3.2.28. Suppose that n = 4 and V satisfies Assumption 3.2.22, and that zero

is not a regular point of the spectrum of H. Then for sufficiently small k we have the

expansion

(M(k) +Q1)−1 = D0 − k2D0M2,0D0 − k2η−1D0M2,−1D0 − k2η−1R̃2(k), (3.28)

where R̃2(k) is uniformly bounded in k and D0 = (M0,0 +Q1)−1.

Proof. For sufficiently small k we have the estimate

||M(k)−M0,0 +Q1||2 < 1.

We are thus able to compute the Neumann expansion

(M(k) +Q1)−1 = (M0,0 +Q1 + k2M2,0 + k2η−1M2,−1 + k4M4,0

+ k4η−1M4,−1 + k4η−1R̃1(k))−1

= D0(Id + k2M2,0D0 + k2η−1M2,−1D0 + k4M4,0D0

+ k4η−1M4,−1D0 + k4η−1D0R̃1(k))−1

= D0(Id− k2M2,0D0 − k2η−1M2,−1D0 − k4M4,0D0

− k4η−1M4,−1D0 − k4η−1D0R̃1(k) + k4η−1R̃4(k))

= D0 − k2D0M2,0D0 − k2η−1D0M2,−1D0 + k2η−1R̃2(k),

as claimed.
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Remark 3.2.29. If we use the extra terms in Equation (3.23) we find

(M(k) +Q1)−1 = D0 − k2D0M2,0D0 − k2η−1D0M2,−1D0 − k4D0M4,0D0

− k4η−1D0M4,−1D0 + k4D0M2,0D0M2,0D0

+ k4η−1(D0M2,0D0M2,−1D0 +D0M2,−1D0M2,0D0)

+ k4η−2D0M2,−1D0M2,−1D0 − k6η−1R̃′2(k),

where R̃′2(k) is uniformly bounded in k.

We can now handle the relatively simple case of exceptional points of the first kind,

which corresponds to resonances with no eigenvalues. Lemma 3.1.1 tells us that M(k) is

invertible if and only if B1(k) defined by

B1(k) := Q1 −Q1 (M(k) +Q1)−1Q1

is invertible.

Lemma 3.2.30. Suppose that n = 4 and V satisfies Assumption 3.2.22, and that zero

is an exceptional point of the first kind. Then for sufficiently small k we have B1(k) is

invertible and there exist c1, c2 ∈ C and a uniformly bounded function c̃3 : F → C such

that

B1(k)−1 =
(
k2c1 + k2η−1c2 + k4η−1c̃3(k)

)−1
Q1.

Proof. We have (see Lemma 3.1.4) the relations Q1D0 = D0Q1 = Q1 and thus using

Lemma 3.2.28 we find

Q1 (M(k) +Q1)−1Q1 = Q1

(
D0 − k2D0M2,0D0 − k2η−1D0M2,−1D0 − k4η−1R̃2(k)

)
Q1

= Q1 − k2Q1M2,0Q1 − k2η−1Q1M2,−1Q1 − k4η−1Q1R̃2(k)Q1.

Since Q1 is a rank one operator in the case of an exceptional point of the first kind by

Corollary 3.2.27, we find that Q1M2,0Q1 = c1Q1 for some constant c1, and similarly we

have Q1M2,−1Q1 = c2Q1 for some constant c2. In the same manner we find there exists

c̃3 : F → C such that Q1R̃2(k)Q1 = c̃3(k)Q1. Then we have

B1(k) = Q1 −Q1 (M(k) +Q1)−1Q1

= Q1 −Q1

(
D0 − k2D0M2,0D0 − k2η−1D0M2,−1D0 − k2η−1R̃2(k)

)
= k2Q1M2,0Q1 + k2η−1Q1M2,−1Q1 + k2η−1Q1R̃2(k)Q1

= (k2c1 + k2η−1c2 + k4η−1c̃3(k))Q1.

We compute the inverse as B1(k)−1 = (k2c1 + k2η−1c2 + k4η−1c̃3(k))
−1
Q1, as claimed.



CHAPTER 3. RESOLVENT EXPANSIONS AND RESONANCES 107

We can now use Lemma 3.1.1 to compute the inverse of M(k). We define a recurring

function of k to ease the rather involved calculations,

g1(k) =
(
c1 + η−1c2 + k2η−1c̃3(k)

)−1
.

We will use the formula

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1.

Note that the first term in this expansion has already been obtained in Lemma 3.2.28.

Theorem 3.2.31. Suppose that n = 4 and V satisfies Assumption 3.2.22, and that zero is

an exceptional point of the first kind. Then for sufficiently small k we have the expansion

M(k)−1 = k−2g1(k)Q1 +D0 − g1(k)(D0M2,0Q1 +Q1M2,0D0)

− η−1g1(k)(D0M2,−1Q1 +Q1M2,−1D0) + k2R̃4(k),

where R̃4(k) is uniformly bounded in k and D0 = (M0,0 +Q1)−1.

Proof. Lemma 3.1.1 gives us that

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1

= (M(k) +Q1)−1 + g(k)(M(k) +Q1)−1Q1(M(k) +Q1)−1.

To handle the second term we make, using Lemma 3.2.28 the computations

(M(k) +Q1)−1Q1 =
(
D0 − k2D0M2,0D0 − k2η−1D0M2,−1D0 − k2η−1R̃2(k)

)
Q1

= Q1 − k2D0M2,0Q1 − k2η−1D0M2,−1Q1 − k2η−1R̃2(k)Q1

and

Q1(M(k) +Q1)−1 = Q1

(
D0 − k2D0M2,0D0 − k2η−1D0M2,−1D0 − k2η−1R̃2(k)

)
= Q1 − k2Q1M2,0D0 − k2η−1Q1M2,−1D0 − k2η−1Q1R̃2(k).

We thus make the computation

g1(k)(M(k) +Q1)−1Q1(M(k) +Q1)−1

= g1(k)
(
Q1 − k2D0M2,0Q1 − k2η−1D0M2,−1Q1 − k2η−1R̃2(k)Q1

)
×
(
Q1 − k2Q1M2,0D0 − k2η−1Q1M2,−1D0 − k2η−1Q1R̃2(k)

)
= g1(k)

(
Q1 − k2Q1M2,0D0 − k2D0M2,0Q1 − k2η−1(D0M2,−1Q1 +Q1M2,−1D0) + R̃3(k),
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where R̃3(k) is uniformly bounded in k. So we find the inverse of M(k) as

M(k)−1 = (M(k) +Q1)−1 + k−2g1(k)(M(k) +Q1)−1Q1(M(k) +Q1)−1

= D0 − k2D0M2,0D0 − k2η−1D0M2,−1D0 − k2η−1R̃2(k)

+ g1(k)
(
Q1 − k2Q1M2,0D0 − k2D0M2,0Q1 − k2η−1R̃3(k)

)
= g1(k)Q1 +D0 − k2g1(k)(Q1M2,0D0 +D0M2,0Q1) + k2η−1R̃4(k)

= g1(k)Q1 +D0 − c−1
2 (Q1M2,0D0 +D0M2,0Q1)

+ k2η−1(D0M2,−1Q1 +Q1M2,−1D0) + k4R̃4(k)

where R̃4(k) is uniformly bounded in k.

The nature of the singularity in the case of exceptional points of the second and third

kind requires a little more care to handle, although is not significantly worse. We will need

to use the extra terms in the expansion of (M(k) +Q1)−1 in Remark 3.2.29. If there is an

exceptional point of the second kind for H then the operator Q1M2,−1Q1 is not invertible

on Q1H and we define Q2 to be the orthogonal projection onto the kernel of Q1M2,−1Q1.

Then the operator Q1M2,−1Q1 +Q2 is invertible on Q2H.

Lemma 3.2.32. [62, Lemma 7.4] Suppose that n = 4 and V satisfies Assumption 3.2.22.

Then the operator Q2M2,0Q2 is invertible on Q2H.

Proof. Suppose that f ∈ Q2H is such that Q2M2,0Q2f = 0. Then 〈G2,0vf, vf〉 = 0. Note

also that vf ∈ L1(Rn) and x 7→ |x|vf ∈ L1(Rn), so that F(vf) ∈ L1(Rn)∩C1(Rn). Using

that Pf = 0 for f ∈ Q2H we have the limits

〈G2,0vf, vf〉 = lim
k→0

〈
k−2(R0(k2)−G0)vf, vf

〉
= lim

k→0

〈
k−2(R0(k2)−G0)vf, vf

〉
= lim

k→0

∫
R4

(
|ξ|−2 − (|ξ|2 + k2)−1

)
[F(vf)](ξ)[F(vf)](ξ) dξ

= lim
k→0

∫
R4

|[F(vf)](ξ)|2

|ξ|2(|ξ|2 + k2)
dξ =

∫
R4

|ξ|−4|[F(vf)](ξ)|2 dξ

= 〈G0,0vf,G0,0vf〉,

where we have used Lemma 3.1.6 to bring the limit inside the integral. Since f satisfies

Q2M2,0Q2f = 0, we find 〈G2,0vf, vf = 0. Thus F(vf) = 0 and so vf = 0, which implies

that Ker(Q2vG2,0vQ2) = {0}.

If zero is an exceptional point of the second kind, we have Q1 = Q2 and so we can

define D2 = (Q1M2,0Q1)−1 as an operator on Q1H = Q2H. The operator D2 satisfies the

relation D2 = Q1D2Q1 and is thus Hilbert-Schmidt.

Theorem 3.2.33. Suppose that n = 4 and V satisfies Assumption 3.2.22 and that zero

is an exceptional point of the second kind. Then for sufficiently small k we have the
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expansion

M(k)−1 = k−2Q1D2Q1 − η−1Q1D2Q1M4,−1Q1D2Q1 + R̃7(k),

where R̃7(k) is uniformly bounded in k and K is bounded and D2 = (Q1M2,0Q1)−1.

Proof. We have the identity Q2M2,−1 = Q2P = PQ2 = M2,−1Q2 = 0, since for any

f ∈ Q2H we have

0 = 〈Q1PQ1f, f〉 = 〈Pf, Pf〉 = ||Pf ||2 .

Then we can compute using the expansion in Remark 3.2.29 the relation

Q1(M(k) +Q1)−1Q1

= Q1 − k2Q1M2,0Q1 − k2η−1Q1M2,−1Q1 − k4Q1M4,0Q1

− k4η−1Q1M4,−1Q1 + k4Q1M2,0D0M2,0Q1

+ k4η−1(Q1M2,0D0M2,−1Q1 +Q1M2,−1D0M2,0Q1) + k4η−2Q1M2,−1Q1M2,−1Q1

− k6η−1Q1R̃
′
2(k)Q1

= Q1 − k2Q1M2,0Q1 − k4Q1M4,0Q1 − k4η−1Q1M4,−1Q1 + k4Q1M2,0D0M2,0Q1

− k6η−1Q1R̃
′
2(k)Q1.

Note that we have used several times the relations Q1 = Q2 and Q2P = PQ2 = 0. Thus

we can write B1(k) as

B1(k) = Q1 −Q1(M(k) +Q1)−1Q1

= k2Q1M2,0Q1 + k4Q1M4,0Q1 + k4η−1Q1M4,−1Q1 − k4Q1M2,0D0M2,0Q1

+ k6η−1Q1R̃
′
2(k)Q1.

Since each of the operators involved is bounded, we have for sufficiently small k the

estimate∣∣∣∣∣∣k2Q1

(
M4,0Q1D2 + η−1M4,−1Q1D2 −M2,0D0M2,0Q1D2 + k2η−1R̃′2(k)Q1D2

)∣∣∣∣∣∣ < 1.
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Thus we can use a Neumann expansion to determine the inverse of B(k) as

B1(k)−1 = k−2
(
Q1M2,0Q1 + k2Q1M4,0Q1 + k2η−1Q1M4,−1Q1 − k2Q1M2,0D0M2,0Q1

+ k4η−1Q1R̃
′
2(k)Q1

)−1

= k−2D2

(
Id + k2Q1M4,0Q1D2 + k2η−1Q1M4,−1Q1D2 − k2Q1M2,0D0M2,0Q1D2

+ k4η−1Q1R̃
′
2(k)Q1D2

)−1

= k−2D2

(
Id− k2Q1M4,0Q1D2 − k2η−1Q1M4,−1Q1D2 + k2Q1M2,0D0M2,0Q1D2

− k4η−1Q1R̃
′
2(k)Q1D2 + k4R̃4(k)

)−1

= k−2D2 −D2Q1M4,0Q1D2 − η−1D2Q2M4,−1Q1D2 +Q1M2,0D0M2,0Q1D2

− k2η−1R̃5(k),

where R̃4(k) and R̃5(k) are uniformly bounded in k. We can compute using Remark 3.2.29

that

(M(k) +Q1)−1Q1 = Q1 − k2D0M2,0Q1 − k2η−1D0M2,−1Q1 − k4D0M4,0Q1

− k4η−1D0M4,−1Q1 + k4D0M2,0D0M2,0Q1 + k4η−1(D0M2,0D0M2,−1Q1

+D0M2,−1D0M2,0Q1) + k4η−2D0M2,−1D0M2,−1Q1 − k6η−1R̃′2(k)Q1

= Q1 − k2D0M2,0Q1 − k4D0M4,0Q1 − k4η−1D0M4,−1Q1

+ k4D0M2,0D0M2,0Q1 + k4η−1D0M2,−1D0M2,0Q1 − k6η−1R̃′2(k)Q1

and similarly

Q1(M(k) +Q1)−1 = Q1 − k2Q1M2,0D0 − k2η−1Q1M2,−1D0 − k4Q1M4,0D0

− k4η−1Q1M4,−1D0 + k4Q1M2,0D0M2,0D0 + k4η−1(Q1M2,0D0M2,−1D0

+Q1M2,−1D0M2,0D0) + k4η−2Q1M2,−1D0M2,−1D0 − k6η−1Q1R̃
′
2(k)

= Q1 − k2Q1M2,0D0 − k4Q1M4,0D0 − k4η−1Q1M4,−1D0

+ k4Q1M2,0D0M2,0D0 + k4η−1Q1M2,0D0M2,−1D0 − k6η−1Q1R̃
′
2(k).

We can then make the computation

(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1 = k−2Q1D2Q1 − η−1Q1D2Q1M4,−1Q1D2Q1

−Q1D2Q1M4,0Q1D2Q1 −D0M2,0Q1D2Q1 −Q1D2Q1M2,0D1 + k2R̃6(k)

where R̃6(k) is uniformly bounded in k. Applying Lemma 3.1.1 then gives

M(k)−1 = D0 + k−2Q1D2Q1 − η−1Q1D2Q1M4,−1Q1D2Q1 + R̃7(k),

where R̃7(k) is uniformly bounded in k.
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We now proceed to the case of an exceptional point of the third kind, which covers

the simultaneous existence of a resonance and a zero eigenvalue for H.

Definition 3.2.34. Suppose that n = 4 and V satisfies Assumption 3.2.22. We define

the operator T1 = Q1 − Q2 acting on Q1H and decompose Q1H = T1H ⊕ Q2H. Let

D2 = (Q2M2,0Q2)−1. We further define on Q1H the related operator

T̃1 =

(
T1 −T1M2,0D2

−D2M2,0T1 D2M2,0T1M2,0D2

)
. (3.29)

Lemma 3.2.35. Suppose that V satisfies Assumption 3.2.22 and that zero is an excep-

tional point of the third kind for H. Then the operator T̃1 defined by Equation (3.29) is a

finite rank operator.

Proof. Since Q1 ≥ Q2 by Corollary 3.2.27 we have that Q1 − Q2 = T1 is a rank one

operator, which implies T̃1 is a finite rank operator.

Since the operator T1 is rank one, there exists constants d1, d2, d3 ∈ C such that

T1M4,0T1 = d1T1, T1M2,−1T1 = d2T1 and T1M2,0D2M2,0T1 = d3T1. Then for sufficiently

small k we may define the function h : F → C by

h(k) = (d1 + η−1d2 − d3)−1.

Lemma 3.2.36. Suppose that n = 4 and V satisfies Assumption 3.2.22 and that zero is an

exceptional point of the third kind for H. Then there exist bounded operators A,B,C such

that for sufficiently small k and with T̃1 is as in Definition 3.2.34 we have the expansion

B1(k)−1 = k−2h(k)T̃1 + k−2D2 − h(k)T̃1AT̃1 −D2AD2

− η−1h(k)T̃1BT̃1 − η−2h(k)T̃1CT1 + k6η−1R̃9(k)

where D2 = (Q2M2,0Q2)−1 and R̃9(k) is uniformly bounded in k.

Proof. Note that Q2P = PQ2 = 0 so that we can write in the direct sum decomposition

the equality

B1(k) = k2Q1M2,0Q1 + k2η−1Q1M2,−1Q1 + k4Q1M4,0Q1 + k4η−1Q1M4,−1Q1

+ k4η−1Q1R̃
′
2(k)Q1

= k2

(
T1M2,0T1 + η−1T1M2,−1T1 T1M2,0Q2

Q2M2,0T1 Q2M2,0Q2

)
+ k4A+ k4η−1B + k4η−2C

+ k6η−1R̃8(k)

:= B0(k) + k4A+ k4η−1B + k4η−2C + k6η−1R̃8(k).
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Here we have defined the coefficient operators

A = Q1M4,0Q1 −Q1M2,0D0M2,0Q1,

B = Q1M2,−1Q1 −Q1M2,0D0M2,−1Q1 −Q1M2,−1D0M2,0Q1,

C = −Q1M2,−1D0M2,−1Q1.

Lemma 3.1.3 tells us that the invertibility of B0(k) depends on the invertibility of the

operator Q2M2,0Q2 (which is guaranteed by Lemma 3.2.32) and the invertibility of

a(k) = T1M2,0T1 + η−1T1M2,−1T1 − T1M2,0D2M2,0T1 = h(k)−1T1.

Thus we find a(k)−1 = h(k)T1 and the inverse of B0(k) is given by

B0(k)−1 = k−2h(k)

(
T1 −T1M2,0D2

−D2M2,0T1 D2M2,0T1M2,0D2

)
+ k−2D2.

Then for sufficiently small k we can thus invert B1(k) via a Neumann expansion to obtain

B1(k)−1 = (B0(k) + k4A+ k4η−1B + k4η−2C + k6η−1R̃8(k))−1

= B0(k)−1(Id + k4AB0(k)−1 + k4η−1BB0(k)−1 + k4η−2CB0(k)−1

+ k6η−1R̃8(k)B0(k)−1)−1

= B0(k)−1 − k4B0(k)−1AB0(k)−1 − k4η−1B0(k)−1BB0(k)−1

− k4η−2B0(k)−1CB0(k)−1 + k6η−1R̃9(k)

= k−2h(k)

(
T1 −T1M2,0D2

−D2M2,0T1 D2M2,0T1M2,0D2

)
+ k−2D2 − k4B0(k)−1AB0(k)−1

− k4η−1B0(k)−1BB0(k)−1 − k4η−2B0(k)−1CB0(k)−1 + k6η−1R̃9(k)

= k−2h(k)T̃1 + k−2D2 − k4B0(k)−1AB0(k)−1

− k4η−1B0(k)−1BB0(k)−1 − k4η−2B0(k)−1CB0(k)−1) + k6η−1R̃9(k),

where R̃9(k) is uniformly bounded in k. Expanding out the B0(k)−1 terms we obtain

B1(k)−1 = k−2h(k)T̃1 + k−2D2 − h(k)T̃1AT̃1 −D2AD2

− η−1h(k)T̃1BT̃1 − η−1D2BD2 − η−2h(k)T̃1CT̃1 − η−2D2CD2 + k6η−1R̃9(k).

Noting that D2Q2 = Q2D2 = D2 and Q2M2,−1 = M2,−1Q2 = 0 we can further simplify to

the expression

B1(k)−1 = k−2h(k)T̃1 + k−2D2 − h(k)T̃1AT̃1 −D2AD2

− η−1h(k)T̃1BT̃1 − η−2h(k)T̃1CT̃1 + k6η−1R̃9(k),
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as claimed.

We are now finally ready to invert M(k) in the case of an exceptional point of the

third kind.

Theorem 3.2.37. Suppose that n = 4 and V satisfies Assumption 3.2.22 and that zero

is an exceptional point of the third kind for H. Then for sufficiently small k we have

M(k)−1 = k−2Q1D2Q1 + k−2h(k)Q1T̃1Q1 + h(k)(Q1D2Q1M2,0D0 +D0M2,0Q1D2Q1)

+ η−1h(k)(D0M2,−1Q1T̃1Q1 +Q1T̃1Q1M2,−1D0 +Q1T̃1BT1Q1)

+−η−1Q1D2Q1M4,−1Q1D2Q1 + R̃10(k),

where R̃10(k) is uniformly bounded in k.

Proof. Lemma 3.1.1 shows that

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1.

Remark 3.2.29 handles the first term (M(k) + Q1)−1. Using Lemma 3.1.4 we find the

relations Q1D0 = D0Q1 = Q1 and so Remark 3.2.29 allows us to show that

(M(k) +Q1)−1Q1 = Q1 − k2D0M2,0Q1 − k2η−1D0M2,−1Q1 − k4D0M4,0Q1

− k4η−1D0M4,−1Q1 + k4D0M2,0D0M2,0Q1 + k4η−1(D0M2,0D0M2,−1Q1

+D0M2,−1D0M2,0Q1) + k4η−2D0M2,−1D0M2,−1Q1 − k6η−1R̃′2(k)Q1

and similarly

Q1(M(k) +Q1)−1 = Q1 − k2Q1M2,0D0 − k2η−1Q1M2,−1D0 − k4Q1M4,0D0

− k4η−1Q1M4,−1D0 + k4Q1M2,0D0M2,0D0 + k4η−1(Q1M2,0D0M2,−1D0

+Q1M2,−1D0M2,0D0) + k4η−2Q1M2,−1D0M2,−1D0 − k6η−1Q1R̃
′
2(k).

Note that unlike in Theorem 3.2.33 many terms do not vanish. We use Lemma 3.2.36 to

expand out

(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1

= k−2Q1D2Q1 + k−2h(k)Q1T̃1Q1 + h(k)(Q1D2Q1M2,0D0 +D0M2,0Q1D2Q1)

+ η−1(D0M2,−1Q1D2Q1 +Q1D2Q1M2,−1D0) + η−1h(k)(D0M2,−1Q1T̃1Q1

+Q1T̃1Q1M2,−1D0 +Q1T̃1BT̃1Q1) + R̃10(k),

where R̃10(k) is uniformly bounded in k. The relations D2Q1P = D2Q2P = 0 combined

with the observation that all terms in the expansion of (M(k) + Q1)−1 are uniformly
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bounded in k gives the statement of the theorem.

The above calculations lead us to a natural definition of resonances.

Definition 3.2.38. Suppose that n = 4 and V satisfies Assumption 3.2.22. Then if

Q2 6= Q1 6= 0 we fix ϕ ∈ Q1H 	 Q2H and note that by Lemma 3.2.25 there exists

ψ ∈ H0,−t (for some t > 0) such that ϕ = Uvψ. We say that ψ is a zero energy resonance

for H. We define a normalised resonance ψ by the condition

||vψ||1 = (4π)−1.

We note that the definition of resonance here differs slightly from that of [87, p. 405],

although the two are equivalent. The following characterisation of the zero eigenspace is

implicit in [87] and can be found as [62, Lemma 7.5].

Lemma 3.2.39. [62, Lemma 7.5] Suppose that n = 4 and V satisfies Assumption 3.2.22.

Then the projection P0 onto the eigenspace at zero is given by G0,0vQ2D2Q2vG0,0.

Proof. Let (ϕj)
N0
j=1 be an orthonormal basis for Q2H. Then by the definition of Q1 and

the fact Q2 ≤ Q1 we have

0 = U(U + vG0,0v)ϕj = (Id + UvG0,0v)ϕj = ψj + UvG0,0vϕj.

Letting ψj = −G0,0vϕj we see that the ψj are linearly independent and that ϕj = Uvψj.

Thus for any f ∈ H we have

Q2vG0,0f =

N0∑
j=1

〈Q2vG0,0f, ϕj〉ϕj =

N0∑
j=1

〈f,G0,0vϕj〉ϕj = −
N0∑
j=1

〈f, ψj〉ϕj.

Let (Aij) be the matrix representation of the operator Q2M4,−1Q2. Then we find

Aij = 〈ϕi, Q2M4,−1Q2ϕj〉 = 〈G0,0vϕi, G0,0vϕj〉 = 〈G0,0V ψi, G0,0V ψj〉 = 〈ψi, ψj〉.

Then for f ∈ H we have

G0,0vQ2D2Q2vG0,0f = −

(
N0∑
j=1

〈f, ψj〉G0,0vQ2D2Q2ϕj

)
= −

N0∑
i,j=1

G0,0vQ2(A−1
ij )ϕi〈f, ψj〉

= −
N0∑
i,j=1

G0,0v(A−1
ij )ϕi〈f, ψj〉 =

N0∑
i,j=1

(A−1
ij )ψi〈f, ψj〉.

In particular for f = ψm we find G0,0vQ2D2Q2vG0,0ψm = ψm. So G0,0vQ2D2Q2vG0,0 is

the identity on span(ψj)
N0
j=1 and is the identity on Q2H and is thus the projection onto

the zero eigenspace of H.
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We conclude this section by determining a low energy expansion of the resolvent

R(−k2).

Theorem 3.2.40. Suppose n = 4 and V satisfies Assumption 3.2.22. Then for suffi-

ciently small k we have

R(−k2)−R0(−k2) = −k−2P0 − k−2h(k)G0,0vQ1T̃1Q1vG0,0

+ η−1(G0,0vη
−1Q1D2Q1M4,−1Q1D2Q1vG0,0) + R̃(k),

where R̃(k) is uniformly bounded in k.

Proof. We begin with the relation

R(−k2)−R0(−k2) = −R0(−k2)vM(k)−1vR0(−k2).

Multiplying the expansion of R0(−k2) in Equation (3.21) with the expansion of M(k)−1

found in Theorem 3.2.37 yields the result immediately.

3.2.4 Dimension n = 3

In this section we demonstrate the expansion of the operator M(k)−1 near k = 0 in

dimension n = 3 and use this to define a zero-energy resonance. The results of this

section are a straightforward application of the results of [89]. Such expansions have been

considered in a different context in [64] and first appeared in a non-symmetrised form in

[88].

The assumption on the potential required in this section is the following.

Assumption 3.2.41. Suppose that n = 3. We assume that V satisfies Assumption 2.2.14

for some ρ > 5.

In dimension n = 3 Equation (3.12) reads

R0(x, y,−k2) = |x− y|−1

∞∑
p=0

c3,pk
p|x− y|p. (3.30)

The above expansion leads to the following operator definitions.

Definition 3.2.42. Suppose that n = 3 and V satisfies Assumption 3.2.41. We define

for p ∈ N the integral operators Gj by the kernels

Gp(x, y) = (4πp!)−1|x− y|p−1

and for p ≥ 1 the integral operators Mp by the kernels

Mp(x, y) = ipv(x)Gp(x, y)v(y).
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We also define the operator M0 by the kernel

(M0 − U)(x, y) = v(x)G0(x, y)v(y).

Then from the definition of M(k) we have

M(k) = U + vR0(−k2)v = M0 + kM1 + k2M2 + k3R̃0(k),

where R̃0(k) is uniformly bounded for k ∈ F = {k ∈ C : Re(k) ≥ 0 and |k| ≤ 1}.

Lemma 3.2.43. Suppose that n = 3 and V satisfies Assumption 3.2.41. Then for k ∈ F
the operator M(k)−M0 is Hilbert-Schmidt.

Proof. The operator M(k)−M0 has the kernel

(M(k)−M0)(x, y) = k−1v(x)(4π)−1|x− y|−1(eik|x−y| − 1)v(y)

and thus we have the estimate

|(M(k)−M0)(x, y)| ≤ (4π)−1|v(x)||v(y)|.

Hence we see that M(k) −M0 ∈ L2(H) provided |v(x)| ≤ C(1 + |x|)− ρ2 for some ρ > 5,

which is our assumption on V .

We can further define the projection P : H → H by

[Pf ](x) = ||v||−2
2 v(x)

∫
R3

v(y)f(y) dy = ||v||−2
2 〈v, f〉v(x).

The projection P is related to M1 by the formula M1 = i(4π)−1 ||v||22 P .

Note that M0 is a compact self-adjoint perturbation of U and thus has essential

spectrum σess(M0) ⊂ {−1, 1}. So 0 is an isolated point of the spectrum of M0 and

Dim(Ker(M0)) <∞. These considerations lead us to the following definition.

Definition 3.2.44. Suppose that n = 3 and V satisfies Assumption 3.2.41. We say that

zero is a regular point of the spectrum of H if the operator M0 is invertible. If zero is

not a regular point of the spectrum of H, we define Q1 to be the orthogonal projection

onto the kernel of M0. Then M0 + Q1 is invertible and we can define D0 = (M0 + Q)−1.

We say there is an exceptional point of the first kind if Q1M1Q1 is invertible on Q1H. If

Q1M1Q1 is not invertible, we define Q2 to be the orthogonal projection onto the kernel of

Q1M1Q1 (as an operator on Q1H). Then Q1M1Q1 +Q2 is invertible (with inverse defined

to be D1) on Q1H. If Q1 = Q2 we say there is an exceptional point of the second kind.

Otherwise, we say there is an exceptional point of the third kind.
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We will show Q2 6= 0 (an exceptional point of the second kind) corresponds to the

existence of an eigenvalue at zero whilst Q1 6= 0 corresponds to the existence of a resonance

in dimension n = 3. By definition, the projections Q1 and Q2 are finite rank operators

and Q2 ≤ Q1. The following expansion will be used in each exceptional case.

Lemma 3.2.45. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero

is not a regular point of the spectrum of H. Then for sufficiently small k we have the

expansion

(M(k) +Q1)−1 = D0 − kD0M1D0 − k2D0M2D0 + k2D0M1D0M1D0 + k3R̃1(k)

where R̃1(k) is uniformly bounded in k and D0 = (M0 +Q1)−1.

Proof. For sufficiently small k we have the estimate∣∣∣∣∣∣kM1D0 + k2M2D0 + k3R̃0(k)D0

∣∣∣∣∣∣ < 1,

since each of the operators is bounded. We are thus able to factor and use a Neumann

expansion to find

(M(k) +Q1)−1 =
(
M0 + kM1 + k2M2 + k3R̃0(k) +Q1

)−1

= D0

(
Id + kM1D0 + k2M2D0 + k3R̃0(k)D0

)−1

= D0

(
Id− kM1D0 − k2M2D0 − k3R̃0(k)D0 +

∞∑
j=2

(−1)j((M(k)−M0)D0)j

)

= D0 − kD0M1D0 − k2D0M2D0 − k3D0R̃0(k)D0 +
∞∑
j=2

(−1)jD0((M(k)−M0)D0)j

Computing the lowest order term in the sum as k2D0M1D0M1D0 and defining

R̃1(k) = −D0M1D0M1D0 − kD0R̃0(k)D0 + k−2

∞∑
j=2

(−1)jD0((M(k)−M0)D0)j

completes the proof.

Remark 3.2.46. We can further compute the lowest order terms in R̃1(k) to obtain

R̃1(k) = −D0M1D0M1D0 − k(D0M3D0 +D0M1D0M1D0M1D0) + k2R̃(k).

Corollary 3.1.2 shows that M(k) is invertible if and only if the operator

B1(k) = k−1
(
Q1 −Q1(M(k) +Q1)−1Q1

)
(3.31)
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is invertible on Q1H and in this case

M(k)−1 = (M(k) +Q1)−1 + k−1(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1.

So we now investigate the invertibility of the operator B1(k) for sufficiently small k.

Lemma 3.2.47. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is

an exceptional point of the first kind for H. Then for sufficiently small k we have the

expansion

B1(k) = Q1M1Q1 + kQ1M2Q1 − kQ1M1D0M1Q1 − k2Q1R̃1(k)Q1.

Proof. We substitute the result of Lemma 3.2.45 into the definition of B1(k) in Equation

(3.31) to obtain

kB1(k) = Q1 −Q1(M(k) +Q1)−1Q1

= Q1 −Q1

(
D0 − kD0M1D0 − k2D0M2D0 + k2D0M1D0M1D0 + k3R̃1(k)

)
Q1

= Q1 −Q1D0Q1 + kQ1D0M1D0Q1 + k2Q1D0M2D0Q1

− k2Q1M1D0M1Q1 − k3Q1R̃1(k)Q1

= kQ1M1Q1 + k2Q1M2Q1 − k2Q1M1D0M1Q1 − k3Q1R̃1(k)Q1,

where we have used Lemma 3.1.4 several times.

If the term Q1M1Q1 is invertible (there is an exceptional point of the first kind) then

we can invert B1(k) for small k using a Neumann series and thus obtain an expansion for

M(k)−1 also. Since the operator Q1M1Q1 has rank one, this can only occur if Rank(Q1) =

1. In this case we can define the operator D1 = (Q1M1Q1)−1. The result is the following.

Lemma 3.2.48. Suppose that V satisfies Assumption 3.2.41 and that zero is an excep-

tional point of the first kind for H. Then for sufficiently small k we have the expansion

B1(k)−1 = D1 − kD1Q1M2Q1D1 + kD1Q1M1D0M1Q1D1 + k2R̃2(k),

where R̃2(k) is uniformly bounded in k and D1 = (Q1M1Q1)−1.
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Proof. We compute that

B1(k)−1 =
(
Q1M1Q1 + kQ1M2Q1 − kQ1M1D0M1Q1 − k2Q1R̃1(k)Q1

)−1

= D1

(
Id + kQ1M2Q1D1 − kQ1M1D0M1Q1D1 − k2Q1R̃1(k)Q1D1

)−1

= D1

(
Id− kQ1M2Q1D1 + kQ1M1D0M1Q1D1 + k2Q1R̃1(k)Q1D1

+
∞∑
j=2

(−1)j
(
kQ1M2Q1D1 − kQ1M1D0M1Q1D1 − k2Q1R̃1(k)Q1D1

)j)
= D1 − kD1Q1M2Q1D1 + kQ1M1D0M1Q1D1 + k2D1Q1R̃1(k)Q1D1

+
∞∑
j=2

(−1)jD1

(
kQ1M2Q1D1 + kQ1M1D0M1Q1D1 − k2Q1R̃1(k)Q1D1

)j
.

Defining

R̃2(k) = D1Q1R̃1(k)Q1D1 + k−2

∞∑
j=2

(−1)jD1

(
kQ1M2Q1D1 − kQ1R̃1(k)Q1D1

)j
completes the proof.

We now have the following expansion for M(k)−1.

Theorem 3.2.49. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero

is an exceptional point of the first kind for H. Then for sufficiently small k we have the

expansion

M(k)−1 = k−1Q1D1Q1 −Q1D1Q1M2Q1D1Q1 +Q1D1Q1M1D0M1Q1D1Q1

−D0M1Q1D1Q1 +D0 + kR̃3(k),

where R̃3(k) is uniformly bounded in k and D1 = (Q1M1Q1)−1.

Proof. Lemma 3.2.45 shows that M(k) +Q1 is invertible and we can compute that

(M(k) +Q1)−1Q1 = Q1 − kD0M1Q1 + k2D0M2Q1 − k2D0M1D0M1Q1 + k3R̃1(k)Q1,

and

Q1(M(k) +Q1)−1 = Q1 − kQ1M1D0 + k2Q1M2D0 − k2Q1M1D0M1D0 + k3Q1R̃1(k).

Lemma 3.2.48 shows that B1(k) is invertible on Q1H and thus we have by Lemmas 3.1.1
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and 3.2.45 the expansion

M(k)−1 = (M(k) +Q1)−1 + k−1(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1

= D0 − kD0M1D0 + k2D0M2D0 − k2D0M1D0M1D0 + k3R̃1(k)

+ k−1

(
Q1 − kD0M1Q1 + k2D0M2Q1 − k2D0M1D0M1Q1 + k3R̃1(k)Q1

)
× (D1 − kD1Q1M2Q1D1 + kD1Q1M1D0M1Q1D1 + k2R̃2(k))

×
(
Q1 − kQ1M1D0 + k2Q1M2D0 − k2Q1M1D0M1D0 + k3Q1R̃1(k)

)
.

Explicitly computing the lowest order terms in the product we obtain the statement of

the theorem.

If Q1M1Q1 is not invertible, we define Q2 : Q1H → Q1H to be the orthogonal

projection onto the kernel of Q1M1Q1. For sufficiently small k we have B1(k) + Q2 is

invertible in Q1H. We define the operator D1 = (Q1M1Q1 +Q2)−1.

Note also that the fact Q2 ≤ Q1 and the definition of Q2 imply 0 = Q1M1Q2 =

Q1PQ2. Lemma 3.1.1 tells us that B1(k) is invertible if and only if

B2(k) = (Q2 −Q2(B1(k) +Q2)−1Q2) (3.32)

is invertible on Q2H and in this case we have

B1(k)−1 = (B1(k) +Q2)−1 + k−1(B1(k) +Q2)−1Q2B2(k)−1Q2(B1(k) +Q2)−1.

Lemma 3.2.50. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is

an exceptional point of the third kind for H. Then for sufficiently small k we have the

expansion

(B1(k) +Q2)−1 = D1 − kD1Q1M2Q1D1 − kD1Q1M1D0M1Q1D1 + k2R̃4(k),

where R̃4(k) is uniformly bounded in k and D1 = (Q1M1Q1 +Q2)−1.

Proof. Since each of the coefficient operators is bounded, we have for sufficiently small k

the estimate ∣∣∣∣∣∣kQ1M2Q1D1 − kQ1M1D0M1Q1D1 − k2Q1R̃1(k)D1

∣∣∣∣∣∣ < 1.
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Thus we make the computation

(B1(k) +Q2)−1 =
(
Q1M1Q1 + kQ1M2Q1 − kQ1M1D0M1Q1 − k2Q1R̃1(k)Q1 +Q2

)−1

= D1

(
Id + kQ1M2Q1D1 − kQ1M1D0M1Q1D1 − k2Q1R̃1(k)D1

)−1

= D1

(
Id− kQ1M2Q1D1 + kQ1M1D0M1Q1D1 + k2Q1R̃1(k)D1

+
∞∑
j=2

(−1)j
(
kQ1M2Q1D1 − kQ1M1D0M1Q1D1 − k2Q1R̃1(k)D1

)j)
= D1 − kD1Q1M2Q1D1 + kD1Q1M1D0M1Q1D1 + k2D1Q1R̃1(k)D1

+
∞∑
j=2

(−1)jD1

(
kQ1M2Q1D1 − kQ1M1D0M1Q1D1 − k2Q1R̃1(k)D1

)j
where we have used Lemma 3.2.48 and a Neumann expansion. Defining

R̃4(k)

= D1Q1R̃1(k)D1 + k−2

∞∑
j=2

(−1)jD1

(
kQ1M2Q1D1 − kQ1M1D0M1Q1 − k2Q1R̃1(k)D1

)j
completes the proof.

Lemma 3.2.51. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is

an exceptional point of the third kind for H. Then for sufficiently small k we have the

expansion

B2(k) = Q2M2Q2 −Q2kR̃4(k)Q2.

Proof. We use Lemmas 3.2.50 and 3.1.4 and the definition of B2(k) to obtain

B2(k) = k−1(Q2 −Q2(B1(k) +Q2)−1Q2)

= k−1(Q2 −Q2(D1 − kQ1M2Q1D1 + kD1Q1M1D0M1Q1D1 + k2R̃4(k))Q2)

= k−1(Q2 −Q2D1Q2 + kQ2Q1M2Q1Q2 − kQ2M1D0M1Q2 − k2Q2R̃4(k)Q2)

= Q2M2Q2 −Q2M1D0M1Q2 −Q2kR̃4(k)Q2,

where we have used the relations Q1Q1 = Q1Q2 = Q2 and Q2D1Q2 = Q2. Note also

that Q2M1 = 0. To complete the proof we note by [88, Lemma 2.2] that we have

G2 ∈ L2(H0,t, H0,−t) for t > 5
2

and thus we have Q2M2Q2 ∈ L2(H) provided ρ > 5

in Assumption 2.2.14.

We now characterise the range of the projections Q1 and Q2. The next two results

can be inferred from related results in [88] and can aso be found in [64, Lemmas 5 and 6].



CHAPTER 3. RESOLVENT EXPANSIONS AND RESONANCES 122

Lemma 3.2.52. [64, Lemma 5] Suppose that n = 3 and V satisfies Assumption 3.2.41.

Then 0 6= f ∈ Q1H if and only if there exists t > 1
2

and g ∈ H0,−t such that f = Uvg and

Hg = 0 in the sense of distributions.

Proof. By [88, Lemma 2.4] we find that g ∈ H0,−t satisfies Hg = 0 if and only if

(Id +G0V )g = 0.

Fix 0 6= f ∈ Q1H so that

0 = [M0f ](x) = U(x)f(x) + (4π)−1v(x)

∫
R3

|x− y|−1v(y)f(y) dy.

Multiplying by U(x) we obtain

f(x) = −(4π)−1U(x)v(x)

∫
R3

|x− y|−1v(y)f(y) dy.

Defining g ∈ H0,−t by

g(x) = −(4π)−1

∫
R3

|x− y|−1v(y)f(y) dy (3.33)

we have f = Uvg. To see that Hg = 0 holds we compute that

g(x) = −(4π)−1

∫
R3

|x− y|−1v(y)f(y) dy = −(4π)−1

∫
R3

|x− y|−1V (x)g(y)) dy

= −[G0V g](x).

Conversely, we suppose that f = Uvg for some 0 6= g ∈ H0,−t satisfying Equation Hg = 0.

Then f ∈ H0,2t and applying M0 we find

[M0f ](x) = U(x)f(x) + (4π)−1v(x)

∫
R3

|x− y|−1v(y)f(y) dy

= v(x)

(
g(x) + (4π)−1

∫
R3

|x− y|−1V (y)g(y) dy

)
= v(x)[(Id +G0V )g](x)

= 0.

Thus we have 0 6= f ∈ Q1H.

Lemma 3.2.53. [64, Lemma 6] Suppose that n = 3 and V satisfies Assumption 3.2.41.

Then 0 6= f ∈ Q2H if and only if there exists g ∈ H such that f = Uvg and Hg = 0 in

the sense of distributions.

Proof. Suppose 0 6= f ∈ Q2H. Since Q2 ≤ Q1 we have that by Lemma 3.2.52 that
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f = Uvg for some g ∈ H0,−t with t > 1
2

and Hg = 0 in the sense of distributions. By the

definition of Q2 we find Q1Pf = 0, which holds if and only if either Q1v = 0 or Pf = 0.

In either case we have

0 =

∫
R3

v(y)f(y) dy. (3.34)

Using Equation (3.34) in Equation (3.33) we find that g satisfies

g(x) = −(4π)−1

∫
R3

(
|x− y|−1 − (1 + |x|)−1

)
v(y)f(y) dy.

Define the operator L : C∞c (R3) → C∞c (R3) by the integral kernel L(x, y) = 1+|y|
|x−y|(1+|x|) .

By [88, Lemma 2.5] we have L : H0,t → H2,t−2. Then for t > 3
2

we have that

∣∣|x− y|−1 − (1 + |x|)−1
∣∣ ≤ 1 + |y|
|x− y|(1 + |x|)

(3.35)

which when combined with the fact that f = Uvg ∈ H0, ρ
2

+t shows that g ∈ H0,t and thus

g ∈ H2,t−2 ⊂ H. For the converse, we assume f = wg for some 0 6= g ∈ H satisfying

Hg = 0. Then we may write

g(x)

= −(4π)−1

∫
R3

(
|x− y|−1 − (1 + |x|)−1

)
v(y)f(y) dy + (4π)−1(1 + |x|)−1

∫
R3

v(y)f(y) dy.

The estimate (3.35) shows that the first term is square integrable and thus we find the

function h : R3 → C defined by

h(x) = (4π)−1(1 + |x|)−1

∫
R3

v(y)f(y) dy

is square integrable alsosince (x 7→ (1 + |x|)−1 /∈ L2(R3) we have

0 =

∫
R3

v(y)f(y) dy. (3.36)

As discussed at the beginning of the proof, Equation (3.36) is equivalent to f ∈ Q2H.

The proof of Lemma 3.2.53 allows us to show that the Feshbach expansion terminates

after only two applications and thus invert the operator B2(k).

Lemma 3.2.54. [64, Lemma 7] Suppose that n = 3 and V satisfies Assumption 3.2.41

and that zero is an exceptional point of the third kind for H. Then the operator Q2M2Q2

is invertible in Q2H.
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Proof. Suppose that f ∈ Q2H and Q2M2Q2f = 0. Then we find

0 = 〈Q2M2Q2f, f〉 = 〈M2f, f〉 = 〈G2vf, vf〉.

The proof of Lemma 3.2.53 shows that we also have

0 =

∫
R3

v(y)f(y) dy.

Note also that vf ∈ L1(Rn) and x 7→ |x|vf ∈ L1(Rn), so that F(vf) ∈ L1(Rn) ∩ C1(Rn).

Thus we may compute the limits

〈G2vf, vf〉 = lim
k→0

k−2〈(R0(k2)−G0)vf, vf〉

= lim
k→0

k−2

∫
R3

((|ξ|2 + k2)−1 − |ξ|−2)[F(vf)](ξ)[F(vf)](ξ) dξ

= lim
k→0

∫
R3

(|ξ|2(|ξ|2 + k2))−1|[F(vf)](ξ)|2 dξ

=

∫
R3

|ξ|−4|[F(vf)](ξ)|2 dξ = 〈G0vf,G0vf〉,

where we have used Lemma 3.1.6 to bring the limit inside the integral. Since Q2M2Q2f =

0 we thus find F(vf) = 0 and so vf = 0, which further implies f = 0 and so Q2M2Q2 is

invertible in Q2H.

Since the operator Q2M2Q2 is invertible in Q2H we can define D2 = (Q2M2Q2)−1.

Lemma 3.2.55. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is

an exceptional point of the third kind for H. Then for sufficiently small k we have the

expansion

B2(k)−1 = D2 + kB + k2R̃5(k)

where R̃5(k) is uniformly bounded and

B = −D2Q2M3Q2D2 +D2Q2M2Q1D1Q1M2Q2D2.

Proof. For sufficiently small k we have the estimate∣∣∣∣∣∣kQ2R̃4(k)Q2D2

∣∣∣∣∣∣ < 1.
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We thus compute the Neumann expansion

B2(k)−1 =
(
Q2M2Q2 − kQ2R̃4(k)Q2

)−1

= D2

(
Id− kQ2R̃4(k)Q2D2

)−1

= D2

(
Id +

∞∑
j=1

kj(Q2R̃4(k)Q2D2)j

)

= D2 + kD2Q2R̃4(k)Q2D2 +
∞∑
j=2

kjD2(Q2R̃4(k)Q2D2)j.

The lowest order term in R̃4(k) can be computed explicitly (see Remark 3.2.46) as

A = −D0M3D0 −D1Q1D0M1D0M1D0M1D0D1 +D1(Q1M2Q1D1 −Q1M1D0M1Q1)2.

The relations Q2D1 = D1Q2 = Q2, Q2M1 = M1Q2 = 0 and Q2 ≤ Q1 then give us

D2Q2AQ2D2 = −D2Q2M3Q2D2 +D2Q2M2Q1D1Q1M2Q2D2.

Defining R̃5(k) = k−2
∑∞

j=2D2(Q2R̃4(k)Q2D2)j completes the proof.

Lemma 3.2.56. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero is

an exceptional point of the third kind for H. Then for sufficiently small k we have the

expansion

B1(k)−1 = −k−1Q2D2Q2+D1 +Q2BQ2 −Q2D2Q2M2Q1D1−D1Q1M2Q2D2Q2 + kR̃6(k),

where R̃6(k) is uniformly bounded.

Proof. Combining Lemmas 3.2.50 and 3.2.55 gives

B1(k)−1 = (B1(k) +Q2)−1 + k−1(B1(k) +Q2)−1Q2B2(k)−1Q2(B1(k) +Q2)−1

= D1 − kD1Q1M2Q1D1 + kD1Q1M1D0M1Q1D1 + k2R̃4(k)

+ k−1
(
D1 − kD1Q1M2Q1D1 + kD1Q1M1D0M1Q1D1 + k2R̃4(k)

)
×Q2(D2 + kB + k2R̃5(k))

×Q2

(
D1 − kD1Q1M2Q1D1 + kD1Q1M1D0M1Q1D1 + k2R̃4(k)

)
Collecting all lower order terms gives the result.

We can now compute an expansion for M(k)−1.

Theorem 3.2.57. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that zero

is an exceptional point of the third kind for H. Then for sufficiently small k we have the
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expansion

M(k)−1 = k−2Q2D2Q2 + k−1C− 1
2

+ R̃8(k),

where R̃7(k) is uniformly bounded and

C− 1
2

= D1 +D2M2D1M2D2 +D2M3D2 −Q1M2D2 −D2M2Q1.

Proof. We begin with the fact that

M(k)−1 = (M(k) +Q1)−1 + k−1(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1 (3.37)

So we compute the products

(M(k) +Q1)−1Q1 = Q1 − kD0M1Q1 + k2D0M2Q1 − k2D0M1D0M1Q1 + k3R̃1(k)Q1, and

Q1(M(k) +Q1)−1 = Q1 − kQ1M1D0 + k2Q1M2D0 − k2Q1M1D0M1D0 + k3Q1R̃1(k).

We are interested only in terms in the product with coefficient k−2 or k−1. Expanding

out the product we obtain

k−1(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1

= k−1
(
Q1 − kD0M1Q1 + k2D0M2Q1 − k2D0M1D0M1Q1 + k3R̃1(k)Q1

)
×
(
k−1Q2D2Q2 +Q2BQ2 −Q2D2Q2M2Q1D1 −D1Q1M2Q2D2Q2 + kR̃6(k)

)
×
(
Q1 − kQ1M1D0 + k2Q1M2D0 − k2Q1M1D0M1D0 + k3Q1R̃1(k)

)
= k−2Q2D2Q2 + k−1

(
D2M2D1M2D2 +D2M3D2 −Q1M2D2 −D2M2Q1

)
+ R̃7(k).

We thus find

k−1(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1

= k−1D1 + k−2Q2D2Q2 + k−1
(
D2M2D1M2D2 +D2M3D2 −Q1M2D2 −D2M2Q1

)
+R̃7(k)

Using Equation (3.37) and the fact that (M(k) + Q1)−1 is uniformly bounded in k com-

pletes the proof.

We note that in the case Q2 = 0 this reduces to the result of Theorem 3.2.49.

Definition 3.2.58. If Q1 6= 0 (an exceptional point of the first or third kind) we say

there exists a zero energy resonance for H. In this case Lemmas 3.2.52 and 3.2.53 show

that the set Q1H 	 Q2H is one dimensional and for each ϕ ∈ Q1H/Q2H there exists a

t > 1
2

and ψ ∈ H0,−t such that ϕ = Uvψ. We define a normalised zero energy resonance
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by the condition

||V ψ||1 = ||vϕ||1 = (4π)
1
2 .

We also use the notation T1 = Q1 −Q2 for the projection onto the span of ϕ.

We now justify the choice of normalisation for our resonance ψ.

Lemma 3.2.59. Suppose that n = 3 and V satisfies Assumption 3.2.41 and that there

exists a zero energy resonance for H. Let ψ be the normalised zero energy resonance of

Definition 3.2.58. Then for any t1, t2 >
3
2

we have in B(H−1,t1 , H1,−t2) the equality

G0vT1D1T1vG0 = 〈ψ, ·〉ψ,

where ψ is the normalised zero energy resonance of Definition 3.2.58.

Proof. Fix t1, t2 >
3
2
. Since T1H is one dimensional, we choose a non-zero ϕ ∈ T1H (a

basis). Since T1 is a rank one operator, we find there exists µ ∈ C such that T1D1T1ϕ =

µϕ. By Lemma 3.2.52 there exists t3 > 1
2

and ψ̃ ∈ H0,−t3 such that ϕ = Uvψ̃ and

ψ̃ = −G0V ψ̃. By rescaling ϕ if necessary, we may choose ψ̃ = ψ. So we compute that for

any f ∈ H1,−t1 we have

T1vG0f = 〈vG0f, ϕ〉ϕ = 〈f,G0vϕ〉ϕ = 〈f,G0V ψ〉ϕ = −〈f, ψ〉ϕ.

Then we find

G0vT1D1T1vG0f = −〈f, ψ〉G0vT1D1T1ϕ = −µ〈f, ψ〉G0vϕ

= −µ〈f, ψ〉G0V ψ = µ〈f, ψ〉ψ.

We determine µ as µ = 〈ϕ,M1ϕ〉 = V 〈ψ,G1V ψ〉 = (4π)−1〈V ψ, 1〉2 = 1, from which the

result follows.

We can also recognise the projection onto the zero eigenspace for H in terms of the

operators we have seen. The following characterisation is implicit in [88] and can be found

as [64, Lemma 10].

Lemma 3.2.60. [64, Lemma 10] Suppose that n = 3 and V satisfies Assumption 3.2.41

and let P0 be the kernel projection of H. Then we have the equality P0 = G0vQ2D2Q2vG0.

Proof. Let (ϕj)
N0
j=1 be an orthonormal basis for Q2H. Then by Lemmas 3.2.52 and 3.2.53

we have

0 = ϕj + UvG0vϕj
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for 1 ≤ j ≤ N0 and we can write ϕj = Uvψj for some ψj ∈ H. Furthermore, we have

0 =

∫
R3

V (x)ψj(x) dx =

∫
R3

v(x)ϕj(x) dx,

the ψj are linearly independent and satisfy the relation 0 = ψj+G0V ψj. We thus compute

for f ∈ H that

Q2vG0f =

N0∑
j=1

〈vG0f, ϕj〉ϕj =

N0∑
j=1

〈f,G0vϕj〉ϕj = −
N0∑
j=1

〈f, ψj〉ϕj.

Let (Aij) be the matrix representation of Q2vG2vQ2 (the inverse of D2) relative to the

basis (ϕj)
N0
j=1. Since we have

∫
R3 v(x)ϕj(x) dx = 0 we find

Aij = 〈ϕi, Q2vG2vQ2ϕj〉 = 〈G0vϕi, G0vϕj〉 = 〈G0V ψi, G0V ψj〉 = 〈ψi, ψj〉.

Then we find for f ∈ H that

G0vQ2D2Q2vG0f = −
N0∑
j=1

G0vQ2D2ϕj〈f, ψj〉 = −
N0∑
i,j=1

G0vQ2ϕi(A
−1)ij〈f, ψj〉

=

N0∑
i,j=1

(A−1)ijψi〈f, ϕj〉.

In particular for f = ψm we find G0vQ2D2Q2vG0ψm = ψm. Thus the range of the operator

G0vQ2D2Q2vG0 is span(ψj)
N0
j=1 and G0vQ2D2Q2vG0 = Id on Range(G0vQ2D2Q2vG0).

Since G0vQ2D2Q2vG0 is self-adjoint, we find P0 is the projection onto the zero eigenspace

span(ψj)
N0
j=1 as claimed.

We thus obtain the following expansion for the difference of resolvents.

Theorem 3.2.61. Suppose that n = 3 and V satisfies Assumption 3.2.41. Then for any

s, t > 3
2

and sufficiently small k we have in B(H−1,t1 , H1,−t2) the expansion

R(−k2)−R0(−k2) = k−1(−〈·, ψ〉ψ +D− 1
2
)− k−2P0 + R̃(k),

where R̃(k) is uniformly bounded in k and

D− 1
2

= −G0v(D2M2D1M2D2 +D2M3D2 −Q1M2D2 −D2M2Q1)vG0.

Proof. Use the relation

R(−k2)−R0(−k2) = −R0(−k2)vM(k)−1vR0(−k2)
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in conjunction with Theorem 3.2.57 and Lemmas 3.2.59 and 3.2.60.

3.2.5 Dimension n = 2

In this section we determine a low energy expansion of the resolvent in two dimensions

using the symmetrised technique introduced in [89]. Such an expansion has been de-

termined explicitly in [89, Theorem 6.2], however we present some additional details for

clarity. Similar expansions have been introduced in different contexts in [26], [63] and

[166].

We make the following assumption on the potential.

Assumption 3.2.62. Suppose that n = 2. We assume the potential V satisfies Assump-

tion 2.2.14 for some ρ > 11.

In dimension n = 2 Equation (3.13) reads

R0(x, y, z) = ln (k|x− y|)
∞∑
p=0

c2,pk
2p|x− y|2p +

∞∑
p=0

d2,pk
2p|x− y|2p (3.38)

Equation (3.38) leads to the following operator definitions.

Definition 3.2.63. Suppose that n = 2 and V satisfies Assumption 3.2.62. Then we

define the integral kernels

G2p,0(x, y) = (c2,p ln (|x− y|) + d2,p) |x− y|2p, and

G2p,−1(x, y) = c2,p|x− y|2p.

Then for (2p, j) 6= (0, 0) we define the operators M0,0 = U + vG0,0v and M2p,j = vG2p,jv.

The operator G2p,j is the operator coefficient of the term k2p ln (k)j in Equation (3.38).

As in higher even dimensions, we make the definition η = ln (k)−1. Then we can use the

definition of M(k) to write

M(k) = U + vR0(−k2)v =
∞∑
p=0

(
M2p,0 + η−1M2p,−1

)
k2p.

We immediately obtain the following result.

Lemma 3.2.64. [89, Lemma 6.1] Suppose that n = 2 and V satisfies Assumption 3.2.62

and let F = {k ∈ C : Re(k) ≥ 0, |k| ≤ 1}. Then M(k) − η−1M0,−1 − U is a uniformly

bounded compact operator-valued function on F and for sufficiently small k we have

M(k) = M0,0 + η−1M0,−1 + k2M2,0 + k2η−1M2,−1 + k4η−1R̃0(k),
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where R̃0(k) is uniformly bounded. For j = 0, 1 the operators M2j,0 are compact and

self-adjoint and the operators M2j,−1 are finite rank.

In particular, we note that M0,−1 = c2,0 ||v||22 P , where P is the rank one projection

P = ||v||−2
2 〈v, ·〉v. We denote Q = Id− P the complementary projection.

We now aim to use the Feshbach formula of Lemma 3.1.1 to invert M(k). To do so

we need the following definition.

Definition 3.2.65. Suppose that n = 2 and V satisfies Assumption 3.2.62. We say that

zero is a regular point of the spectrum of H if QM0,0Q is invertible on QH. If zero is not

a regular point of the spectrum of H, we denote by Q1 the orthogonal projection onto

Ker(QM0,0Q). In this case the operator QM0,0Q + Q1 is invertible and we denote the

inverse by D0.

Lemma 3.2.66. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero is

not a regular point for the spectrum of H. Denote by M0(k) = M(k) − η−1M0,−1. For

sufficiently small k, the operator QM0(k)Q + Q1 is invertible and there exists a function

g(k) = η−1g̃(k) with g̃ uniformly bounded such that

(M(k) +Q1)−1 = g(k)−1A+QD0Q− k2D(k) + k4R̃2(k),

with D(k) and R̃2(k) uniformly bounded in k and

A := P − PM0,0QD0Q−QD0QM0,0P +QD0QM0,0PM0,0QD0Q.

Proof. We decompose H = PH⊕QH so that we may write

M(k) +Q1 =

(
P (M(k) +Q1)P P (M(k) +Q1)Q

Q(M(k) +Q1)P Q(M(k) +Q1)Q

)

=

(
P (M(k)− η−1M0,−1 + η−1M0,−1)P P (M(k)− η−1M0,−1 + η−1M0,−1)Q

Q(M(k)− η−1M0,−1 + η−1M0,−1)P Q(M(k)− η−1M0,−1 + η−1M0,−1)Q+Q1

)
,

where we have used that QP = PQ = 0 and QQ1 = Q1Q = Q1. Since we have defined

M0(k) = M(k) − η−1M0,−1 we can use the observation PM0,−1 = M0,−1P = c2,0 ||v||22 P
to obtain

M(k) +Q1 =

(
PM0(k)P + η−1c2,0 ||v||22 P PM0(k)Q

QM0(k)P QM0(k)Q+Q1

)

=

(
PM0,0P + η−1c2,0 ||v||22 P PM0,0Q

QM0,0P QM0,0Q+Q1

)
+ k2(M2,0 + η−1M2,−1) + k4η−1R̃0(k),
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where R̃0(k) is uniformly bounded. Define the operator

A(k) =

(
PM0,0P + η−1c2,0 ||v||22 P PM0,0Q

QM0,0P QM0,0Q+Q1

)
. (3.39)

Then by Lemma 3.1.1 the operator A(k) is invertible if and only if the operator

B(k) = (PM0,0P + η−1c2,0 ||v||22 P − PM0,0QD0QM0,0P )−1

exists and is bounded, where D0 = (QM0,0Q + Q1)−1 as in Definition 3.2.65. Since P is

a rank one projection there exists a constant c such that

B(k) = (c+ η−1c2,0 ||v||22)−1P =: g(k)−1P.

Thus we use Lemma 3.1.3 to write

A(k)−1 =

(
B(k) −B(k)PM0,0QD0

−D0QM0,0PB(k) D0QM0,0PB(k)PM0,0QD0 +D0

)

= g(k)−1

(
P −PM0,0QD0

−D0QM0,0P D0QM0,0PM0,0QD0 + g(k)D0

)
= g(k)−1

(
P − PM0,0QD0Q−QD0QM0,0P +QD0QM0,0PM0,0QD0Q

)
+QD0Q.

= g(k)−1A+QD0Q.

Note that for sufficiently small k we have the estimate∣∣∣∣∣∣k2(M2,0 + η−1M2,−1)A(k)−1 + k4η−1R̃0(k)A(k)−1
∣∣∣∣∣∣ < 1.

Then we can compute the inverse of M(k) +Q1 using a Neumann expansion as

(M(k) +Q1)−1 = (A(k) + k2(M2,0 + η−1M2,−1) + k4η−1R̃0(k))−1

= A(k)−1(Id + k2(M2,0 + η−1M2,−1)A(k)−1 + k4η−1R̃0(k)A(k)−1)−1

= A(k)−1(Id− k2(M2,0 + η−1M2,−1)A(k)−1 − k4η−1R̃0(k)A(k)−1

+ k4R̃1(k))

= g(k)−1
(
P − PM0,0QD0Q−QD0QM0,0P

+QD0QM0,0PM0,0QD0Q
)

+QD0Q

− A(k)−1(k2(M2,0 + η−1M2,−1)A(k)−1 − k4η−1R̃0(k)A(k)−1 + k4R̃1(k))

= g(k)−1A+QD0Q− k2A(k)−1(M2,0 + η−1M2,−1)A(k)−1 + k4R̃2(k)

= g(k)−1A+QD0Q− k2D(k) + k4R̃2(k).
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Here we have defined the term D(k) = A(k)−1(M2,0 + η−1M2,−1)A(k)−1.

Remark 3.2.67. We can determine more terms in R̃2(k) as

R̃2(k) = (A(k)−1(M2,0 + η−1M2,−1))2A(k)−1−A(k)−1(M4,0 + η−1M4,−1)A(k)−1+k2R̃3(k),

where R̃3(k) is uniformly bounded in k

We next need to determine the inverse of the operator

B1(k) = Q1 −Q1(M(k) +Q1)−1Q1.

Definition 3.2.68. Let n = 2 and suppose that V satisfies Assumption 3.2.62 and sup-

pose that zero is not a regular point for H. We say that zero is an exceptional point of

the first kind if the operator Q1M0,0PM0,0Q1 is invertible on Q1H. In this case we write

D1 = (Q1M0,0PM0,0Q1)−1.

Lemma 3.2.69. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero is

an exceptional point of the first kind for H. Then for sufficiently small k we have

B1(k)−1 = −g(k)D1 + k2R̃5(k)

where R̃5(k) is uniformly bounded.

Proof. We use only the lowest order terms in Lemma 3.2.66, denoting the remainder

R̃3(k) = −D(k) + k2R̃2(k). We use the relations Q1Q = Q1D0 = QQ1 = D0Q1 = Q1 and

Q1P = PQ1 = 0 to write

B1(k) = Q1 − g(k)−1Q1AQ1 −Q1 − k2Q1R̃3(k)Q1

= −g(k)−1Q1M0,0PM0,0Q1 − k2Q1R̃3(k)Q1

By assumption zero is an exceptional point of the first kind and so the operatorQM0,0PM0,0Q

is invertible with inverse D1 and using a Neumann expansion we find

B1(k)−1 = (−g(k)−1QM0,0PM0,0Q− k2Q1R̃3(k)Q1)−1

= −g(k)D1(Id + k2g(k)Q1R̃3(k)Q1D1)−1

= −g(k)D1(Id + k2g(k)Q1R̃3(k)Q1D1 + k4R̃4(k)) = −g(k)D1 + k2R̃5(k)).

Remark 3.2.70. We note that if more terms are required in the expansion, we may write

R̃5(k) = g(k)2D1Q1A(k)−1(M2,0 + η−1M2,−1)A(k)−1Q1D1 − k2g(k)−1D1Q1R2(k)Q1D1

− g(k)3k2D1Q1A(k)−1((M2,0 + η−1M2,−1)A(k)−1Q1D1)2 + k4η−1R̃6(k)
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where R̃6(k) is uniformly bounded and we have defined the term

R2(k) = A(k)−1((M2,0 + η−1M2,−1)A(k)−1)20A(k)−1(M4,0 + η−1M4,−1).

Lemma 3.1.1 shows that in the case of an exceptional point of the first kind we can

compute M(k)−1 via the formula

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1. (3.40)

Theorem 3.2.71. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero

is an exceptional point of the first kind for H. Then for sufficiently small k we have

M(k)−1 = g(k)−1A+QD0Q− g(k)−1AQ1D1Q1A− AQ1D1Q1 −Q1D1Q1A

− g(k)Q1D1Q1 + R̃8(k)

where R̃7(k) is uniformly bounded.

Proof. By Lemma 3.1.1 we have that M(k) has inverse

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1.

Combining Lemmas 3.2.66 and 3.2.69 we can compute the expression

(M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1 = −(g(k)−1A+QD0Q+ k2R̃3(k))Q1(g(k)D1

+ k2R̃5(k))×Q1(g(k)−1A+QD0Q+ k2R̃3(k))

= −g(k)−1AQ1D1Q1A− AQ1D1Q1 −Q1D1Q1A− g(k)Q1D1Q1 + R̃7(k),

where we have used the relations Q1QD0Q = QD0QQ1 = Q1. Thus we find

M(k)−1 = (M(k) +Q1)−1 + (M(k) +Q1)−1Q1B1(k)−1Q1(M(k) +Q1)−1

= g(k)−1A+QD0Q− g(k)−1AQ1D1Q1A− AQ1D1Q1 −Q1D1Q1A

− g(k)Q1D1Q1 + R̃8(k)

where R̃8(k) is uniformly bounded.

If the leading term of B1(k) is not invertible we need to apply Lemma 3.1.1 again.

Definition 3.2.72. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that the

operator Q1M0,0PM0,0Q1 is not invertible. Let Q2 be the orthogonal projection onto the

kernel of Q1M0,0PM0,0Q1. Then the operator Q1M0,0PM0,0Q1 + Q2 is invertible with

inverse D1. We say that zero is an exceptional point of the second kind if the operator

Q2M2,−1Q2 is invertible and we denote its inverse by D2.
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By repeating the arguments of Lemma 3.2.69 and keeping track of more terms, we

can determine an expansion for B1(k)−1 in the case of an exceptional point of the second

kind. First we define the operator B̃1(k) = −g(k)B1(k).

Lemma 3.2.73. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero is

an exceptional point of the second kind for H. Then for sufficiently small k we have

(B̃1(k) +Q2)−1 = D1 + k2R̃11(k),

where R̃11(k) is uniformly bounded.

Proof. We compute the Neumann expansion

(B̃1(k) +Q2)−1 = (−g(k)B1(k) +Q2)−1 = (Q1M0,0PM0,0Q1 +Q2 − k2g(k)Q1R̃3(k)Q1)−1

= D1(Id− k2g(k)Q1R̃3(k)Q1D1)−1

= D1 − k2g(k)D1Q1R̃3(k)Q1D1 + k4R̃10(k)

= D1 + k2R̃11(k),

as claimed.

Remark 3.2.74. As before we can compute more terms in this expansion, finding

R̃11(k) = −g(k)D1Q1R̃3(k)Q1D1 + k2R̃10(k)

= −g(k)D1Q1(−D(k) + k2R̃2(k)Q1D1 + k2R̃10(k)

= g(k)D1Q1D(k)Q1D1 + k2g(k)Q1D1R̃2(k)D1Q1 + k2R̃10(k)

= −g(k)D1Q1D(k)Q1D1 + k2R̃12(k),

where R̃12(k) is uniformly bounded.

To compute inverses, we need to use further terms in the expansion of (M(k) +Q1)−1

and so we first prove the following to simplify some later expressions.

Lemma 3.2.75. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero is

not a regular point or an exceptional point of the second kind for H. Then

A(k)−1Q2 = Q2A(k)−1 = Q2,

where A(k) is defined in Equation (3.39). Furthermore we have the relations

0 = M0,0Q2 = Q2M0,0.

Proof. Noting that Q2 is the projection onto the kernel of Q1M0,0Q1 we find that for any
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f ∈ H we have the relation

〈PM0,0Q2f, PM0,0Q2f〉 = 〈Q2M0,0PM0,0Q2f, f〉 = 〈Q2(Q1M0,0PM0,0Q1)Q2f, f〉

= 〈Q2M0,0PM0,0Q2f, f〉 = 0

and thus PM0,0Q2 = 0. We then compute using Q2D0 = D0Q2 = Q2, Q2P = 0 = PQ2

and the fact that Q2 ≤ Q to find

Q2A(k)−1 = g(k)−1Q2

(
P − PM0,0D0Q−QD0QM0,0P +QD0QM0,0PQD0Q

)
+Q2D0Q

= g(k)−1
(
Q2M0,0P +Q2M0,0PQD0Q

)
+Q2

= Q2,

where we have used the relation Q2M0,0P = 0. To prove the final relation, we note that by

definition we have QM0,0QQ1 = 0 and thus PM0,0QQ1 = M0,0Q1. Thus we may compute

Q1M0,0PM0,0Q1 = (Q1M0,0P )(PM0,0Q1) = (PM0,0Q1)∗(PM0,0Q1) = (M0,0Q1)∗(M0,0Q1).

Thus we see that Ker(Q1M0,0PM0,0Q1) = Ker(M0,0Q1) and so the definition of Q2 gives

M0,0Q1Q2 = M0,0Q2 = 0.

Keeping track of the many terms appearing in the following resolvent expansions can

be rather cumbersome, so the relations in Lemma 3.2.75 will allow us to simplify some

terms without too much computational effort.

Lemma 3.2.76. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero is

an exceptional point of the second kind for H. Then we have the expansion

B̃1(k)−1 = D1 + k−2g(k)−1Q2D2(k)Q2−(D1Q1D(k)Q2D2(k)Q2 +Q2D2(k)Q2D(k)Q1D1)

+ k2R̃15(k),

where R̃15(k) is uniformly bounded.

Proof. We know by Lemma 3.1.1 that the operator B̃1(k) is invertible if and only if the

operator

B2(k) = Q2 −Q2(B̃1(k) +Q2)−1Q2

is invertible on Q2H. Noting the identity Q2D1 = D1Q2 = Q2 we find

B2(k) = Q2 −Q2D1Q2 + k2g(k)Q2D(k)Q2 − k4Q2R̃12(k)Q2

= k2g(k)Q2D(k)Q2 − k4Q2R̃12(k)Q2.
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We also recall that D(k) = A(k)−1(M2,0 + η−1M2,−1)A(k)−1, so that an application of

Lemma 3.2.75 gives

Q2D(k)Q2 = Q2(M2,0 + η−1M2,−1)Q2.

Since zero is an exceptional point of the second kind for H, the operator Q2M2,−1Q2

is invertible with inverse D2 and thus for sufficiently small k the operator Q2D(k)Q2 is

invertible with inverse D2(k) and we can then form the Neumann expansion

B2(k)−1 = (g(k)k2Q2M2,0Q2 + k2η−1Q2M2,−1Q2 − k4Q2R̃12(k)Q2)−1

= k−2g(k)−1D2(k)(Id− k2g(k)−1Q2R̃10(k)Q2D2(k))−1

= k−2g(k)−1D2(k)(Id + k2g(k)−1Q2R̃10(k)Q2D2(k) + k4R̃13(k))

= k−2g(k)−1D2(k) + R̃14(k),

where R̃14(k) is uniformly bounded. We thus find

B̃1(k)−1 = (B̃1(k) +Q2)−1 + (B̃1(k) +Q2)−1Q2B̃2(k)−1Q2(B̃1(k) +Q2)−1

= D1 − k2g(k)D1Q1D(k)Q1D1 + k4R̃12(k) + (D1 − k2g(k)D1Q1D(k)Q1D1

+ k4R̃12(k))Q2(k−2g(k)−1D2(k) + R̃14(k))Q2

× (D1 − k2g(k)D1Q1D(k)Q1D1 + k4R̃12(k))

= D1+k−2g(k)−1Q2D2(k)Q2−(D1Q1D(k)Q2D2(k)Q2 +Q2D2(k)Q2D(k)Q1D1)

+ k2R̃15(k),

where R̃15(k) is uniformly bounded.

We are now ready to compute M(k)−1 in the case of an exceptional point of the

second kind for H. Two applications of Lemma 3.1.1 show that we can use the formula

M(k)−1 = (M(k) +Q1)−1 − g(k)−1(M(k) +Q1)−1Q1B̃1(k)−1Q1(M(k) +Q1)−1. (3.41)

Theorem 3.2.77. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that zero

is an exceptional point of the second kind for H. Then for sufficiently small k we have

M(k)−1 = k−2g(k)−1Q2D2(k)Q2 +Q2 + g(k)−1A− g(k)−1D(k)Q2D2(k)Q2 + k2R̃18(k)

− g(k)−1Q2D2(k)Q2D(k)− (Q2D(k)Q2D2(k)Q2 +Q2D2(k)Q2D(k)Q2),

where R̃18(k) is uniformly bounded.
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Proof. We begin by noting that

M(k)−1 = (M(k) +Q1)−1 − g(k)−1(M(k) +Q1)−1Q1B̃1(k)−1Q1(M(k) +Q1)−1.

By Lemma 3.2.75 we have Q2A = AQ2 = 0. So we make the computations

Q2(M(k) +Q1)−1 = Q2(g(k)−1A+QD0Q− k2D(k) + k4R̃2(k))

= Q2 − k2Q2D(k) + k4Q2R̃2(k)

and

(M(k) +Q1)−1Q2 = (g(k)−1A+QD0Q− k2D(k) + k4R̃2(k))Q2

= Q2 − k2D(k)Q2 + k4R̃2(k)Q2.

So noting that B̃1(k)−1 = Q2B̃1(k)−1Q2, we can expand out the product in the next

expression to obtain

(M(k) +Q1)−1Q1B̃1(k)−1Q1(M(k) +Q1)−1 = (Q2 − k2D(k)Q2 + k4R̃2(k)Q2)

× (D1 + k−2g(k)−1Q2D2(k)Q2 − (D1Q1D(k)Q2D2(k)Q2 +Q2D2(k)Q2D(k)Q1D1)

+ k2R̃15(k))

= k−2g(k)−1Q2D2(k)Q2 +Q2 − g(k)−1D(k)Q2D2(k)Q2 − g(k)−1Q2D2(k)Q2D(k)−

− g(k)(Q2D(k)Q2D2(k)Q2 +Q2D2(k)Q2D(k)Q2) + k2R̃17(k),

where R̃17(k) is uniformly bounded. So we find

M(k)−1 = (M(k) +Q1)−1 − g(k)−1(M(k) +Q1)−1Q1B̃1(k)−1Q1(M(k) +Q1)−1

= g(k)−1A+QD0Q− k2D(k) + k4R̃2(k) + k−2g(k)−1Q2D2(k)Q2

+Q2 − g(k)−1D(k)Q2D2(k)Q2 − g(k)−1Q2D2(k)Q2D(k)

− g(k)(Q2D(k)Q2D2(k)Q2 +Q2D2(k)Q2D(k)Q2) + k2R̃17(k)

= k−2g(k)−1Q2D2(k)Q2 +Q2 + g(k)−1A− g(k)−1D(k)Q2D2(k)Q2

− g(k)−1Q2D2(k)Q2D(k)− (Q2D(k)Q2D2(k)Q2

+Q2D2(k)Q2D(k)Q2) + k2R̃18(k),

where R̃18(k) is uniformly bounded.

Definition 3.2.78. Suppose that n = 2 and V satisfies Assumption 3.2.62 and that the

operator Q1M0,0PM0,0Q1 is not invertible. We say that zero is an exceptional point of

the third kind if the operator Q2M2,−1Q2 is not invertible. In this case we let Q3 be the

orthogonal projection onto the kernel of Q2M2,−1Q2. Then the operator Q2M2,−1Q2 +Q3
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is invertible and we write its inverse as D2. We also define the projection T3 = Q2 −Q3.

We now confirm that the Feshbach expansion procedure of Lemma 3.1.1 terminates.

Lemma 3.2.79. [63, Lemma 5.4] Suppose that n = 2 and V satisfies Assumption 3.2.62.

Then the operator Q3M2,0Q3 is invertible on Q3H.

Proof. Suppose that f ∈ Q3H satisfies Q3M2,0Q3f = 0. Then we have∫
R2

v(y)f(y) dy = 0

and Q2M2,−1Q2f = 0. Note also that vf ∈ L1(Rn) and x 7→ |x|vf ∈ L1(Rn), so that

F(vf) ∈ L1(Rn) ∩ C1(Rn) Thus we find

〈Q2M2,0Q2f, f〉 = 〈M2,0f, f〉 = lim
k→0
〈k−2(R0(k2)−G0,0)vf, vf〉

=
1

4π2
lim
k→0

k−2

∫
R2

(
1

|ξ|2 + k2
− 1

|ξ|2

)
|[F(vf)](ξ)|2 dξ

=
1

4π2
lim
k→0

∫
R2

1

|ξ|2(|ξ|2 + k2)
|[F(vf)](ξ)|2 dξ

=
1

4π2

∫
R2

|[F(vf)](ξ)|2

|ξ|4
dξ,

where we have used Lemma 3.1.6 to bring the limit inside the integral. Our assumptions

on v and f guarantee that (x 7→ |x|−2v(x)f(x)) ∈ L1(R2) and thus F(vf) satisfies the

extra decay hypothesis of Lemma 3.1.6. Since Q2M2,−1Q2f = 0, our assumptions on v

and f guarantee that vf ∈ L1(R2) and so we find vf = 0. Since f ∈ Q1H gives f = Uvψ

for some ψ ∈ H and thus f = 0.

We shall write D3 for the inverse of Q3M2,0Q3.

Remark 3.2.80. We note that the above proof also implies the useful relation

〈G0,0vf,G0,0vf〉 = 〈M2,0f, f〉. (3.42)

We can further characterise the obstruction subspaces in terms of resonances and zero

energy eigenvalues.

Lemma 3.2.81. [89, Lemma 6.4] Suppose that n = 2 and V satisfies Assumption 3.2.62

and Q1 6= 0 and fix ϕ ∈ Q1H with ||ϕ|| = 1. Then there exists ψ ∈ L∞(R2) such that

ϕ = Uvψ and Hψ = 0 in the sense of distributions. Furthermore, there exists ψ̃ ∈ H and

c0, c1, c2 ∈ R such that

ψ(x) = c0 +
2∑
j=1

cj
xj

(1 + |x|2)
+ ψ̃(x). (3.43)
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Lemma 3.2.82. [89, Lemma 6.4] Suppose that n = 2 and V satisfies Assumption 3.2.62.

Suppose ψ = c + ψ1 + ψ2 with c ∈ C, ψ1 ∈ Lq(R2) for some q ∈ (2,∞) and ψ2 ∈ H. If

Hψ = 0 in the sense of distributions then ϕ = Uvψ ∈ Q1H.

The above characterisation leads naturally to a definition of resonances in two dimen-

sions.

Definition 3.2.83. If Q3 6= 0 there exists a zero energy bound state, a solution to Hϕ = 0

for which ϕ ∈ Dom(H). If T3 6= 0 we say there exists a p-resonance, which corresponds

to the existence of a distributional solution to Hϕ = 0 which satisfies ϕ ∈ Lq(R2) for

some q ∈ (2,∞). If T2 6= 0 we say there exists an s-resonance, which corresponds to the

existence of a distributional solution of Hϕ = 0 with ϕ ∈ L∞(R2).

We now repeat the proof of Theorem 3.2.77 in the case of an exceptional point of the

third kind. We use the notation

D2(k) = (Q2M2,−1Q2 + ηQ2M2,0Q2 +Q3)−1 = D2 + ηC2(k),

so that D2(0) = D2. Note that the second equality is obtained via a Neumann expansion.

Lemma 3.2.84. Suppose that n = 2 and V satisfies Assumption 3.2.62. Then for suffi-

ciently small k the operator B̃2(k) = k−2g(k)−1B2(k) has inverse

B̃2(k)−1 = T̃3(k)− k2g(k)−1T̃3(k)Q2(M4,0 + η−1M4,−1)Q2T̃3(k) + k4R̃13(k),

where R̃13(k) is uniformly bounded and

T̃3(k) := (Q2D(k)Q2)−1 =

(
a −aT3M2,0Q3D3

−D3Q3M2,0T3a D3Q3M2,0T3aT3M2,0Q3D3 +D3

)

with a = (T3M2,0T3 + η−1T3M2,−1T3 − T3M2,0Q3(Q3M2,0Q3)−1Q3M2,0T3)−1.

Proof. We begin by defining B̃2(k) = k−2g(k)−1B2(k) and consider the decomposition

Q2H = T3H⊕Q3H. Then we can determine the expression

Q2D(k)Q2 = Q2(M2,0 + η−1M2,−1)Q2 =

(
T3M2,0T3 + η−1T3M2,−1T3 T3M2,0Q3

Q3M2,0T3 Q3M2,0Q3

)
.

Lemma 3.1.3 shows that Q2D2(k)Q2 is invertible provided Q3M2,0Q3 is (which is guaran-

teed by Lemma 3.2.79) and the operator

a = (T3M2,0T3 + η−1T3M2,−1T3 − T3M2,0Q3(Q3M2,0Q3)−1Q3M2,0T3)−1
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exists as a bounded operator (note that the explicit k dependence of a comes from the η

term). Letting D3 = (Q3M2,0Q3)−1 we find

T̃3(k) := (Q2D(k)Q2)−1 =

(
a −aT3M2,0Q3D3

−D3Q3M2,0T3a D3Q3M2,0T3aT3M2,0Q3D3 +D3

)
.

For sufficiently small k we have the estimate∣∣∣∣∣∣k2g(k)−1Q2R̃12(k)Q2T̃3(k)
∣∣∣∣∣∣ < 1

and thus we can determine the Neumann expansion

B̃2(k)−1 =
(
Q2D(k)Q2 − k2g(k)−1Q2R̃12(k)Q2

)−1

= T̃3(k)
(

Id− k2g(k)−1Q2R̃12(k)Q2T̃3(k)
)−1

= T̃3(k)− k2g(k)−1T̃3(k)Q2R̃12(k)Q2T̃3(k) + k4R̃13(k)

where R̃13(k) is uniformly bounded. We can determine further terms in R̃12(k) as

R̃12(k) = g(k)Q1D1R̃2(k) + k2R̃10(k)

= g(k)Q1D1A(k)−1(M4,0 + η−1M4,−1)A(k)−1 + k2R̃19(k).

Thus we can determine Q2R̃12(k)Q2 = g(k)Q2(M4,0 + η−1M4,−1)Q2 + k2Q2R̃19(k).

We now apply Lemma 3.1.3 to the operator B2(k) to obtain the expansion for M(k)−1.

Theorem 3.2.85. Suppose that n = 2 and V satisfies Assumption 3.2.62. Then for

sufficiently small k we have the expansion

M(k)−1 = −k−2Q2T̃3(k)Q2 + η−1R̃(k),

where R̃(k) is uniformly bounded.

Proof. The most singular term which we have not considered yet is given by

− k−2(M(k) +Q1)−1Q1(B̃1(k) +Q2)−1Q2B̃2(k)−1Q2(B̃1(k) +Q2)−1Q1(M(k) +Q1)−1

= −k−2Q2T̃3(k)Q2.

Remark 3.2.86. Note that we can write explicitly the term

T̃3(k) = D3 + (a− aT3M2,0D3 −D3M2,0T3 +D3M2,0T3aT3M2,0D3.
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We now characterise the image of the operators T2 and T3 to analyse resonant be-

haviour.

Lemma 3.2.87. [89, Theorem 6.2] Suppose that n = 2 and V satisfies Assumption 3.2.62.

The space Range(T2) is spanned by the vector Θ0 := Q1M0,0v. The space Range(T3) is

spanned by the vectors Θj := Q2Xjv, where Xj denotes the multiplication operator by the

coordinate xj.

Proof. By definition we have

Range(T2) = Q1H ∩ Range(Q1M0,0PM0,0Q1),

which by Lemma 3.2.81 and the definition of M0,0 is spanned by Θ0. Similarly we have

Range(T3) = Q2H ∩ Range(Q2M2,−1Q2).

Since PQ1 = PQ2 = 0 we find

Q2M2,−1Q2 = c2,−1Q2TQ2 = 2c2,−1Q2WQ2,

where T and W are the integral operators with kernels

T (x, y) = v(x)|x− y|2v(y), and W (x, y) = v(x)〈x, y〉v(y).

Letting Xj be the operator of multiplication by xj (for x = (x1, x2)) we find

Q2M2,−1Q2 = 2c2,0

d∑
j=1

〈Θj, ·〉Θj,

where we have defined Θj = Q2Xjv.

Lemma 3.2.88. [89, Theorem 6.2] Suppose that V satisfies Assumption 3.2.62. Then

the zero eigenspace of H satisfies Ker(H) ∼= Range(Q3).

Proof. Suppose that ϕ ∈ Range(Q3). Then ϕ is orthogonal to both Range(T2) and

Range(T3), so that

〈v,M0,0ϕ〉 = 0 = 〈v,Xjϕ〉 (3.44)

for j = 1, 2. Then Lemma 3.2.81 shows that ψ = Uvϕ ∈ N . Conversely, suppose that

ψ ∈ N and let ϕ = Uvψ. Since ψ ∈ H, Lemma 3.2.82 shows that ϕ ∈ Q1H and Equation

(3.44) holds for ϕ. Thus ϕ ∈ Range(Q3). Hence we find

Dim(Range(Q3)) = Dim(Ker(H))
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and the map ϕ 7→ ψ is a bijection.

We can explicitly characterise the projection onto the zero eigenspace in terms of the

operators we have seen.

Lemma 3.2.89. [63, Lemma 5.6] Suppose that n = 2 and V satisfies Assumption 3.2.62.

Then the projection P0 onto the kernel of H is given by

P0 = G0,0vQ3D3Q3vG0,0.

Proof. Let (ϕj)
N0
j=1 be an orthonormal basis for Range(Q3). Then for each 1 ≤ j ≤ N0 we

have 0 = ϕj + UvG0,0vϕj and ϕj = Uvψj for some ψj ∈ H. Since PQ3 = 0 we also find∫
R2

V (x)ψj(x) dx =

∫
R2

v(x)ϕj(x) dx = 0

for all j. Since the (ϕj) are linearly independent, so are the (ψj) and they satisfy

ψj +G0,0V ψj = 0.

Using the fact that the (ϕj) are a basis for Q3H we find for any f ∈ H that

Q3vG0,0f =

N0∑
j=1

〈vG0,0f, ϕj〉ϕj = −
N0∑
j=1

〈f, ψj〉ϕj.

Let A = (Aij) be the matrix representation of Q3vG2,−1vQ3 with respect to the orthonor-

mal basis (ϕj). Then using Equation (3.42) we find

Aij = 〈ϕi, Q3vG2,−1vQ3ϕj〉 = 〈G0,0vϕi, G0,0vϕj〉 = 〈G0,0V ψi, G0,0V ψj〉 = 〈ψi, ψj〉.

Defining P0 = G0,0vQ3D3Q3vG0,0 we find for any f ∈ H that

P0f=−
N0∑
j=1

G0,0vQ3D3ϕj〈f, ψj〉=−
N0∑
i,j=1

G0,0vQ3(A−1)ijϕi〈f, ψj〉=
N0∑
i,j=1

ψi(A
−1)ij〈f, ψj〉.

Thus we see that P0ψj = ψj, so that the range of P0 is span(ψj) and P0 is the identity on

its range, which implies P0 is the projection onto the zero eigenspace by Lemma 3.2.88.

Theorem 3.2.90. Suppose that n = 2 and V satisfies Assumption 3.2.62. Then for

sufficiently small k we have

R(k2)−R0(k2) = −k−2(P0 −X) + k−2η−1R̃20(k),
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where R̃20(k) is uniformly bounded. Here X is given by

X = G0,0vY vG0,−1 +G0,−1vY vG0,0

with Y = limk→0 η
−1T̃3(k).

Proof. The proof follows from Theorem 3.2.85 and the definition

R(−k2) = R0(−k2)−R0(−k2)vM(k)−1vR0(−k2)

and a comparison of the coefficients of k−2.

3.2.6 Dimension n = 1

In this section we determine the low energy resolvent expansion in dimension n = 1 using

the Feshbach inversion method of Lemma 3.1.1 until it terminates. The expansions lead to

explicit characterisations of the obstruction subspaces in terms of the kernel of H and zero

energy resonances. The method we follow has been described in [89], although more detail

has been included here regarding the specific coefficient operators as will be required in

later chapters. We note that similar expansions have been introduced in various contexts

throughout the literature, see for example [116], [29] and [28].

We first write

R0(x, y, k2) = (2k)−1e−k|x−y| = (2k)−1 − 1

2
|x− y|+ k

4
|x− y|2 +O(k2).

Definition 3.2.91. We define the operators Gj for j = −1, 0, 1 by the integral kernels

G−1(x, y) =
1

2
, G0(x, y) = −1

2
|x− y|, and G1(x, y) =

1

4
|x− y|2

and the operators Mj by M0 = U + vG0v and Mj = vGjv. Note that M−1 = 1
2
||v||22 P ,

where P = ||v||−2
2 〈v, ·〉v.

Lemma 3.2.92. [89, Lemma 5.1] Suppose that V satisfies Assumption 2.2.14 for some

ρ > 7. Then M − k−1M−1 − U is a uniformly bounded compact operator valued function

on F = {k ∈ C : Re(k) ≥ 0 and |k| ≤ 1}. Furthermore, we have the expansion

M(k) = k−1M−1 +M0 + kM1 + k2R̃0(k),

where R̃0(k) is uniformly bounded in k.

We let α = ||v||22 and note that since P is a rank one projection, P is never invertible,

Define the projection Q = Id− P . We let M̃(k) = 2kα−1M(k) and obtain the following.
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Lemma 3.2.93. Suppose that V satisfies Assumption 2.2.14 for some ρ > 7. Then for

sufficiently small k the operator M̃(k) +Q is invertible and we have the expansion

(M̃(k) +Q)−1 = Id− 2kα−1M0 − 2k2α−1M1 + 4α−2k2M2
0 + k3R̃1(k),

where R̃1(k) is uniformly bounded.

Proof. For sufficiently small k we have the estimate∣∣∣∣∣∣2kα−1M0 + 2k2α−1M1 + 2k3α−1R̃0(k)
∣∣∣∣∣∣ < 1.

Note that

M̃(k) = P + 2kα−1M0 + 2k2α−1M1 + 2k3α−1R̃0(k).

We thus compute the Neumann expansion

(M̃(k) +Q)−1 = (Id + 2kα−1M0 + 2k2α−1M1 + 2k3α−1R̃0(k))−1

= Id− 2kα−1M0 − 2k2α−1M1 + 4α−2k2M2
0 + k3R̃1(k),

where R̃1(k) is uniformly bounded.

We define the operator

B1(k) = Q−Q(M̃(k) +Q)−1Q

= 2kα−1QM0Q+ 2k2α−1QM1Q− 4α−2k2QM2
0Q− k3QR̃1(k)Q.

We also define the operator B̃1(k) = α
2k
B1(k), leading to the following definition.

Definition 3.2.94. Suppose that V satisfies Assumption 2.2.14 for some ρ > 7. We say

that zero is a regular point for H if the operator QM0Q is invertible on QH. In this case

we write D1 = (QM0Q)−1.

In the case of a regular point for H we can determine the inverse of the operator

M(k) using Lemma 3.1.1.

Lemma 3.2.95. Suppose that V satisfies Assumption 2.2.14 for some ρ > 7 and that

zero is a regular point for H. Then we have the expansion

M(k)−1 = D1 + 2α−1Id + R̃3(k),

where R̃3(k) is uniformly bounded.



CHAPTER 3. RESOLVENT EXPANSIONS AND RESONANCES 145

Proof. For sufficiently small k we have the estimate∣∣∣∣∣∣kQM1QD1 − 2α−1kQM2
0QD1 −

α

2
k2QR̃1(k)QD1

∣∣∣∣∣∣ < 1.

We can thus compute the Neumann expansion

B̃1(k)−1 = (QM0Q+ kQM1Q− 2α−1kQM2
0Q−

α

2
k2QR̃1(k)Q)−1

= D1(Id + kQM1QD1 − 2α−1kQM2
0QD1 −

α

2
k2QR̃1(k)QD1)−1

= D1 − kD1M1D1 + 2α−1kD1M
2
0D1 + k2R̃2(k),

where R̃2(k) is uniformly bounded. We now use Lemma 3.1.1 to obtain

M(k)−1 =2α−1kM̃(k)−1 =2α−1((M̃(k) +Q)−1+
α

2k
(M̃(k) +Q)−1QB̃1(k)−1(M̃(k) +Q)−1)

= D1 + 2α−1Id + kR̃3(k),

where R̃3(k) is uniformly bounded.

The definition of the operator B̃1(k) also leads to the following definition.

Definition 3.2.96. Suppose that V satisfies Assumption 2.2.14 for some ρ > 7. If the

operator QM0Q is not invertible on QH we say that zero is an exceptional point for H.

In this case we let Q1 denote the orthogonal projection onto the kernel of QM0Q. Then

the operator QM0Q+Q1 is invertible and we denote the inverse by D1.

In the case of an exceptional point, we cannot simply use a Neumann expansion to

invert B̃1(k) directly. Instead we require another application of Lemma 3.1.1.

Lemma 3.2.97. Suppose that V satisfies Assumption 2.2.14 for some ρ > 7 and that

zero is an exceptional point of the second kind for H. Then for sufficiently small k the

operator B̃1(k) +Q1 is invertible with inverse

(B̃1(k) +Q1)−1 = D1 − kD1M1D1 + 2α−1kD1M
2
0D1 + k2R̃2(k)

where R̃2(k) is uniformly bounded.

Proof. For sufficiently small k we have the estimate∣∣∣∣∣∣kQM1QD1 − 2α−1kQM2
0QD1 −

α

2
k2QR̃1(k)QD1

∣∣∣∣∣∣ < 1.
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We can thus compute the Neumann expansion

(B̃1(k) +Q1)−1 = (QM0Q+Q1 + kQM1Q− 2α−1kQM2
0Q−

α

2
k2QR̃1(k)Q)−1

= D1(Id + kQM1QD1 − 2α−1kQM2
0QD1 −

α

2
k2QR̃1(k)QD1)−1

= D1 − kD1M1D1 + 2α−1kD1M
2
0D1 + k2R̃2(k),

where R̃2(k) is uniformly bounded.

We now apply Lemma 3.1.1 to the operator B̃1(k), however we first need to know

that the Feshbach expansion terminates. To do so we determine the obstruction subspace

Q1 explicitly and show that Q1 is a rank one operator.

Lemma 3.2.98. [89, Theorem 5.2] Suppose that V satisfies Assumption 2.2.14 for some

ρ > 7 and that Q1 6= 0. Then ϕ ∈ Q1H with ||ϕ|| = 1 if and only if there exists ψ ∈ L∞(R),

ψ /∈ H such that Hψ = 0 in the sense of distributions and Uvψ = ϕ. Furthermore, the

space Q1H is at most one dimensional.

Proof. Suppose ϕ ∈ Q1H with ||ϕ|| = 1 and define

ψ(x) = c1 +
1

2

∫
R
|x− y|v(y)ϕ(y) dy,

where c1 = ||v||−2
2 〈v,M0ϕ〉. Then we find

Uvψ = c1Uv + U(U −M0)ϕ = c1Uv + ϕ− UM0ϕ = c1Uv + ϕ− UPM0ϕ = ϕ.

Differentiating in the sense of distributions shows Hψ = 0. To see that ψ /∈ H, we let

c2 =
1

2

∫
R
yv(y)ϕ(y) dy

and note that

ψ(x) = c1 − c2sign(x) +

−x
∫∞
x
v(y)ϕ(y) dy if x ≥ 0,

x
∫ x
−∞ v(y)ϕ(y) dy if x ≤ 0.

(3.45)

Suppose that c1 = c2 = 0. Then Equation (3.45) gives

ψ(x) =

∫ ∞
x

(y − x)V (y)ψ(y) dy,

a homogenous Volterra equation. Our decay assumptions on V give that ψ(x) = 0 for

large |x|. Uniqueness properties of the Volterra equation then give ψ = 0 for all x and
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thus c1 = c2 = 0 if and only if ψ = 0. We can determine

c+ := lim
x→∞

ψ(x) = c1 + c2, and c− := lim
x→−∞

ψ(x) = c1 − c2 (3.46)

and thus ψ ∈ L∞(R) and ψ /∈ H. For the converse, suppose ψ ∈ L∞(R) satisfies Hψ = 0

in the sense of distributions. Defining ϕ = Uvψ we have (in the sense of distributions)

the equality

d2

dx2
ψ(x) = V (x)ψ(x) = v(x)ϕ(x).

Let χ ∈ C∞c (R) be such that χ(x) = 1 for |x| ≤ 1 and χ(x) = 0 for |x| > 2. Then for any

δ > 0 we have the estimate∣∣∣∣∫
R
v(x)ϕ(x)χ(δx) dx

∣∣∣∣ =

∣∣∣∣∫
R

(
d2ψ

dx2

)
χ(δx) dx

∣∣∣∣ =

∣∣∣∣∫
R
ψ(x)

(
d2

dx2
χ(δx)

)
dx

∣∣∣∣
= δ2

∣∣∣∣∫
R
ψ(x)χ′′(δx) dx

∣∣∣∣ ≤ δ ||ψ||∞
∫
R
|χ′′(x)| dx.

Taking the limit as δ → 0 using the dominated convergence theorem gives∫
R
v(x)ϕ(x) dx = 0,

so that ϕ ∈ QH. Define

Θ(x) =
1

2

∫
R
|x− y|v(y)ϕ(y) dy =

1

2

∫
R
|x− y|V (y)ψ(y) dy.

Differentiating in the sense of distributions gives the equality

d2ψ

dx2
=

d2Θ

dx2
,

so that Θ(x) = a + bx + ψ(x) for some a, b ∈ C. A similar argument to the one leading

to Equation (3.45) shows that Θ ∈ L∞(R). Multiplying Θ by v we obtain the relation

(U −M0)ϕ = Uϕ+ av, which implies M0ϕ = −av and thus QM0ϕ = 0 and so ϕ ∈ Q1H.

By construction we have ||ϕ|| = 1. To prove that Q1H is one-dimensional we suppose

that there exist ϕ, ϕ̃ ∈ Q1H. Then for x ≥ 0 we have the corresponding ψ, ψ̃ as

ψ(x) = c1 − c2 − x
∫ ∞
x

v(y)ϕ(y) dy, ψ̃(x) = c̃1 − c̃2 +

∫ ∞
x

(y − x)v(y)ϕ̃(y) dy.

There exists a ∈ C such that c1 − c2 = a(c̃1 − c̃2) and so we find

ψ(x)− aψ̃(x) = −x
∫ ∞
x

v(y)(ϕ(y)− aϕ̃(y)) dy.



CHAPTER 3. RESOLVENT EXPANSIONS AND RESONANCES 148

Again by uniqueness properties of Volterra type equations, we find ψ − aψ̃ = 0 and so

ϕ− aϕ̃ = 0 also. Thus we have Dim(Q1H) = 1.

Definition 3.2.99. Suppose that Q1 6= 0. Then for any ϕ ∈ Q1H we say that the

corresponding ψ with ϕ = Uvψ from Lemma 3.2.98 is a zero energy resonance for H. We

choose a normalised zero energy resonance by the condition that c2
+ + c2

− = 1.

Lemma 3.2.100. Suppose that V satisfies Assumption 2.2.14 for some ρ > 7 and that

zero is an exceptional point for H. Then for sufficiently small k the operator B2(k) is

invertible with inverse

B2(k)−1 = k−1c̃−1Q1 − c̃−2Q1R̃2(k)Q2 + kR̃3(k),

where R̃3(k) is uniformly bounded in k.

Proof. Lemma 3.1.1 gives that the operator B̃1(k) is invertible if and only if the operator

B2(k) = Q1 −Q1(B̃1(k) +Q1)−1Q1

is invertible. For sufficiently small k we have∣∣∣∣∣∣kQ1R̃2(k)Q1

∣∣∣∣∣∣ < 1.

So we compute that B2(k) = kQ1M1Q1 − α−1kQ1M
2
0Q1 − k2Q1R̃2(k), where we have

used the relation Q1D1 = D1Q1 = Q1. Note that there exists a constant c̃ such that

Q1M1Q1 − α−1Q1M
2
0Q1 = c̃Q1. We now use a Neumann expansion to obtain

B2(k)−1 = k−1c̃−1Q1(Id− c̃−1kQ1R̃2(k)Q1)−1 = k−1c̃−1Q1 − c̃−2Q1R̃2(k)Q2 + kR̃3(k),

where R̃3(k) is uniformly bounded in k.

We are finally ready to determine the inversion formula for M(k).

Theorem 3.2.101. [89, Theorem 5.2] Suppose that V satisfies Assumption 2.2.14 for

some ρ > 7 and that zero is an exceptional point of the second kind for H. Then for

sufficiently small k we have the expansion

M(k)−1 = c̃−1k−1Q1 + R̃4(k),

where R̃4(k) is uniformly bounded.
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Proof. Lemma 3.1.1 gives that

M(k)−1

= 2α−1k
(

(M̃(k) +Q)−1 +
α

2
k−1(M̃(k) +Q)−1QB̃1(k)−1Q(M̃(k) +Q)−1

)
= 2α−1k

(
(M̃(k) +Q)−1 +

α

2
k−1(M̃(k) +Q)−1Q(B̃1(k) +Q1)−1Q(M̃(k) +Q)−1

+
α

2
k−1(M̃(k) +Q)−1Q(B̃1(k) +Q1)−1Q1B2(k)−1Q1(B̃1(k) +Q1)−1Q(M̃(k) +Q)−1

)
.

The first two terms have already been determined in Lemma 3.2.95. So we expand out

the lowest order terms in the expression

(M̃(k) +Q)−1Q(B̃1(k) +Q1)−1Q1B2(k)−1Q1(B̃1(k) +Q1)−1Q(M̃(k) +Q)−1

= c̃−1k−1Q1 + α−1c̃−1(M0Q1 +Q1M1) + c̃−1(D1M1Q1 +Q1M1D1)− c̃−3Q1R̃2(k)Q1

+ R̃4(k),

where R̃4(k) is uniformly bounded.

Remark 3.2.102. We can further simplify the coefficients in the above expansion. Since

Q1 is a rank one projection we can obtain (see [89, Lemma 5.4(iii)]) that

c̃−1 = −α−1(c2
1 + c2

2) = − 1

2α
(c2

+ + c2
−),

with c1, c2, c± defined in the proof of Lemma 3.2.98.

We conclude this chapter with an expansion for the resolvent difference R(−k2) −
R0(−k2). We provide only a reference with no proof, since the details are rather involved

(see [116, Section 5]). The important feature to note is that as in higher dimensions, the

worst singularity as k → 0 is related to the existence of zero-energy eigenvalues for H and

the next worst singularity is related to the existence of resonances.

Theorem 3.2.103 ([116, Section 5]). Suppose that V satisfies Assumption 2.2.14 for

some ρ > 7. Then for sufficiently small k we have the expansion

R(k−2)−R0(−k2) = −P0k
−2 + k−1A+ R̃16(k)

where A is a bounded operator depending on the existence of a resonance and R̃16(k) is

uniformly bounded.



Chapter 4

The structure of the wave operator

In this chapter we show that the wave operator W− satisfies

W− = Id +
1

2

(
Id + tanh (πDn)− i cosh (πDn)−1) (S − Id) +K, (4.1)

where Dn is the generator of dilations on L2(Rn), S the scattering matrix and K is a com-

pact operator. We will frequently use the notation ϕ(x) = 1
2
(1+tanh (πx)−i cosh (πx)−1).

In Section 4.1 we use the resolvent expansions of Chapter 3 to determine the low energy

behaviour of the scattering matrix. In Section 4.2 we give a direct intuitive argument

why Equation (4.1) should hold based on the generalised eigenfunctions described in Sec-

tion 2.4.2. Unfortunately this method is limited by difficulties in showing the remainder

is compact and is not sensitive to the fine structure of the spectrum of H exhibited in

Chapter 3. In Section 4.3 we give a different approach, which yields the answer less

directly, using carefully the resolvent expansions of Chapter 3. The main result of this

chapter is the following theorem, whose proof relies on several preparatory results and

some additional decay assumptions on the potential, described in Assumption 4.3.1.

Theorem 4.0.1. Let n ≥ 2 and suppose that ρ satisfies Assumption 4.3.1, and let V

satisfy |V (x)| ≤ C(1 + |x|)−ρ for almost every x ∈ Rn. In dimension n = 2 we suppose

also that there are no p-resonances and in dimension n = 4 we suppose there are no

resonances. Then in B(H) we have the equality

W− = Id + ϕ(Dn)(S − Id) +K,

where K ∈ K(H) and ϕ(x) = 1
2
(1 + tanh (πx)− i cosh (πx)−1).

Theorem 4.0.1 has appeared in [5] as joint work with Adam Rennie, with the case

n = 3 having been proved already in [141].

150
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4.1 The scattering matrix

In this section we present how the low energy behaviour of the scattering matrix in each

dimension. The stationary expression for the scattering matrix of Theorem 2.4.32 shows

that such low energy expansions depend on the low energy behaviour of the resolvent

discussed in Chapter 3 and the trace operator Γ0(·) of Definition 2.4.14.

4.1.1 Low energy expansions of the trace operator

In this subsection we present the low energy behaviour of the operator Γ0(·) of Definition

2.4.14. Such an expansion was considered in dimension n = 3 in [88, Section 5] and the

results we present here are straightforward generalisations.

For λ > 0 the trace operator γ(λ) : S(Rn) → P is continuous and extends to a

bounded operator in B(Hs,t,P) for each s > 1
2

and t ∈ R [106, Theorem 2.4.3]. We need

the asymptotic development of γ(λ
1
2 )F as λ→ 0. We can compute for f ∈ C∞c (Rn) and

ω ∈ Sn−1 the expansion

[γ(λ
1
2 )Ff ](ω) = (2π)−

n
2

∫
Rn

e−iλ
1
2 〈x,ω〉f(x) dx

= (2π)−
n
2

∫
Rn

K∑
j=0

1

j!
(iλ

1
2 )j(−〈x, ω〉)jf(x) dx+O

(
λ
K+1

2

)
:=

K∑
j=0

(iλ
1
2 )j[γjf ](ω) +O

(
λ
K+1

2

)
as λ → 0 in B(Hs,t,P) for appropriate s, t. The operators γj can be considered as

operators in certain weighted Sobolev spaces, with higher terms in the series requiring

convergence in Sobolev spaces with higher decay. Jensen [88, Equation 5.4] states the

following result in dimension n = 3 and the result generalises in a straightforward manner

to each dimension.

Lemma 4.1.1. Fix j ∈ N. For each s ≥ 0 and t > j + n
2

we have γj ∈ B(Hs,t,P).

Proof. For t > j + n
2

and s = 0, we can estimate that

||γjf ||2P =

∫
Sn−1

|[γjf ](ω)|2 dω =

∫
Sn−1

∣∣∣∣(2π)−
n
2

∫
Rn

(−〈x, ω〉)jf(x) dx

∣∣∣∣2 dω

≤ (2π)−n
∫
Sn−1

(∫
Rn
|〈ω, x〉|j |f(x)| dx

)2

dω

= (2π)−n
∫
Sn−1

(∫
Rn
|〈ω, x〉|j (1 + |x|2)−

t
2 (1 + |x|2)

t
2 |f(x)| dx

)2

dω.
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We next use the Cauchy-Schwarz inequality to obtain the estimate

(2π)−n
∫
Sn−1

(∫
Rn
|〈ω, x〉|j (1 + |x|2)−

t
2 (1 + |x|2)

t
2 |f(x)| dx

)2

dω

≤ (2π)−n
∫
Sn−1

(∫
Rn
|〈ω, x〉|2j(1 + |x|2)−t dx

)2(∫
Rn

(1 + |y|2)t|f(y)|2 dy

)2

dω

= Cj ||f ||2H0,t .

Thus for t > j+ n
2

we find γj ∈ B(H0,t,P). For s > 0 we use the inclusion Hs,t ⊂ H0,t.

For each λ > 0 the operator Γ0(λ) : S(Rn)→ P extends to an element of B(Hs,t,P)

for each s ∈ R and t > 1
2
, as well as λ 7→ Γ0(λ) ∈ B(Hs,t,P) is continuous. These follow

immediately since Γ0(λ) = 2−
1
2λ

n−2
4 γ(λ

1
2 )F .

Lemma 4.1.2. For K ∈ N, s ≥ 0 and t > n
2

+K we have the expansion

Γ0(λ) = 2−
1
2λ

n−2
4

K∑
j=0

(iλ
1
2 )jγj +O

(
λ
n
4

+K
2

)
as λ→ 0 in B(Hs,t,P).

Proof. Let s = 0 and t > n
2

+ K. Let QK be the K-th Taylor polynomial for the

exponential function. Note for y ∈ R the estimate

∣∣eiy −QK(iy)
∣∣ ≤ |y|K+1

(K + 1)!
.

Then we can compute for f ∈ H0,t and λ ≥ 0 that∣∣∣∣∣
∣∣∣∣∣
(

Γ0(λ)− 2−
1
2λ

n−2
4

K∑
j=0

(iλ
1
2 )jγj

)
f

∣∣∣∣∣
∣∣∣∣∣
2

P

= 2−1λ
n−2
2

∫
Sn−1

(
[Ff ](λ

1
2ω)−

K∑
j=0

(iλ
1
2 )j[γjf ](ω)

)2

dω

≤ 2−1λ
n−2
2 (2π)−n

∫
Sn−1

(∫
Rn

∣∣∣e−iλ 1
2 〈x,ω〉 −QK(iλ

1
2 〈x, ω〉)

∣∣∣ |f(x)| dx
)2

dω

≤ λ
n
2

+K

2(K + 1)!(2π)n

∫
Sn−1

(∫
Rn
|〈x, ω〉|K+1|f(x)|2 dx

)2

dω.
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Using the same trick as Lemma 4.1.1 we write∣∣∣∣∣
∣∣∣∣∣
(

Γ0(λ)− 2−
1
2λ

n−2
4

K∑
j=0

(iλ
1
2 )jγj

)
f

∣∣∣∣∣
∣∣∣∣∣
2

P

≤ λ
n−2
2

2(K + 1)!(2π)n

∫
Sn−1

(∫
Rn
|〈x, ω〉|K+1(1 + |x|2)−

t
2 (1 + |x|2)

t
2 |f(x)|2 dx

)2

dω

≤ CKλ
n
2

+K

2(K + 1)!(2π)n
||f ||2H0,t .

This proves the claim for s = 0. The inclusion Hs,t ⊂ H0,t for s > 0 completes the

proof.

Combining Lemma 4.1.2 with the results of Chapter 3 we can determine the low

energy behaviour of the scattering matrix.

4.1.2 Low energy expansions of the scattering matrix

In this section we show how the low energy expansions of the resolvent can be used, in

conjunction with Theorem 2.4.32, to determine the low energy behaviour of the scattering

matrix. We will show that in odd dimensions the low energy behaviour is sensitive to the

presence of resonances, whilst in even dimensions resonances have no effect. In dimensions

n ≥ 2 it is found that generically, we have S(0) = Id.

The low energy behaviour of the scattering matrix has been determined using resol-

vent expansions in dimension n = 1 in [29] (see also [56, Theorem 2.15], [116] and [97,

Proposition 9]).

Theorem 4.1.3. Suppose that n = 1 and V satisfies Assumption 2.2.14 for some ρ > 5
2
.

Then we have

S(0) =

(
0 −1

−1 0

)
(4.2)

if there are no resonances and

S(0) =

(
2c+c− c2

+ − c2
−

c2
− − c2

+ 2c+c−

)
(4.3)

where c± ∈ R \ {0} with c2
+ + c2

− = 1.

Remark 4.1.4. The c± here denote the asymptotic values of the (normalised) resonance

wave function at ±∞ (see Lemma 3.2.98). Due to the use of a different basis some authors

(see [97, Proposition 9]) obtain a slightly different expression for S(0). The relevant

bases are described in Section 2.5.5. The essential feature to distinguish resonances is
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that if there are no resonances then Det(S(0)) = −1 and if there are resonances then

Det(S(0)) = 1. Many more details about such calculations can be found also in [30] and

[116]. We also deduce from our description the relation limλ→∞ S(λ) = Id, which we will

demonstrate in Corollary 4.3.10 holds in all dimensions in B(P).

We note that the dimension n = 1 result is atypical in the sense that for all dimensions

n ≥ 2, if there does not exist a resonance at zero then S(0) = Id. The generic failure of

S(0) = Id means that the index pairing we discuss in Chapter 5 requires some modification

to be applicable to dimension n = 1.

The low energy behaviour of the scattering matrix in dimension n = 2 has been proved

in [142, Theorem 1.1] (see also [26, Theorem 4.3]). We note that in contrast to dimension

n = 1 the behaviour is independent of the presence of resonances.

Theorem 4.1.5. Let n = 2 and suppose V satisfies Assumption 2.2.14 for some ρ > 11.

Then the scattering matrix satisfies S(0) = Id.

Proof. For λ > 0 we begin with Equation (2.73) in the symmetrised form

S(λ)− Id = −2πiΓ0(λ)v(U + vR0(λ+ i0)v)−1vΓ0(λ)∗ = −2πiΓ0(λ)vM(λ
1
2 )−1vΓ0(λ)∗

= −πi(γ0 − iλ
1
2γ1 + E(λ))vM(λ

1
2 )−1v(γ∗0 + iλ

1
2γ∗1 + E(λ)∗)

= −πi(γ0 − iλ
1
2γ1 + E(λ))v

(
− λ−1D3 − λ−1T̃3(λ

1
2 ) +

λ

ln(λ)− iπ
2

K(λ)

)
× v(γ∗0 + iλ

1
2γ∗1 + E(λ)∗)

Here the operators E(λ) are O(λ) as λ → 0 by Lemma 4.1.2 and the operator K(λ) is

bounded by Theorem 3.2.85. Thus any term involving E(λ) or E(λ)∗ vanishes as λ→ 0.

Using the relations PQ3 = PD3 = PT3 = 0 we obtain also γ0vQ3 = Q3vγ
∗
0 = 0 = γ0vT3 =

T3vγ
∗
0 . Observe also that Q3T3 = 0 and thus Q3vγ

∗
1 = γ1vQ3 = 0. Finally we check that

lim
λ→0

λ

ln(λ)− iπ
2

= 0,

so that terms involving K(λ) vanish as λ→ 0 and thus we obtain S(λ)→ Id, as claimed.

As in dimension n = 1, the behaviour of the scattering matrix at zero in dimension

n = 3 is dependent on the existence of resonances and has been determined in [88,

Theorems 5.1-5.3], which we state below.

Theorem 4.1.6. Let n = 3 and suppose that V satisfies Assumption 2.2.14 for some

ρ > 5. Then we have

S(0) = Id− 2Ps,
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where Ps = 0 if there are no resonances and Ps is the projection onto the spherical

harmonic subspace of order 0 if there does exist a resonance (irrespective of whether or

not V is spherically symmetric).

Proof. For λ > 0 we begin with Equation (2.73) in the symmetrised form

S(λ) = Id− 2πiΓ0(λ)v(U + vR0(λ+ i0)v)−1vΓ0(λ)∗ = Id− 2πiΓ0(λ)vM(λ
1
2 )−1vΓ0(λ)∗.

Now for λ > 0 we use the expansion of Theorem 3.2.57 to obtain

S(λ)− Id = −2πiΓ0(λ)vM(λ
1
2 )−1vΓ0(λ)∗

= −2πiΓ0(λ)v(λ−1Q2D2Q2 − λ−
1
2C− 1

2
+ R̃7(λ

1
2 ))vΓ0(λ)∗

= −πi(2π)−3λ
1
2 (γ0 + E(λ))v(λ−1Q2D2Q2 − λ−

1
2 iC− 1

2
+ R̃7(λ

1
2 ))

× v(γ∗0 + E(λ)∗).

Here we have E(λ) = O(λ
1
2 ) as λ→ 0 by Lemma 4.1.2. The proof of Lemma 3.2.53 shows

that γ0vQ2 = 0 and thus by duality Q2vγ
∗
0 = 0. So for λ > 0 we find

S(λ)− Id = −π(2π)−3γ0vC− 1
2
vγ∗0 +O(λ

1
2 ) = πiγ0vT1D1T1vγ

∗
0 +O(λ

1
2 ),

since every term containing a γ0vQ2 or Q2vγ
∗
0 vanishes. For f ∈ L2(S2) and ω ∈ S2 we

compute the expression

[γ0vT1D1T1vγ
∗
0f ](ω) =

∫
R3

v(x)[T1D1T1vγ
∗
0f ](x) dx =

∫
R3

v(x)[T1vγ
∗
0f ](x) dx

=

∫
R3

v(x)ϕ(x)〈vγ∗0f, ϕ〉 dx

=

(∫
R3

v(x)ϕ(x) dx

)(∫
R3

ϕ(y)v(y) dy

)(∫
S2
f(θ) dθ

)
= ||vϕ||21

∫
S2
f(θ) dθ.

We can write

[γ0f ](ω) =

∫
S2
f(ω) dω = 4π[Psf ](ω).

Recall that ϕ was chosen so that ||vϕ||1 = (4π)
1
2 (see Definition 3.2.58 and the proof of

Lemma 3.2.60) and so 4π2 ||vϕ||21 (2π)−3 = 2. Any remaining terms containing an E(λ) or

E(λ)∗ vanish as λ → 0. Hence we obtain S(λ)− Id = −2Ps if there exists a zero energy

resonance.

The notation Ps is to indicate that Ps is the projection onto the zeroth order spher-

ical harmonic subspace, which correspond to s-waves. The next statement was almost
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certainly known to Jensen based on the comments in [85, p.1], although we have found

no statements in the literature.

Theorem 4.1.7. Suppose that n ≥ 4 and that V satisfies Assumption 2.2.14 for some

ρ > 12. Then we have S(0) = Id.

Proof. For λ > 0 we begin with Equation (2.73) in the symmetrised form

S(λ) = Id− 2πiΓ0(λ)v(U + vR0(λ+ i0)v)−1vΓ0(λ)∗ = Id− 2πiΓ0(λ)vM(λ
1
2 )−1vΓ0(λ)∗.

As λ→ 0 we can then apply Lemma 4.1.2 to obtain the expansion for Γ0(λ) and Γ0(λ)∗.

For n ≥ 5 we apply, for λ > 0, Theorem 3.2.9 if n is odd or Theorem 3.2.19 if n is

even, the result is the expansion

S(λ)− Id = −2πiΓ0vM(λ
1
2 )vΓ0(λ)∗

= −πiλ
n−2
2 (γ0 + E(λ))v(λ−1D1 + R̃(λ

1
2 ))v(γ∗0 + E(λ)∗)→ 0

as λ→ 0 since n−2
2
> 1. Here we have E(λ) = O(λ

1
2 ) as λ→ 0 by Lemma 4.1.2.

In the case n = 4, we use for λ > 0, Theorem 3.2.37 to obtain the expansion

S(λ)− Id = −2πiΓ0(λ)v(M(λ
1
2 )vΓ0(λ)∗

= −2πiλ
(
γ0 + E(λ)

)(
λ−1h(λ

1
2 )Q1T̃1Q1 + λ−1D2 + h(λ

1
2 )K1 + R̃(λ

1
2 ))
)

×
(
γ∗0 + E(λ)∗

)
→ 0

as λ→ 0, since R̃(λ
1
2 ) is uniformly bounded, h(λ

1
2 )→ 0 as λ→ 0, the fact that γ0vQ2 = 0

by the proof of Lemma 3.2.26, the relationQ2D2Q2 = D2 and E(λ) = O(λ
1
2 ) as λ→ 0.

4.2 Intuition for the form of the wave operator

Unpacking Equation (2.62) for the generalised plane waves ψ± gives intuition about the

form of the wave operator W−, much like [98] in dimension n = 3, although unfortunately

does not lead to a complete proof.

Recall from Theorem 2.4.17 that the scattering amplitude a− is defined to be the

sub-leading behaviour of the generalised eigenfunction ψ− as |x| → ∞; that is,

ψ−(x, ω, λ) = ψ0(x, ω, λ) + a−(x̂, ω, λ)w+(|x|, λ) + k(x, ω, λ) (4.4)

where k decays as |x| → ∞ and we have used the notation x̂ = |x|−1x for x 6= 0. The

spherical wave is given by

w±(r, |x|) = |x|−
n−1
2 r

n−2
2 e±ir|x|e∓i

n−3
4
π. (4.5)
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Define the operator T : C∞c (Rn) ⊂ L2(Rn)→ L2(Rn) by

[Tf ](x) = cn|x|−
n−1
2

∫
R+

λ
n−3
4 eiλ

1
2 |x|[Ff ](λ

1
2 x̂)dλ = 2cn|x|−

n−1
2

∫
R+

τ
n−1
2 eiτ |x|[Ff ](τ x̂) dτ ,

(4.6)

where f ∈ C∞c (Rn), x ∈ Rn and cn = −i2−1(2π)−
1
2 e−i

n−3
4
π. Define the integral operator

K : C∞c (Rn) ⊂ L2(Rn)→ L2(Rn) by

[Kf ](x) = (2π)−
n
2

∫
Rn
k(x, ξ̂, |ξ|2)[Ff ](ξ) dξ. (4.7)

Using the approximation to the generalised eigenfunction ψ− in Equation (4.4) in the sta-

tionary expression for the wave operators of Theorem 2.4.29 combined with the generalised

Fourier transforms of Lemma 2.4.31 we obtain the following.

Lemma 4.2.1. Suppose that |V (x)| ≤ (1 + |x|)−ρ for some ρ > n+1
2

. Define operators T

and K by Equations (4.6) and (4.7). Then the wave operator W− satisfies

W− = Id + T (S − Id) +K. (4.8)

Proof. We recall from Theorem 2.4.29 and Lemma 2.4.31 the action of the wave operator

as an integral against generalised eigenfunctions ψ− for f ∈ C∞c (Rn) ⊂ L2(Rn) and x ∈ Rn

as

[W−f ](x) = (2π)−
n
2

∫
Rn
ψ−(x, ξ̂, |ξ|2)[Ff ](ξ) dξ

= (2π)−
n
2

∫
Rn
ψ0(x, ξ̂, |ξ|2)[Ff ](ξ)dξ + (2π)−

n
2

∫
Rn
k(x, ξ)[Ff ](ξ) dξ

+ (2π)−
n
2

∫
Rn
a−(x̂, ξ̂, |ξ|2)w+(|x|, |ξ|2)[Ff ](ξ) dξ

= f(x) + (2π)−
n
2

∫
Rn
a−(x̂, ξ̂, |ξ|2)w+(|x|, |ξ|2)[Ff ](ξ) dξ + [Kf ](x).

We have [(W− − Id)f ](x) = [Zf ](x) + [Kf ](x), where for x ∈ Rn we have defined

[Zf ](x) = (2π)−
n
2

∫
Rn
a−(x̂, ξ̂, |ξ|2)w+(|x|, |ξ|2)[Ff ](ξ) dξ.

It remains to show that Z = T (S − Id). To see this, we recall that for λ ∈ R+ and

ω ∈ Sn−1 the scattering operator satisfies [F0Sf ](λ, ω) = S(λ)[F0f ](λ, ω), where S(λ) ∈
B(L2(Sn−1)) is the scattering matrix at energy λ, and by Lemma 2.4.33 we have for
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θ ∈ Sn−1 the expression

[(S(λ)− Id)g](θ) = 2πi(2π)−
n+1
2 λ

n−1
4

∫
Sn−1

a−(θ, ω, λ)g(ω) dω.

Thus, for λ > 0 and θ ∈ Sn−1 we have

[F0(S − Id)f ](λ, θ) = (S(λ)− Id)[F0f ](λ, θ)

= 2πi(2π)−
n+1
2 λ

n−1
4

∫
Sn−1

a−(θ, ω, λ)[F0f ](λ, ω) dω,

so that ∫
Sn−1

a−(θ, ω, λ)[F0f ](λ, ω)dω =
1

2πi
(2π)

n+1
2 λ−

n−1
4 [F0(S − Id)f ](λ, θ). (4.9)

Recalling that [F0f ](λ, ω) = 2−
1
2λ

n−2
4 [Ff ](λ

1
2ω) we return to the operator Z and decom-

pose into polar coordinates to find for x ∈ Rn that

[Zf ](x) = (2π)−
n
2

∫
R+

∫
Sn−1

rn−1a−(x̂, ω, r2)w+(|x|, r2)[Ff ](rω) dω dr

= 2−1(2π)−
n
2

∫
R+

∫
Sn−1

λ
n−2
2 a−(x̂, ω, λ)w+(|x|, λ)[Ff ](λ

1
2ω) dω dλ

= 2−
1
2 (2π)−

n
2

∫
R+

∫
Sn−1

λ
n−2
4 a−(x̂, ω, λ)w+(|x|, λ)

(
2−

1
2λ

n−2
4 [Ff ](λ

1
2ω)
)

dω dλ

= 2−
1
2 (2π)−

n
2

∫
R+

∫
Sn−1

λ
n−2
4 a−(x̂, ω, λ)w+(|x|, λ)[F0f ](λ, ω) dω dλ.

Using the relation between a− and S described in Equation (4.9) we have

[Zf ](x) = 2−
1
2 (2πi)−1(2π)

n+1
2 (2π)−

n
2

∫
R+

λ
n−2
4 λ−

n−1
4 w+(|x|, λ)[F0(S − Id)f ](λ, x̂) dλ

= 2−
1
2 (2πi)−1(2π)

1
2

∫
R+

λ
1
4w+(|x|, λ)[F0(S − Id)f ](λ, x̂) dλ.

Noting that

[Tf ](x) =

√
π

2πi

∫
R+

λ
1
4w+(|x|, λ)[F0f ](λ, x̂) dλ, (4.10)

we see that Z = T (S − Id) and we are done.

The operator T satisfies a number of useful properties, summarised in the next theo-

rem.

Theorem 4.2.2. The operator T : C∞c (Rn) ⊂ L2(Rn) → L2(Rn) of Equation (4.6)

extends to a bounded operator T : L2(Rn) → L2(Rn) with norm ||T || ≤ 1. Furthermore,
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the operator T commutes with the dilation group (Un(t)) of Definition 2.2.24 and with all

rotations.

Proof. We first check that T is bounded. Note that |cn|2 = 1
8π

. For τ, ρ ∈ R we have∫
R+

e−ir(τ−ρ)dr =
i

ρ− τ
+ πδ(τ − ρ) (4.11)

in the sense of distributions. So for f ∈ S(Rn) we have

〈Tf, Tf〉 =

∫
Rn

[Tf ](x)[Tf ](x) dx

= 4|cn|2
∫
Rn

∫
R+

∫
R+

|x|−(n−1)(τρ)
n−1
2 e−i|x|(τ−ρ)[Ff ](τ x̂)[Ff ](ρx̂) dρ dτ dx

=
1

2π

∫
Sn−1

∫
R+

∫
R+

∫
R+

(τρ)
n−1
2 e−ir(τ−ρ)[Ff ](τω)[Ff ](ρω) dρ dτ dr dω,

where in the last line we have changed to polar coordinates. Using Equation (4.11) we

can compute the r integral and obtain

〈Tf, Tf〉 =
1

2π

∫
Sn−1

∫
R+

∫
R+

(τρ)
n−1
2

(
i

ρ− τ
+ πδ(τ − ρ)

)
[Ff ](τω)[Ff ](ρω) dρ dτ dω

=
1

2

∫
Sn−1

∫
R+

∫
R+

(τρ)
n−1
2 δ(τ − ρ)[Ff ](τω)[Ff ](ρω) dρ dτ dω

+
i

2π

∫
Sn−1

∫
R+

∫
R+

(τρ)
n−1
2

ρ− τ
[Ff ](τω)[Ff ](ρω) dρ dτ dω

:= T1 + T2.

Both of these integrals are computable. The first is simply

T1 =
1

2

∫
Sn−1

∫
R+

∫
R+

(τρ)
n−1
2 δ(τ − ρ)[Ff ](τω)[Ff ](ρω) dρ dτ dω

=
1

2

∫
Sn−1

∫
R+

ρn−1|[Ff ](ρω)|2 dρ dω =
1

2

∫
Rn
|[Ff ](x)|2 dx

=
1

2
〈Ff,Ff〉.

The second requires a little more care. We make the substitution ρ = etτ , dρ = etτdt to
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obtain

T2 =
i

2π

∫
Sn−1

∫
R+

∫
R+

(τρ)
n−1
2

ρ− τ
[Ff ](τω)[Ff ](ρω) dρ dτ dω

=
i

2π

∫
Sn−1

∫
R+

∫
R

τn−1e
n−1
2
t

etτ − τ
[Ff ](τω)[Ff ](etτω)etτ dt dτ dω

=
i(2π)

1
2

4π

∫
Sn−1

∫
R+

τn−1[Ff ](τω)

(
(2π)−

1
2

∫
R

2

e
t
2 − e−

t
2

e
nt
2 [Ff ](etτω) dt

)
dτ dω

=
i(2π)

1
2

4π

∫
Sn−1

∫
R+

τn−1[Ff ](τω)
(
−i(2π)

1
2 [tanh (πDn)Ff ](τω)

)
dτ dω

=
1

2

∫
Rn

[Ff ](x)[tanh (πDn)Ff ](x) dx

=
1

2
〈Ff, tanh (πDn)Ff〉,

where we have used the functional calculus for Dn of Lemma 2.2.30. Now note that

0 ≤ 1 + tanh (πy) ≤ 2 for all y and thus we find

〈Tf, Tf〉 = T1 + T2 =
1

2
〈Ff, (Id + tanh (πDn))Ff〉 ≤ 〈Ff,Ff〉 = 〈f, f〉.

Since S(Rn) is dense in L2(Rn), the operator T extends by continuity to a bounded

operator T : L2(Rn) → L2(Rn) with ||T || ≤ 1. That T commutes with dilations and

rotations follows by direct computation.

Since T commutes with the dilation group Un, we can consider T as a function of the

generator Dn of dilations on L2(Rn). Since T commutes with rotations we can decompose

L2(Rn) into spherical harmonics and compute the action of T on each harmonic compo-

nent. The spherical harmonic decomposition demonstrated here was proved in dimension

three in [98].

Definition 4.2.3. A polynomial P in the variables x1, . . . , xn which is homogenous of

degree ` (so P (x) = |x|`P (x̂) for all x ∈ Rn) which satisfies ∆P = 0 is called a harmonic

polynomial of degree `. Let V` be the vector space of harmonic polynomials of degree ` in

n variables. Define the subspace H` of spherical harmonics by

H` = {f : Sn−1 → C : f = P |Sn−1 for some P ∈ V`}.

Clearly H` ⊂ L2(Sn−1) and inherits the inner product. The Funcke-Hecke theorem [9,

Theorem 9.7.1] allows us to decompose functions on the sphere into spherical harmonics.

In particular, the following result shows how to decompose a plane wave into spherical

harmonics, which will be particularly useful for decomposing Fourier transforms into

spherical harmonic subspaces.
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Lemma 4.2.4 ([9, Lemma 9.10.2]). For any spherical harmonic S` of degree ` in n

variables and θ ∈ Sn−1 we have∫
Sn−1

e−it〈θ,ω〉S`(ω) dω = (2π)
n
2 i−`S`(θ)t

−n−2
2 J`+n−2

2
(t). (4.12)

Thus, for a Schwarz class function g ∈ S(R+) and S` ∈ H` we define f : Rn → C by

f(x) = g(|x|)S`(x̂) and compute for ξ ∈ Rn the Fourier transform

[Ff ](ξ) = (2π)−
n
2

∫
Rn

e−i〈x,ξ〉g(|x|)S`(x̂) dx

= (2π)−
n
2

∫
R+

rn−1g(r)

(∫
Sn−1

e−ir|ξ|〈ω,ξ̂〉S`(ω) dω

)
dr

= i−`S`(ξ̂)

∫
R+

(r|ξ|)−
n−2
2 rn−1g(r)J`+n−2

2
(r|ξ|) dr.

The Fourier transform leaves the space B` = C∞c (R+) ⊗ H` (considered as a subspace

of C∞c (Rn)) invariant. Restricting F to the harmonic subspace B` defines the operator

F` : C∞c (R+) ⊂ L2(R+, rn−1dr) → C∞c (R+) ⊂ L2(R+, rn−1dr) for η ∈ R+ and g ∈
L2(R+, rn−1dr) by

[F`g](η) = i−`
∫
R+

(rη)−
n−2
2 g(r)J`+n−2

2
(rη) rn−1 dr. (4.13)

The operator F` is related to the Hankel transform of Definition 2.2.10 and extends to

a unitary from Hr = L2(R+, rn−1 dr) to itself, a fact which follows from the Parseval

relation for the Hankel transform [113, Theorem I].

Since T commutes with any rotation, T leaves each subspace B` invariant, so restricts

to an operator T` ⊗ Id on each B`. Recall that T is defined for f ∈ C∞c (Rn) by

[Tf ](x) = 2(2π)−
n
2 cn|x|−

n−1
2

∫
R+

τ
n−1
2 eiτ |x|[Ff ](τ x̂) dτ .

Thus we can define an operator T` : C∞c (R+, rn−1 dr)→ C∞c (R+, rn−1 dr) for η ∈ R+ by

[T`g](η) = 2(2π)−
n
2 cnη

−n−1
2

∫
R+

τ
n−1
2 eiτη[F`g](τ) dτ . (4.14)

We recall from Lemma 2.2.21 formula for functions of dilation on the half-line,

[ϕ(D+)g](η) = (2π)−
1
2

∫
R

[F∗ϕ](t)e
t
2 g(etη) dt,

for g ∈ C∞c (R+) and η ∈ R+. We shall recognise each T` as a function ϕ`(D+). The

following is a generalisation of [98, Proposition 2].

Proposition 4.2.5. For each ` the operator T` extends continuously to the bounded oper-
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ator ϕ`(Dn) on Hr = L2(R+, rn−1 dr), where ϕ` ∈ C(R) has limits at ±∞ and is defined

for y ∈ R+ by by

ϕ`(y) = i−`e−i
n−3
4
π 1

2

Γ
(

1
2

(
`+ n

2
+ iy

))
Γ
(

1
2

(
`+ n

2
− iy

)) Γ
(

1
2

(
3
2
− iy

))
Γ
(

1
2

(
3
2

+ iy
)) (1 + tanh (πy)− i cosh (πy)−1) .

(4.15)

Proof. We recall from Equation (4.6) that for f ∈ C∞c (Rn) and x ∈ Rn the operator T is

given by

[Tf ](x) = kn|x|−
n−1
2

∫
R+

τ
n−1
2 eiτ |x|[Ff ](τ x̂)dτ ,

where for convenience we have let kn = 2cn. On the space H` = {f ∈ C∞c (Rn) : f(x) =

g(|x|)Y`m(x̂) for some g ∈ C∞c (R+), Y`,m ∈ P`} we have that T |H` = T` ⊗ IdP` where

T` : L2(R+, rn−1dr)→ L2(R+, rn−1dr) is given for g ∈ C∞c (R+) and r ∈ R+ by

[T`g](r) = knr
−n−1

2

∫
R+

τ
n−1
2 eiτr[F`g](τ) dτ .

We recall the Fourier transform restricted to the space H` has the form F|H` = F`⊗ IdP` ,

where F` : L2(R+, rn−1dr) → L2(R+, rn−1dr) is given by Equation (4.13). Hence we can

write T` explicitly as

[T`g](r) = kni
`r−

n−1
2

∫
R+

∫
R+

τ
n−1
2 eiτr(τρ)−

n−2
2 ρn−1g(ρ)J`+n−2

2
(τρ)dρ dτ

= kni
`r−

n−1
2

∫
R+

∫
R+

τ
1
2 eiτrρ

n
2 g(ρ)J`+n−2

2
(τρ) dρ dτ .

and so we may use the substitution η = ret to write

[T`g](r) = kni
`r−

n−1
2

∫
R+

∫
R+

τ
1
2 eiτrη

n
2 g(η)J`+n−2

2
(τη) dη dτ

= kni
`r

3
2

∫
R

e
nt
2 g(etr)et

(∫
R+

τ
1
2 eiτrJ`+n−2

2
(etrτ) dτ

)
dt.

Define the distribution ψ` by

ψ`(t) = kni
`(2π)

1
2 r

3
2 e−t

∫
R+

τ
1
2 eiτrJ`+n−2

2
(e−trτ) dτ .

We now find the Fourier transform ϕ` = Fψ` and we may write

[T`g](r) = (2π)−
1
2

∫
R

[F∗ϕ`](−t)e
nt
2 g(etr) dt.
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Thus we compute the Fourier transform as

ϕ`(y) = [Fψ`](t) = kni
`r

3
2

∫
R

e−iytψ(t)dt

= kni
`r

3
2

∫
R

∫
R+

e−iyte−tτ
1
2 eiτrJ`+n−2

2
(e−trτ) dτ dt

= e−i
π
4 kni

`r
3
2

∫
R

∫
R+

e−iyte−tτ
1
2 (τr)

1
2K 1

2
(−iτr)J`+n−2

2
(e−trτ) dτ dt,

where we have used the relation e−w =
√

2
π
w

1
2K 1

2
(w) (here Kν denotes a modified Bessel

function). Making the substitution v = e−trτ , dτ = etr−1dv we obtain

ϕ`(y) = e−i
π
4 kni

`

√
2

π
r

3
2

∫
R

∫
R+

e−iyte−tτ
1
2 (τr)

1
2K 1

2
(−iτr)J`+n−2

2
(e−trτ) dτ dt

= e−i
π
4 kni

`

√
2

π
r

3
2

∫
R

∫
R+

e−iyte−tv
1
2 e

t
2 r−

1
2v

1
2 e

t
2K 1

2
(−ivet)J`+n−2

2
(v)etr−1 dv dt

= e−i
π
4 kni

`

√
2

π

∫
R

∫
R+

e−iytetvK 1
2
(−ivet)J`+n−2

2
(v) dv dt.

We now make the substitution s = vet, dt = s−1ds to see that

ϕ`(y) = e−i
π
4 kni

`

√
2

π

∫
R

∫
R+

e−iytetvK 1
2
(−ivet)J`+n−2

2
(v) dv dt

= e−i
π
4 kni

`

√
2

π

∫
R+

∫
R+

s−itviysv−1vK 1
2
(−is)J`+n−2

2
(v)s−1 dv ds

= e−i
π
4 kni

`

√
2

π

(∫
R+

s−iyK 1
2
(−is)ds

)(∫
R+

viyJ`+n−2
2

(v) dv

)
.

By [126, p. 10.1] we have∫
R+

viyJ`+n−2
2

(v)dv = 2iy
Γ
(

1
2

(
`+ n

2
+ iy

))
Γ
(

1
2

(
`+ n

2
− iy

)) .
Using [126, p. 11.1] we find∫

R+

s−iyK 1
2
(−is)ds = 2−iy−1(−i)−iy+1Γ

(
1

2

(
3

2
− iy

))
Γ

(
1

2

(
1

2
− iy

))
.

Then ϕ` is given by

ϕ`(y) = −ie−i
π
4

√
2

π
kni

`2−1e
πy
2

Γ
(

1
2

(
`+ n

2
+ iy

))
Γ
(

1
2

(
`+ n

2
− iy

))Γ

(
1

2

(
3

2
− iy

))
Γ

(
1

2

(
1

2
− iy

))
.
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A quick calculation shows that

e
iπ
4 e

πy
2

e
πi
4 e

πy
2 − e−

πi
4 e−

πy
2

=
e
πy
2

e
πy
2 + ie−

πy
2

=
1

2

cosh (πy) + sinh (πy)− i
cosh (πy)

=
1

2

(
1 + tanh (πy)− i cosh (πy)−1) .

Using the relation Γ(z)Γ(1− z) = π
sin (πz)

with z = 1
2

(
1
2
− iy

)
we find

e−
iπ
4 e

πy
2 Γ

(
1

2

(
1

2
− iy

))
=

π

Γ
(
1− 1

2

(
1
2
− iy

))
sin
(

1
2

(
1
2
− iy

)
π
)

= e−
iπ
4 e

πy
2

2iπ

Γ
(

1
2

(
3
2

+ iy
)) (

e
iπ
4 e

πy
2 − e−i

π
4 e−

πy
2

)
=

iπ

Γ
(

1
2

(
3
2

+ iy
)) (1 + tanh (πy)− i cosh (πy)−1) .

Thus,

ϕ`(y) = πkni
`

√
2

π

1

2

Γ
(

1
2

(
`+ n

2
+ iy

))
Γ
(

1
2

(
`+ n

2
− iy

)) Γ
(

1
2

(
3
2
− iy

))
Γ
(

1
2

(
3
2

+ iy
)) (1 + tanh (πy)− i cosh (πy)−1) .

Recall that the constant kn = 2cn is given by kn = −i(2π)−
1
2 e−i

n−3
4
π and so we obtain the

expression

ϕ`(y) = i`−1e−i
n−3
4
π 1

2

Γ
(

1
2

(
`+ n

2
+ iy

))
Γ
(

1
2

(
`+ n

2
− iy

)) Γ
(

1
2

(
3
2
− iy

))
Γ
(

1
2

(
3
2

+ iy
)) (1 + tanh (πy)− i cosh (πy)−1) .

The limits at ±∞ follow from the asymptotics of the Gamma function (see [1]).

The result of Proposition 4.2.5 agrees with the result obtained in [98, Proposition 2]

in dimension three and that the operator ϕ0(Dn) = 1
2
(Id + tanh (πDn)− i cosh (πDn)−1)

is precisely of the form of the operator of Equation (4.1). To arrive at a simpler formula

without the ratio of Gamma functions, we provide a straightforward generalisation of

[151, Theorem 4.1] to operator-valued functions.

Lemma 4.2.6. Suppose that f ∈ L2(R)∩C(R) and g ∈ C(R,K(P)) is such that g(±∞) =

0. Let L denote the (densely defined) operator of multiplication by the variable in L2(R+).

Then the operator (f(D+)⊗ Id)g(ln (L)) defines a compact operator on Hspec. Similarly if

h ∈ C(R+,K(P)) is such that h(0) = h(∞) = 0, then (f(D+)⊗ Id)h(L) defines a compact

operator on Hspec.

Proof. The algebraic tensor product C0(R) � K(P) is dense in C0(R,K(P)) by [133,

Theorem 1.15], when C0(R,K(P)) is equipped with the uniform topology. Thus it suffices
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to prove that for a ∈ C0(R) and b ∈ K(P) we have

(f(D+)⊗ Id)(a(ln (L))⊗ b) = f(D+)a(ln (L))⊗ b

is compact. This follows from [151, Theorem 4.1] after a few steps. First we let um ∈
C∞c (R) be an approximate unit for C0(R). Then umf and uma are L2-functions and so

(umf)(D+)(uma)(ln (L))⊗ b

is compact by [151, Theorem 4.1], and since D+ and 1
2

ln (L) are canonically conjugate.

Now because f and a vanish at ±∞ we readily see that (umf)(D+)→ f(D+) in operator

norm, and similarly for (uma)(ln (L)). As the compacts are norm closed, the limit is

compact. The final claim follows by writing h = g ◦ (ln).

Lemma 4.2.7. Let n ≥ 4 and define ϕ : R→ C by ϕ(y) = 1
2
(1+tanh (πy)−i cosh (πy)−1).

Then (T − ϕ(Dn))(S − Id) is compact.

Proof. The operator S satisfies S(0) = Id and the functions ϕ` of Proposition 4.2.5 satisfy

ϕ`(∞) = 1, ϕ`(−∞) = 0. Thus the difference T−ϕ(Dn) is a function of ` andDn vanishing

at ±∞ of σ(Dn) for each `. We also have the limit limλ→∞ S(λ) = Id in B(P), a fact

which will be proved in Corollary 4.3.10. The operators Dn and 1
2

ln (H0) are canonically

conjugate, so by Lemma 4.2.6 the operator (T − ϕ(Dn))(S − Id) is compact.

The term cosh (πDn)−1(S − Id) will give rise to a compact operator by an identical

argument, however we shall keep it in our formulas for reasons which will become apparent

in Section 5.2.3. We also note that Lemma 4.2.7 is not true in dimension n = 3 in the

presence of resonances, since the scattering operator does not satisfy S(0) = Id.

Whilst the above arguments give the correct formula for the wave operator, it is

difficult to prove that the operator K defined by Equation (4.7) is compact directly. To

do so would require all the subtleties of the behaviour of the perturbed resolvent R(z)

near z = 0. Sadly, we have not found a direct proof of the compactness of the operator K

defined by Equation (4.7) directly from its definition as the remainder in the construction

of generalised plane waves.

In the next section we offer a different proof which starts from the expansion of the

resolvent near zero. This method was first used in dimension three in [141], in dimension

two in the absence of resonances in [140] and in dimension two with (some) resonances

in [142]. By expanding and modifying these arguments we will obtain the formula for

the wave function in all cases where S(0) = Id. As a consequence of Theorem 4.0.1, the

operator K defined by Equation (4.7) is compact.

Remark 4.2.8. The proof of Proposition 4.2.5 determines the dominant behaviour of T ,

and one may use the method of stationary phase [56, Theorem 3.38] to obtain a similar

expression to Equation (4.1).
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4.3 The form of the wave operator

In this section we use the resolvent expansions of Chapter 3 to provide a proof of Theorem

4.0.1. To make use of the results of Chapter 3 we require some additional assumptions

on the potential, which we summarise below.

Assumption 4.3.1. In dimension n we fix ρ and t such that

1. if n = 1 then ρ > 5
2
;

2. if n = 2 then ρ > 11;

3. if n = 3 then ρ > 5 and t ∈ (5
2
, ρ− 5

2
) ;

4. if n = 4 then ρ > 12 and t ∈ (6, ρ− 6) ; and

5. if n ≥ 5 then ρ > 3n+4
2

and t ∈
(
n
2
, ρ− n

2

)
.

We assume that |V (x)| ≤ C(1 + |x|)−ρ for almost all x ∈ Rn.

We separate out dimension n = 1 and n = 2 from the higher dimensions, since their

proofs use different techniques and have appeared in the literature [97, 140, 142]. The case

n = 3 has also been demonstrated in [141], however the proof technique we use follows

closely that of [141] and so this case fits neatly into the narrative with the n ≥ 4 cases.

4.3.1 Dimension n = 1

As we have seen throughout this thesis, dimension n = 1 produces atypical behaviour.

In [97, Proposition 4] it was shown that in dimension n = 1 the operator K defined by

Equation (4.7) is compact (Hilbert-Schmidt even) by directly using subtleties related to

Jost functions to obtain estimates on the integral kernel, a method which is only available

in dimension n = 1. The result is the following [97, Proposition 5].

Theorem 4.3.2. Suppose that V satisfies Assumption 2.2.14 for some ρ > 5
2

and let

A : L2(R)→ L2(R) be defined by [Af ](x) = f(−x). The wave operator W− is of the form

W− = Id +
1

2
(Id + tanh (πD1) + iA cosh (πD1)) (S − Id) +K, (4.16)

where K is a compact operator.

The presence of the operator A is an artefact of dimension n = 1 only and cannot be

removed, however it causes no issues in our later analysis.
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4.3.2 Dimension n = 2

We first recall the known form of the wave operator in two dimensions in the presence of

s-resonances. We then massage the formula from Theorem 4.3.3 to obtain the statement

in Theorem 4.0.1. The following is [142, Theorem 1.3].

Theorem 4.3.3. Let n = 2 and V satisfy Assumption (2.2.14) for some ρ > 11 and

suppose that there are no p-resonances. Then there exist two continuous compact operator

valued functions η, η̃ : R+ → K(L2(S1)) vanishing at 0 and ∞ and satisfying the relation

η(H0) + η̃(H0) = S − Id, and such that the equality

W− = Id +
1

2

(
Id + tanh

(
πD2

2

))
η(H0) +

1

2

(
Id + tanh (πD2)− i cosh (πD2)−1) η̃(H0)

holds modulo compacts.

With the help of a technical result, we can show rather simply that Theorem 4.0.1

holds in dimension n = 2.

Lemma 4.3.4. Let n = 2 and V satisfy Assumption (2.2.14) for some ρ > 11 and suppose

that there are no p-resonances. Then W− satisfies Equation (4.1).

Proof. Consider the difference

X = F0

(
1

2

(
Id + tanh

(
πD2

2

))
η(H0)− 1

2

(
Id + tanh (πD2)− icosh (πD2)−1) η(H0)

)
F ∗0

=
1

2

(
Id + tanh (πD+)− Id− tanh (2πD+) + i cosh (2πD+)−1) η(L)

=: Y (D+)η(L).

The function η vanishes at 0 and∞ and the function Y is continuous and square integrable.

Thus an application of Lemma 4.2.6 shows X is compact. Hence W− has the form given

in Equation (4.1).

4.3.3 Dimension n ≥ 3

4.3.3.1 Setting up the proof

We will now provide a number of preparatory results before proceeding to the proof of

Theorem 4.0.1 for n ≥ 3. We note that the case n = 3 has been proved in [141], however

fits neatly into this section.

The proof is broken up into a number of steps, whose ultimate goal is to factorise (in

the spectral representation) the wave operator into the composition of several operators,

whose mapping properties as operators between various weighted Sobolev spaces can be
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analysed. The properties of these factor operators depend heavily on their low energy

behaviour and we use the resolvent expansions of Chapter 3 to determine this behaviour.

Definition 4.3.5. Define, for ε > 0 and λ ∈ R, the operator ϕε(H0 − λ) on H by

ϕε(H0 − λ) = ε
π
R0(λ ∓ iε)R0(λ ± iε). Similarly for M = F0H0F

∗
0 , the operator of

multiplication by the spectral variable, set ϕε(M−λ) = ε
π
(M−(λ∓iε))−1(M−(λ±iε))−1.

By [165, Section 1.4], the limits limε→0 〈ϕε(H0 − λ)f, g〉 exist for almost every λ ∈ R
and f, g ∈ L2(Rn). Moreover the limit satisfies Stone’s formula (see Corollary 2.1.13)

〈f, g〉 =

∫
R

(
lim
ε→0

〈
ϕε(H0 − λ)f, g

〉)
dλ.

Using the symmetrised resolvent identity and the stationary formula for the wave

operator in Equation (2.69) we can then show that

〈(W± − Id)f, g〉 = −
∫
R

(
lim
ε→0

〈
ϕε(H0 − λ)f, v(U + vR0(λ∓ iε)v)−1vR0(λ± iε)g

〉)
dλ.

We now derive formulas for the wave operators in the spectral representation of H0,

that is, F0(W− − Id)F ∗0 . Let M = F0H0F
∗
0 be the operator of multiplication by the

spectral variable. For suitable f, g ∈ Hspec we compute that

− 〈F0(W± − Id)F ∗0 f, g〉Hspec

=

∫
R

(
lim
ε→0

〈
v(U + vR0(λ∓ iε)v)−1vF ∗0ϕε(M − λ)f, F ∗0 (M − λ∓ iε)−1g

〉
H

)
dλ

=

∫
R

(
lim
ε→0

∫ ∞
0

〈[
F0v(U + vR0(λ∓ iε)v)−1vF ∗0ϕε(M − λ)f

]
(µ, ·), g(µ, ·)

µ− λ∓ iε

〉
P

dµ

)
dλ.

With M(k) = U + vR0(z)v for z ∈ C\R and Mε(λ) = U + vR0(λ∓ iε)v we have

〈F0(W± − Id)F ∗0 f, g〉Hspec

= −
∫
R

(
lim
ε→0

∫ ∞
0

〈 [
F0Mε(λ)−1F ∗0ϕε(M − λ)f

]
(µ, ·), (µ− λ∓ iε)−1g(µ, ·)

〉
P dµ

)
dλ.

(4.17)

To interchange the limit as ε → 0 and the integral over µ in Equation (4.17), which

we do in subsection 4.3.3.3, we first analyse F0vMε(λ)−1vF ∗0 .

4.3.3.2 Analysing the diagonalisation maps

Recall that the trace operator (see Section 2.4) extends to an element of B(Hs,t,P) for

each s > 1
2

and t ∈ R, and that λ 7→ γ(λ) ∈ B(Hs,t,P) is continuous [86, Section 3]. As

a consequence the operator Γ0(λ) : S(Rn) → P extends to an element of B(Hs,t,P) for

each s ∈ R and t > 1
2
, as well as λ 7→ Γ0(λ) ∈ B(Hs,t,P) is continuous.
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We need stronger continuity and boundedness results for Γ0.

Lemma 4.3.6. Let n ≥ 3, s ≥ 0 and t > n
2
. Then G± : (0,∞) → B(Hs,t,P) defined by

G±(λ) = λ±
1
4 Γ0(λ) are continuous and bounded.

Proof. Continuity is immediate from the previous paragraph. For boundedness, it is

sufficient to check boundedness of G− in a neighbourhood of 0 and G+ in a neighbourhood

of ∞.

For the first bound, we analyse the asymptotic development of γ(λ
1
2 ) as λ→ 0. Recall

that for f ∈ C∞c (Rn) and ω ∈ Sn−1 we have

[γ(λ
1
2 )Ff ](ω) =

K∑
j=0

(iλ
1
2 )j[γjf ](ω) +O

(
λ
K+1

2

)
.

By Lemma 4.1.1 we have γj ∈ B(H0,t,P) for t > j + n
2
. From this expansion we see that

for t > j + n
2

and for any α ≤ n−2
4

we have

λ−α ||Γ0(λ)|| = λ
n−2
4
−α2−

1
2

∣∣∣∣∣∣γ(λ
1
2 )
∣∣∣∣∣∣ (4.18)

is bounded in a neighbourhood of zero. Since n ≥ 3, taking α = 1
4

gives immediately the

statement for G−.

For the second statement, we refer to [164, Theorem 1.1.4] for the estimate

rn−1

∫
Sn−1

|u(rω)|2 dω ≤ C ||u||2Ht,0 , (4.19)

valid for t > 1
2
, from which we obtain (with r = λ

1
2 and u = Ff) that

||Γ0(λ)f ||2P =

∫
Sn−1

2−1λ
n−2
2 |[Ff ](λ

1
2ω)|2 dω = 2−1λ−

1
2

∫
Sn−1

λ
n−1
2 |[Ff ](λ

1
2ω)|2 dω

≤ 2−1λ−
1
2C ||Ff ||2Ht,0 = 2−1λ−

1
2C ||f ||2H0,t . (4.20)

This gives us the estimate λ
1
4 ||Γ0(λ)f || ≤ C̃ ||f ||H0,t , so that G+ is bounded as λ → ∞.

For s ≥ 0, we use the inclusion Hs,t ⊂ H0,t for any s ≥ 0.

From the arguments above we immediately obtain that λ 7→ ||Γ0(λ)||B(Hs,t,P) is con-

tinuous and bounded for s ≥ 0 and t > 1
2
. We can strengthen Lemma 4.3.6 for G−.

Lemma 4.3.7. Let s ≥ 0 and t > n
2
. Then Γ0(λ) ∈ K(Hs,t,P) for any λ ∈ R+ and the

function G− : R+ → K(Hs,t,P) is continuous and vanishes as λ→∞ and as λ→ 0.

Proof. The compactness statement follows from the compact embedding Hs,t ⊂ Hq,r for

any q < s, r < t. See [8, Proposition 4.1.5].
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For continuity, the same argument as the previous lemma works. That G− vanishes

as λ → 0 follows from Equation (4.18) and the fact that γ(λ
1
2 )F → γ0F in the norm of

B(Hs,t,P) as λ → 0. It remains to check the limit as λ → ∞ , which follows from the

inclusion Hs,t ↪→ H0,t for any s ≥ 0 and the estimate (4.20).

We now consider the multiplication operator G− : Cc(R+, Hs,t)→ Hspec given by

[G−f ](λ, ω) := [G−(λ)f ](λ, ω) = λ−
1
4 [Γ0(λ)f ](λ, ω). (4.21)

Lemmas 4.3.6 and 4.3.7 show that the operator G− extends, for s ≥ 0 and t > 1
2
, to

an element of B(L2(R+, Hs,t),Hspec). The next step is to deal with the limit as ε → 0

of ϕε(M − λ). The following statement and its proof are simple generalisations of [141,

Lemma 2.3] to all n ≥ 2.

Lemma 4.3.8. Take s ≥ 0 and t > n
2
. For λ ∈ R+ and f ∈ Cc(R+,P) we have

lim
ε→0
||F ∗0ϕε(M − λ)f − Γ0(λ)∗f(λ)||H−s,−t = 0.

Proof. Fix f ∈ Cc(R+,P), λ ∈ R+ and ε > 0. We use the duality relation of Hs,t with

H−s,−t to compute that

||F ∗0ϕε(M − λ)f − Γ0(λ)∗f(λ)||H−s,−t
= sup

g∈S(Rn),||g||Hs,t=1

|〈g, F ∗0ϕε(M − λ)f − Γ0(λ)∗f(λ)〉Hs,t,H−s,−t|

= sup
g∈S(Rn),||g||Hs,t=1

∣∣∣∣ 1π
∫ ∞

0

〈
Γ0(µ)g,

ε

(µ− λ)2 + ε2
f(µ)

〉
P

dµ− 〈Γ0(λ)g, f(λ)〉P
∣∣∣∣.

For fixed g ∈ S(Rn) with ||g||Hs,t = 1 define the continuous and bounded function h :

R+ → C by

h(µ) = 〈Γ0(µ)g, f(µ)〉P .

By an application of the Plemelj formula (see also [161, Theorem 9.8]) we have that

lim
ε→0

1

π

∫ ∞
0

ε

(µ− λ)2 + ε2
h(µ) dµ = h(λ). (4.22)

Since ||f(·)||P and ||Γ0(·)||B(Hs,t,P) are bounded, we have that h is bounded by a constant
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independent of g. So an application of Equation (4.22) gives

lim
ε→0
||F ∗0ϕε(M − λ)f − Γ0(λ)∗f(λ)||H−s,−t

= lim
ε→0

sup
g∈S(Rn),||g||Hs,t=1

∣∣∣∣ 1π
∫ ∞

0

〈
Γ0(µ)g,

ε

(µ− λ)2 + ε2
f(µ)

〉
P

dµ− 〈Γ0(λ)g, f(λ)〉P
∣∣∣∣

= 0,

as claimed.

From now on we only consider the operator W− since our resolvent results have only

been in the upper-half-plane. Similar results could be derived in the lower-half-plane,

however the operator W+ can be obtained in a much simpler manner from the relation

W+ = W−S
∗ at a later stage.

Lemma 4.3.9. Suppose that n ≥ 3 ρ, t and V satisfy Assumption 4.3.1, and that there are

no resonances for n = 4. Then the function B : R+ → B(P , H0,ρ−t) defined by B(λ) =

λ
1
4vM0(λ)−1vΓ0(λ)∗ is continuous and bounded, and B : Cc(R+,P) → L2(R+, H0,ρ−t)

defined by [Bf ](λ) = B(λ)f(λ) extends to an element of B(Hspec, L
2(R+, H0,ρ−t)).

Proof. The continuity of B follows from the limiting absorption principle (Theorem 2.4.8).

For boundedness, it is sufficient to show that the map λ 7→ ||B(λ)||B(P,H0,ρ−t) is bounded in

a neighbourhood of 0 and in a neighbourhood of ∞. For λ ≥ 1, a symmetrised analogue

of Lemma 2.4.10 shows that the function λ 7→ ||vM0(λ)−1v||B(H0,−t,H0,ρ−t) is bounded

provided ρ > n+1
2

, which is guaranteed by our assumptions. We also know from Lemma

4.3.6 that the function R+ 3 λ 7→ λ
1
4 ||Γ0(λ)∗||B(P,H0,−t) is bounded. This shows that

λ 7→ ||B(λ)||B(P,H0,ρ−t) is bounded in a neighbourhood of ∞.

For λ in a neighbourhood of 0, we use asymptotic developments for M0(λ) in Chapter

3 and Γ0(λ)∗ in Section 4.1.1. The asymptotics of Γ0(λ) are discussed in Lemma 4.1.2.

By taking adjoints in Lemma 4.1.2, we see that for each s ≥ 0 we have the expansion

Γ0(λ)∗ = 2−
1
2λ

n−2
4 (γ∗0 − iλ

1
2γ∗1 +O(λ)

1
2 )

in B(P , Hs,−t) as λ→ 0.

The form of the asymptotic development of M0(λ)−1 as λ → 0 depends heavily on

the (non)existence of zero energy eigenvalues and resonances as seen in Chapter 3. For

n ≥ 5 the behaviour as λ → 0 of M0(λ) is described explicitly in Theorem 3.2.9 (for n

odd) and Theorem 3.2.19 (for n even) as

M0(λ)−1 = λ−1D1 + R̃(λ
1
2 ),

in B(H) as λ→ 0 where R̃ is uniformly bounded. So the lowest order power of λ in the ex-

pansion of λ
1
4vM0(λ)−1vΓ0(λ)∗ is the term λ

n−5
4 vD1vγ

∗
0 . So we see that λ

1
4vM0(λ)−1vΓ0(λ)∗
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is bounded in B(P , H0,ρ−t) as λ→ 0 for n ≥ 5.

We now consider n = 4. For the asymptotic development of M0(λ)−1, we appeal to

Theorem 3.2.37. We obtain (with ϕ a normalised vector in T1H) the expansion

M0(λ)−1 = λ−1D2 + λ−1h(−iλ
1
2 )〈ϕ, ·〉ϕ− ln(λ)C1 + R̃(λ

1
2 )

as λ→ 0 in B(H1,−t, H0,t), where R̃ is uniformly bounded. Hence, we find as λ→ 0 that

λ
1
4vM0(λ)−1vΓ0(λ)∗ = 2−

1
2λ

3
4v
(
λ−1D2 + λ−1h(−iλ

1
2 )〈vϕ, ·〉vϕ− ln(λ)C1 + R̃(λ

1
2 ))
)

× v
(
γ∗0 − iλ

1
2γ∗1 + o(λ

1
2 )
)

= 2−
1
2

(
λ−

1
4D2γ

∗
0 + λ−

1
4h(−iλ

1
2 )〈vϕ, ·〉vϕ+ o(λ

1
4 ln(λ))

)
.

There are two terms of concern here as λ → 0. The first is the term λ−
1
4vD2vγ

∗
0 , which

vanishes by the fact Q2P = 0. The second is the term containing ϕ, which blows up

as λ → 0. Thus, we make the assumption ϕ = 0, namely there are no resonances in

dimension n = 4.

Finally we consider n = 3. For the asymptotic development of M0(λ)−1, we appeal

to Theorem 3.2.57. We obtain the expansion

M0(λ)−1 = λ−1D2 + λ−
1
2C− 1

2
+ R̃(λ),

where R̃ is uniformly bounded. Then as λ→ 0,

λ
1
4vM0(λ)−1vΓ0(λ)∗ = 2−

1
2λ

1
2v(λ−1D2 + λ−

1
2C− 1

2
+ R̃(λ))v

(
γ∗0 − iλ

1
2γ∗1 + o(λ

1
2 )
)

= 2−
1
2λ−

1
2vD2vγ

∗
0 + C− 1

2
+ o(λ

1
2 ).

The only term of concern here is vD2vγ
∗
0 which vanishes since Q2P = 0.

We note that in dimension n = 3 a nonsymmetrised proof of Lemma 4.3.9 can be

found as [141, Lemma 2.4]. The case n = 2 has been resolved in [140] in the non-

resonant case and [142] in the case of s-resonances but not p-resonances. The presence of

certain resonances in dimensions n = 2 and n = 4 is well-known to produce complicated

behaviour in scattering theory, see for instance [73, Theorem III.3], [29, Theorem 6.3] and

the analysis of Chapter 3, and so it is not surprising that we must exclude them in our

analysis for dimension n = 4, as is done in [142] for dimension n = 2. Despite the differing

behaviour of resonances in dimensions n = 2 and n = 4, the analysis required to handle

the resonant contributions is similar and is work in progress. We also note the following

essential corollary of Lemmas 4.3.7 and 4.3.9.

Corollary 4.3.10. Suppose that V , ρ and t satisfy Assumption 4.3.1. Then for n ≥ 2
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we have the equality limλ→∞ S(λ) = Id in the norm of B(P).

Proof. For dimension n ≥ 3, G−(λ) and B(λ) satisfy G−(λ)B(λ) = S(λ)− Id. Since G−

vanishes as λ → ∞ and B is bounded we have the desired result. In dimension n = 2,

the statement is an immediate corollary of [142, Theorem 1.3].

Remark 4.3.11. The convergence of S(λ)→ Id as λ→∞ in Corollary 4.3.10 is in B(P).

When comparing with the equality Det(S(λ)) = e−2πiξ(λ) we must be careful to note that

when this equality holds it is a priori only valid in the trace norm. In fact as a further

corollary we note that in dimensions n = 2, 3, S(λ) cannot converge as λ → ∞ in trace

norm, except possibly when [FV ](0) = 0.

4.3.3.3 Interchanging limits

In this subsection we interchange the integral over λ and the limit as ε→ 0 in Equation

(4.17). For fixed ε, λ > 0 and s ∈ R we define for f, g ∈ C∞c (R+,P) the following functions

hε(λ) := λ
1
4vMε(λ)−1vF ∗0ϕε(M − λ)f ∈ H0,s, and (4.23)

p(λ) := λ−
1
4 Γ0(λ)∗g(λ) ∈ H0,−s.

We also denote by

qλ(ν) =


(
ν+λ
λ

) 1
4 p(ν + λ) ν > −λ

0 ν ≤ −λ
(4.24)

the extension by zero of the function (−λ,∞) 3 ν 7→
(
ν+λ
λ

) 1
4 p(ν + λ) ∈ H0,−s to all of R.

Lemma 4.3.12. Let n ≥ 4 and suppose that ρ, t satisfy Assumption 4.3.1, and that there

are no resonances for n = 4. If |V (x)| ≤ C(1 + |x|)−ρ then

〈F0(W− − Id)F ∗0 f, g〉Hspec = −i
∫
R+

∫ ∞
0

〈
h0(λ),

∫ ∞
0

eiνzqλ(ν) dν

〉
H0,s,H0,−s

dz dλ.

Proof. Take f ∈ Cc(R+,P) and g ∈ C∞c (R+)�C(Sn−1), and set m = ρ− t. We may then

write the expression (4.17), using the functions hε and p defined in Equation (4.23), as

〈F0(W− − Id)F ∗0 f, g〉

= −
∫
R

(
lim
ε→0

∫ ∞
0

〈vMε(λ)vF ∗0ϕε(M − λ)f, (µ− λ+ iε)−1Γ0(µ)∗g(µ)〉H0,m,H0,−m dµ

)
dλ

= −
∫
R+

lim
ε→0

∫
R+

〈
hε(λ),

λ−
1
4µ

1
4

µ− λ+ iε
p(µ)

〉
H0,m,H0,−m

dµ

 dλ.
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Now we make the estimate

∫
R+

∣∣∣∣∣∣
〈
hε(λ),

λ−
1
4µ

1
4

µ− λ+ iε
p(µ)

〉
H0,m,H0,−m

∣∣∣∣∣∣ dµ

≤ ||hε(λ)||H0,m λ
− 1

4

∫
R+

µ
1
4 ((µ− λ)2 + ε2)−

1
2 ||p(µ)||H0,−m dµ <∞, (4.25)

since p is defined in terms of g, which is compactly supported. Use the formula

(µ− λ+ iε)−1 = −i
∫ ∞

0

ei(µ−λ)ze−εz dz

and Fubini’s theorem (valid by the estimate (4.25)) to obtain

lim
ε→0

∫ ∞
0

〈
hε(λ),

λ−
1
4µ

1
4

µ− λ+ iε
p(µ)

〉
H0,m,H0,−m

dµ

= −i lim
ε→0

∫ ∞
0

e−εz

(〈
hε(λ),

∫ ∞
0

ei(µ−λ)zλ−
1
4µ

1
4p(µ) dµ

〉
H0,m,H0,−m

)
dz

= −i lim
ε→0

∫ ∞
0

e−εz

〈hε(λ),

∫ ∞
−λ

eiνz
(
ν + λ

λ

) 1
4

p(ν + λ) dν

〉
H0,m,H0,−m

 dz, (4.26)

where in the last line we have made a change of variables to recognise a Fourier transform.

The z-integrand of (4.26) can be bounded independently of ε ∈ (0, 1) explicitly with∣∣∣∣∣∣e−εz
〈
hε(λ),

∫ ∞
−λ

eiνz
(
ν + λ

λ

) 1
4

p(ν + λ) dν

〉
H0,m,H0,−m

∣∣∣∣∣∣
≤ ||hε(λ)||H0,m

∣∣∣∣∣
∣∣∣∣∣
∫ ∞
−λ

eiνz
(
ν + λ

λ

) 1
4

p(ν + λ) dν

∣∣∣∣∣
∣∣∣∣∣
H0,−m

:= ||hε(λ)||H0,m jλ(z), (4.27)

where we have used e−εz ≤ 1. We also know from Lemma 4.3.8 that as ε → 0, hε(λ)

converges to λ
1
4vM0(λ)−1vΓ0(λ)∗f(λ) in H0,m. Therefore the family ||hε(λ)||H0,m (and

thus the entire expression (4.27)) is bounded by a constant independent of ε ∈ (0, 1).

In order to exchange the integral over z and the limit as ε→ 0 in Equation (4.26), it

remains to show that the function jλ of (4.27) is in L1(R+, dz). Recall qλ from Equation

(4.24). Note that jλ in (4.27) can be rewritten as jλ(z) = (2π)
1
2 ||[F∗qλ](z)||H0,−m (here

the Fourier transform is one-dimensional).

To estimate jλ, we denote by D = −i ∂
∂ν

the self-adjoint operator acting (densely) on

L2(R) and by Y = (Id +D2). Then,

||[F∗qλ](z)||H0,−m = (1 + z2)−1 ||[F∗Y qλ](z)||H0,−m . (4.28)
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The function z 7→ (1+z2)−1 is in L1(R+, dz) and so it suffices to show ||[F∗Y qλ](z)||H0,−m

is bounded independently of z. Suppose that g = η ⊗ ξ ∈ C∞c (R+) ⊗ C(P) is a simple

tensor, so that

(
ν + λ

λ

) 1
4

[p(ν + λ)](x) = 2−
1
2 (2π)−

n
2 λ−

1
4 (ν + λ)

n−2
4 η(ν + λ)

∫
Sn−1

ei(ν+λ)
1
2 〈x,ω〉ξ(ω) dω.

Differentiating with respect to ν twice shows that there are ηj,λ ∈ C∞c (R+) such that for

x ∈ Rn we have

[Y qλ](ν)(x) = η1,λ(ν)

∫
Sn−1

ei(ν+λ)
1
2 〈x,ω〉ξ(ω) dω + η2,λ(ν)

∫
Sn−1

〈x, ω〉ei(ν+λ)
1
2 〈x,ω〉ξ(ω) dω

+ η3,λ(ν)

∫
Sn−1

(〈x, ω〉)2ei(ν+λ)
1
2 〈x,ω〉ξ(ω) dω.

Estimating each term individually we obtain C1, C2, C3, C > 0 such that

|[F∗Y qλ](z)(x)| ≤ C1 + C2|x|+ C3|x|2 ≤ C(1 + |x|2),

which gives

|[[F∗Y qλ](z)](x)| ≤ C(1 + |x|2).

For τ(x) = (1 + |x|2), we compute

||τ ||2H0,−m =

∫
Rn

(1 + |x|2)−
m
2 (1 + |x|2) dx = Vol(Sn−1)

∫ ∞
0

rn−1(1 + r2)1−m
2 dr,

which is finite for n−m− 1 < −1, or m > n+ 2. So τ ∈ H0,−m for m > n+ 2.

We note in passing that the condition on m = ρ− t requires ρ > n + t + 2, which is

guaranteed by Assumption 4.3.1.

By linearity, for each g ∈ C∞c (R+) � C(Sn−1) we find that ||[F∗Y qλ](z)||H0,−m is

bounded independently of z. So using Equation (4.28) we have ||[F∗qλ](z)||H0,−m ≤ C̃(1+

z2)−1, and so ||[F∗qλ](z)||H0,−m ∈ L1(R+).

As a consequence, we can apply Lebesgue’s dominated convergence theorem to ex-

change the limit as ε→ 0 with the integral over z in Equation (4.26) and obtain

− i lim
ε→0

∫ ∞
0

e−εz

〈hε(λ),

∫ ∞
−λ

eiνz
(
ν + λ

λ

) 1
4

p(ν + λ) dν

〉
H0,m,H0,−m

 dz

= −i
〈
h0(λ),

∫ ∞
0

∫
R

eiνzqλ(ν) dν dz

〉
H0,m,H0,−m

.
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Hence on a dense set of f, g,

〈F0(W− − Id)F ∗0 f, g〉Hspec = −i
∫
R+

∫ ∞
0

〈
h0(λ),

∫
R

eiνzqλ(ν) dν

〉
H0,m,H0,−m

dz dλ.

Remark 4.3.13. The proof of Lemma 4.3.12 shows how the various requirements on ρ in

Assumption 4.3.1 are obtained. In particular, in Lemma 2.4.10 we assumed ρ > n+1
2

and

in Lemma 4.1.1 we required t > n
2
. In Lemma 4.3.12 we required ρ > n + t + 2 which

gives ρ > 3n+4
2

for n ≥ 5. The case n = 4 requires ρ > 11 to use Theorem 3.2.37.

4.3.3.4 The function of dilation and completion of proof

We recall from Section 2.2.3 D+, the self-adjoint generator of dilations on L2(R+). Lemma

2.2.21 allows us to take functions of D+ via

[ψ(D+)f ](x) = (2π)−
1
2

∫
R

[F∗ψ](t)[U+(t)f ](x) dt.

We introduce the function ψ ∈ C(R) ∩ L∞(R) defined by

ψ(x) =
1

2

(
1− tanh (2πx)− i cosh (2πx)−1) . (4.29)

The Hilbert spaces L2(R+, Hs,t) and Hspec can be naturally identified with the Hilbert

spaces L2(R+)⊗Hs,t and L2(R+)⊗P . We recall the operator G− of Equation (4.21) and

B of Lemma 4.3.9.

Theorem 4.3.14. Let n ≥ 4 . Suppose that ρ, t satisfy Assumption 4.3.1, and that there

are no resonances for n = 4. Then

F0(W− − Id)F ∗0 = −2πiG−(ψ(D+)⊗ IdH0,ρ−t)B

in B(Hspec).

Proof. Take f ∈ Cc(R+,P) and g ∈ C∞c (R+)�C(Sn−1), and set m = ρ− t. We show that

〈F0(W− − Id)F ∗0 f, g〉Hspec is equal to 〈−2πiG−(ψ(D+)⊗ IdH0,m)Bf, g〉Hspec . Write χ+ for

the characteristic function of R+ and note that qλ has compact support to obtain (in the
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sense of distributions with values in H0,−m),∫ ∞
0

∫
R

eiνzqλ(ν) dν dz = (2π)
1
2

∫
R

[F∗χ+](ν)qλ(ν) dν

= (2π)
1
2

∫ ∞
−λ

[F∗χ+](ν)

(
ν + λ

λ

) 1
4

p(ν + λ) dν

= (2π)
1
2

∫
R

[F∗χ+](λ(eµ − 1))λe
5µ
4 p(eµλ) dµ

= (2π)
1
2

∫
R

[F∗χ+](λ(eµ − 1))λe
3µ
4 [(U+(µ)⊗ IdH0,−m)p](λ) dµ.

Next, note that the inverse Fourier transform of the characteristic function χ+ is the

distribution [F∗χ+](y) = π
1
2 2−

1
2 δ(y) + i(2π)−

1
2 Pv 1

y
(here Pv denotes the principal value),

from which we obtain∫ ∞
0

∫
R

eiνzqλ(ν) dν dz =

∫
R

(
πδ(eµ − 1) + iPv

e
3µ
4

eµ − 1

)
[(U+(µ)⊗ IdH0,−s)p](λ) dµ

Next, note that

e
3µ
4

eµ − 1
=

1

4

(
1

sinh
(
µ
4

) +
1

cosh
(
µ
4

))

and the Fourier transform of the function ψ of Equation (4.29) is [84, Table 20.1]

[Fψ](µ) = π
1
2 2−

1
2 δ(eµ − 1) +

i

4
(2π)−

1
2 Pv

(
1

sinh
(
µ
4

) +
1

cosh
(
µ
4

)) .
Combining these facts,

〈F0(W− − Idf, g〉Hspec = i

∫
R+

〈
h0(λ),

∫
R

(
πδ(eµ − 1) +

1

4
Pv

(
1

sinh
(
µ
4

) +
1

cosh
(
µ
4

))

× [(U+(µ)⊗ IdH0,−m)p](λ)

)
dµ

〉
H0,m,H0,−m

dλ.

Since [Bf ](λ) = h0(λ), p = G∗−g and

(ψ(D+)⊗ IdH0,m)∗p = (2π)−
1
2

∫
R

[Fψ](µ)(U+(µ)⊗ IdH0,m)p dµ.
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Combining these facts we obtain

〈F0(W− − Id)F ∗0 f, g〉Hspec = 2πi

∫
R+

〈
[Bf ](λ), [(ψ(D+)∗ ⊗ IdH0,−s)G∗−g](λ)

〉
H0,m,H0,−m dλ

= 〈−2πiG−(ψ(D+)⊗ IdH0,m)Bf, g〉Hspec .

Density of Cc(R+,P) and C∞c (R+)� C(Sn−1) in Hspec concludes the proof.

The following is a straightforward generalisation of [141, Lemma 2.7].

Lemma 4.3.15. Take s ≥ 0 and t > n
2
, and suppose that there are no resonances for

n = 4. Then the difference

(ψ(D+)⊗ IdP)G− −G−(ψ(D+)⊗ IdHs,t) (4.30)

is in K(L2(R+, Hs,t),Hspec).

Proof. Define the unitary operator J : L2(R)→ L2(R+) by

[Jf ](λ) = λ−
1
2f(ln (λ)).

Then J satisfies [J∗U+(t)Jf ](x) = f(x + t) and [J∗eit ln (M)Jf ](x) = eitxf(x) for each

x, t ∈ R, with M the operator of multiplication by the variable in L2(R+). It follows

that J∗D+J = D on Dom(D) and J∗ ln(M)J = X on Dom(X), where D and X are the

operators of momentum and position in L2(R).

Take f1, f2 : R → C with limits at ±∞. A result of Cordes [8, Theorem 4.1.10]

implies [f1(D), f2(X)] ∈ K(L2(R)). Conjugating with the unitary operator J , we find

that [f1(D+), f3(M)] ∈ K(L2(R+)), with f3 = f2 ◦ ln.

We know that [Qξ](λ) = q(λ)ξ(λ) for ξ ∈ Cc(R+, Hs,t) and λ ∈ R+, with q ∈
C([0,∞],K(Hs,t,P)), when C([0,∞],K(Hs,t,P)) is equipped with the uniform topology

[133, Theorem 1.15]. So for each ε > 0 there exists n ∈ N, aj ∈ C([0,∞]) and bj ∈
K(Hs,t,P) such that ∣∣∣∣∣

∣∣∣∣∣N −
k∑
j=1

aj(M)⊗ bj

∣∣∣∣∣
∣∣∣∣∣
B(L2(R+,Hs,t),Hspec)

< ε.

So in order to prove our claim, it is sufficient to show that the operator

(ψ(D+)⊗ IdP)

(
n∑
j=1

aj(M)⊗ bj

)
−

(
n∑
j=1

aj(M)⊗ bj

)
(ψ(D+)⊗ IdHs,t)

=
n∑
j=1

[ψ(D+), aj(M)]⊗ bj
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is compact. We know that bj ∈ K(Hs,t,P) and that [ψ(D+), aj(M)] ∈ K(L2(R+)). It

follows that the operator (4.30) is compact, since finite sums and tensor products of

compact operators are compact operators (see [77, Theorem 2]).

Recall from Lemma 2.2.26 that the generator of dilations Dn satisfies F0DnF
∗
0 =

−2D+ ⊗ IdP . Defining ϕ(x) = 1
2
(1 + tanh (πx)− i cosh (πx)−1), we have

F0ϕ(Dn)F ∗0 = ψ(D+)⊗ IdP . (4.31)

We can now prove the main result.

Proof of Theorem 4.0.1. Using Equation (4.31) at the last equality, we deduce from The-

orem 4.3.14 and Lemma 4.3.15 that

W− − Id = −2πiF ∗0G−(ψ(D+)⊗ IdH0,ρ−t)BF0

= −2πiF ∗0
[
G−(ψ(D+)⊗ IdH0,ρ−t)− (ψ(D+)⊗ IdP)G− + (ψ(D+)⊗ IdP)G−

]
BF0

= −2πiF ∗0 (ψ(D+)⊗ IdP)G−BF0 +K

= ϕ(Dn)F ∗0 (−2πi)G−BF0 +K,

with K := −2πiF ∗0
(
G−(ψ(D+) ⊗ IdH0,ρ−t) − (ψ(D+) ⊗ IdP)G−

)
BF0 ∈ K(H). Note that

the last equality follows from Equation (4.31). Using Theorem 2.4.32, we compute

−2πi[G−Bf ](λ, ω) = −2πi[Γ0(λ)vM0(λ)−1vΓ0(λ)∗f(λ, ·)](ω) = [(S(λ)− Id)f(λ, ·)](ω).

Thus F ∗0 (−2πi)G−BF0 = S − Id, proving the claim.

Corollary 4.3.16. Suppose that V satisfies Assumption 4.3.1, that there are no p reso-

nances in dimension n = 2 and no resonances in dimension n = 4. Then the operator K

defined by Equation (4.7) is compact.

In the next chapter we show that as an immediate consequence of Theorem 4.0.1 we

can view Levinson’s theorem in all dimensions as an index theorem as discussed in [98,

Sections 4-6]. In Chapter 5 we discuss this topological interpretation and use the result

of Theorem 4.0.1 to give a new topological interpretation of Levinson’s theorem.



Chapter 5

Levinson’s theorem as an index

pairing

The form of the wave operator found in Theorem 4.0.1 allows us to view Levinson’s

theorem in a topological manner in multiple ways. In [97, 98, 140, 141, 142] it is shown

in low dimensions that Levinson’s theorem is an index theorem by considering the wave

operator as an element of a particular C∗-algebra and computing the winding number of

its image in a Toeplitz algebra. In Section 5.1 we describe in detail the Toeplitz algebra

approach of Kellendonk and Richard [97, 98] and demonstrate using Theorem 4.0.1 how it

applies to the wave operator of higher dimensional scattering. Of particular interest is the

nature in which resonances contribute to the winding number as considered in dimension

n = 1 [97] and dimension n = 3 [98].

We next demonstrate a new topological approach to Levinson’s theorem by reinter-

preting the problem as an index pairing. In Section 5.2 we construct a class of Fredholm

operators WU indexed by a particular family of unitaries {U} ⊂ B(H). Each such unitary

U defines a K-theory class [U ] and can be paired with the K-homology class [D+] of the

dilation operator, which we construct in Section 5.2.1. We show in Theorem 5.2.14 that

such a pairing computes the quantity Index(WU). Theorem 4.0.1 shows that generically

we have the equality W− = WS and as a consequence we reinterpret Levinson’s theorem

as an index pairing in Theorem 5.3.2. This pairing is joint work with Adam Rennie and

appears in the preprint [5] in the non-resonant case.

The existence of zero energy resonances causes obstructions to the existence of such

a pairing and as such some care is required to modify the index pairing to handle this

information. In Section 5.3.1 we provide the necessary modifications in dimension n = 1 to

obtain an index pairing in all cases in Theorem 5.3.15. Using results of [97] we obtain the

a new proof of the well-known Levinson’s theorem [108] in dimension n = 1 in Theorem

5.3.16. Such a statement also allows us to completely determine the spectral shift function

for the pair (H,H0) in any generic or resonant case.

In Section 5.3.2 we provide the required modifications to obtain an index pairing in

180
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the resonant case in dimension n = 3 in Theorem 5.3.20. Unfortunately, the high energy

behaviour of the scattering matrix in trace norm provides an additional obstruction to

using the index pairing to obtain computational formulae for the index. In Section 5.3.2

we consider a unitary related to S with better trace norm decay at infinity in order to

construct in Lemma 5.3.22 an element of the class [W−] which can be used to obtain a new

proof of the well-known Levinson’s theorem in dimension n = 3 [31], which we state and

prove in Theorem 5.3.24. Such a statement of Levinson’s theorem allows us to completely

determine the spectral shift function for the pair (H,H0) in both the generic and resonant

case.

In Section 5.3.3 in dimension n = 2 we proceed as in dimension n = 3 by constructing

in Lemma 5.3.28 an element of [W−] with better trace norm properties which can be used

in Theorem 5.3.29 to obtain (in the case of no p-resonances) a new proof of the known

Levinson theorem of [26, Theorem 6.3] (see also [50, Theorem 3.2]). We can further use

Theorem 5.3.29 to completely determine the spectral shift function for the pair (H,H0)

in the case of no p-resonances.

In Section 5.3.4 we demonstrate the necessary modifications to construct in Lemma

5.3.33 an element of [W−] which we use in Theorem 5.3.34 a new proof of Levinson’s

theorem in higher dimensions (with the additional assumption that there are no resonances

in dimension n = 4). Unfortunately Theorem 5.3.34 has the drawback that most of the

correction terms provided by Lemma 5.3.33 are not easily computable. We demonstrate

the easiest cases of dimension n = 4, 5 to illustrate this difficulty. We then use Theorem

5.3.34 to obtain a complete characterisation of the spectral shift function for the pair

(H,H0).

5.1 Levinson’s theorem as an index theorem

As an immediate consequence of the form of the wave operator in Theorem 4.0.1 we can

view Levinson’s theorem as an index theorem by considering the wave operator as an

element of a particular C∗-algebra and computing the winding number of its image under

a quotient map. Such results have appeared in various forms in [97, 98, 138, 140, 141].

In particular we refer to the review article [138] for greater detail.

We construct a C∗-algebra which contains the wave operator as an element. Let

C(R+,K(P)) = {f ∈ C(R+,K(P)) : lim
y→∞

f(y) exists} and

C(R,K(P)) = {g ∈ C(R,K(P)) : lim
x→±∞

g(x) exists},
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each equipped with the sup norm. The ideals of functions vanishing at the endpoints are

C0(R+,K(P)) = {f ∈ C0(R+,K(P)) : lim
y→∞

f(y) = 0} = C0(R+,K(P)) and

C0(R,K(P)) = {g ∈ C(R,K(P)) : lim
x→±∞

g(x) = 0} = C0(R,K(P)).

Note that the continuity here refers to norm continuity.

Definition 5.1.1. Define E to be the C∗-algebra generated by

E :=
{
g(Dn)f(H0) : f ∈ C(R+,K(P)), g ∈ C(R,K(P))

}
.

Define J to be the ideal generated by

J :=
{
g(Dn)f(H0) : f ∈ C0(R,K(P)), g ∈ C0(R+,K(P))

}
.

Note that the C∗-algebra E is nonunital, since the space P is not finite dimensional

(except in dimension n = 1). C∗-algebras isomorphic to E and J have been studied in a

different context in [68], where the isomorphism is given by the Mellin transform. The key

relation is 1
2
[Dn, ln (H0)] = i, the canonical commutation relation. In a similar manner,

we can consider the pair X of multiplication by the variable and the Dirac operator D

acting on L2(R) and construct a C∗-algebra.

Definition 5.1.2. Define ED,X to be the C∗-algebra generated by all f(D)g(X) such

that f, g ∈ C(R,K(P)) (that is f, g are continuous with limits at ±∞) and JD,X to be

the subalgebra generated by all f(D)g(X) such that f, g ∈ C0(R,K(P)) (that is f, g are

continuous and vanish at ±∞).

Lemma 5.1.3. The subalgebra JD,X is a an ideal in ED,X and JD,X ∼= K(L2(R)).

Proof. That JD,X is an ideal in ED,X is a simple check. That JD,X ∼= K(L2(R)) is the

statement of [68, Corollary 2.18], however we provide also a more elementary proof based

on the Stone-von Neumann theorem.

Since the pair (D,X) satisfy the canonical commutation relations, any f, g ∈ C0(R)

satisfy f(X)g(D) ∈ K(L2(R)) by [151, Theorem 4.1], so JD,X ⊆ K(L2(R)). For the

reverse inclusion, fix K ∈ K(L2(R)) and approximate K by a sequence (KN) of finite

rank operators, so that ||K −KN || → 0 as N →∞. Write

KN =
N∑
j=1

〈ξj, ·〉ηj

for (ξj), (ηj) ⊂ L2(R). Approximate each ξj and ηj by ξ̃j and η̃j with ξ̃j, η̃j ∈ C0(R)∩L2(R)
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(and thus each ξ̃j, η̃j vanishes at ±∞). Then

K̃N :=
N∑
j=1

〈ξ̃j, ·〉η̃j

satisfies K̃N ∈ JD,X and converges in norm to K. Since JD,X is a closed two-sided ideal,

K ∈ JD,X also so JD,X = K(L2(R)).

We provide a convenient description of the quotient ED,X/JD,X for explicit com-

putations. Let q : ED,X → ED,X/JD,X be the quotient map. Consider the square

� = [−∞,∞]× [−∞,∞] whose boundary � is the union of the four edges E1 = {−∞}×
[−∞,∞], E2 = [−∞,∞] × {∞}, E3 = {∞} × [−∞,∞], and E4 = [−∞,∞] × {−∞}.
We identify the space C(�) with the subalgebra of C([−∞,∞])⊕4 given by elements Γ =

(Γ1,Γ2,Γ3,Γ4) which coincide at the corresponding endpoints. That is, Γ1(∞) = Γ2(−∞),

Γ2(∞) = Γ3(∞), Γ3(−∞) = Γ4(∞) and Γ4(−∞) = Γ1(−∞).

Lemma 5.1.4. The algebras C(�) and ED,X/JD,X are isomorphic. In particular, for any

f, g ∈ C(R) we have the relation

q(f(D)g(X)) = (f(−∞)g(·), f(·)g(∞), f(∞)g(·), f(·)g(−∞)). (5.1)

Proof. This is the statement of [68, Proposition 3.22].

From Lemma 5.1.4 we obtain a short exact sequence

0→ K(L2(R))→ ED,X
q→ C(�)→ 0. (5.2)

Let M : L2(R+) → L2(R+) be the Mellin transform of Definition 2.2.22 and let

B = −Mln be the operator of multiplication by − ln on L2(R+). Note that B = − ln (L)

where L is the operator of multiplication by the variable in L2(R+), MD+M∗ = X, and

MBM∗ = D. For f ∈ C(R) we have the relation

M∗f(D)M = f(M∗DM) = f(B) = f(− ln (L)) = g(L), (5.3)

where g = f ◦ (− ln) ∈ C(R+). This motivates the following definition.

Definition 5.1.5. Let EL,D+ be the C∗-algebra generated by f(L)g(D+) with f ∈
C(R+,K(P)) and g ∈ C(R,K(P)). Let JL,D+ be the subalgebra generated by f(L)g(D+)

with f ∈ C0(R+,K(P)) and g ∈ C0(R,K(P)).

Lemma 5.1.6. The C∗-algebras EL,D+ and ED,X are isomorphic.

Proof. This follows from the relations MD+M∗ = X and MBM∗ = D combined with

Equation (5.3).
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One can perform an identical identification procedure for EL,D+/JL,D+ with functions

on a square. Consider the square �′ = [0,∞]× [−∞,∞] whose boundary �′ is the union

of the four edges B1 = {0} × [−∞,∞], B2 = [0,∞] × {∞}, B3 = {∞} × [−∞,∞] and

B4 = [0,∞] × {−∞}. Identify the space C(�′) with the subalgebra of C([−∞,∞]) ⊕
C([0,∞])⊕C([−∞,∞])⊕C([0,∞]) given by elements Γ = (Γ1,Γ2,Γ3,Γ4) which coincide

at the corresponding endpoints. That is, Γ1(∞) = Γ2(0), Γ2(∞) = Γ3(∞), Γ3(−∞) =

Γ4(∞) and Γ4(0) = Γ1(−∞). After defining the quotient map q′ : EL,D+ → EL,D+/JL,D+

one also obtains a short exact sequence

0→ K(L2(R+))→ EL,D+

q′→ C(�′)→ 0. (5.4)

Lemma 5.1.7. [138] We have the isomorphism EL,D+/JL,D+
∼= C(�′).

The following index theoretic result is the basis of the interpretation of Levinson’s

theorem as an index theorem.

Theorem 5.1.8 ([138, Theorem 4.4]). Suppose that H is a separable Hilbert space and

that E ⊂ B(H) is a unital C∗-algebra with K(H) ⊂ E and E/K(H) ∼= C(S1) (with

quotient map q). Let U ∈ E/K(H) be a unitary. Then there exists an integer m ∈ Z
such that for any Fredholm lift W of U with W a Fredholm partial isometry, we have the

equality

Wind(U) = mTr([Id−W ∗W ]− [Id−WW ∗]) = mIndex(W ).

Proof. The existence of m ∈ Z is the statement of [145, Proposition 9.2.4]. In fact by

[145, Example 8.3.2] we have m = ±1.

Using the identification of Lemma 5.1.7 we can obtain more information about Fred-

holm elements of our C∗-algebra EL,D+ . The following is the basic tool for computing the

index of our wave operators, first stated in this context as [97, Proposition 7].

Theorem 5.1.9. Suppose that T ∈ EL,D+ is a Fredholm operator and let the image of T

under the quotient map be q(T ) = (Γ1,Γ2,Γ3,Γ4) ∈ EL,D+/JL,D+. Suppose further that

the maps Γj are piecewise differentiable and the integrals

wj =
1

2πi

∫
Bj

Tr(Γj(y)∗Γj(y)′) dy (5.5)

exist. Then we have the equality

Index(T ) =
4∑
j=1

wj. (5.6)
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That the index can be computed as a winding number this way is a consequence of

the Gohberg-Krĕın Theorem (see [69, Theorem 10.1]).

5.2 Constructing an index pairing

We now show how the formula for the wave operator implies that the number of bound

states can be computed as an index pairing between K-theory and K-homology, see [45,

76]. The index pairing we present is based on the form of the wave operator constructed

in Chapter 4, and thus the case of resonances in dimensions n = 2, 4 is ruled out. In

dimension n = 1 generically and in dimension n = 3 in the case of resonances some

subtleties are required to define an index pairing, since S(0) 6= Id. In dimension n ≥ 2,

further subtleties are required to use the index pairing to deduce statements of Levinson’s

theorem due to the behaviour of S(λ) as λ→∞ in trace norm.

5.2.1 The spectral triple

We first recall the definition of a spectral triple.

Definition 5.2.1. An odd spectral triple (A,H,D) is given by a Hilbert space H, a

dense ∗-subalgebra A ⊂ B(H) acting on H, and a densely defined unbounded self-adjoint

operator D such that:

1. a ·domD ⊂ domD for all a ∈ A, so that da := [D, a] is densely defined. Moreover,

da extends to a bounded operator for all a ∈ A;

2. a(1 +D2)−1/2 ∈ K(H) for all a ∈ A.

Spectral triples define classes in the K-homology of the norm closure A, a C∗-algebra

[16, 44]. We will produce a spectral triple for C∞c ((0,∞),K) where K is the compact

operators on L2(Sn−1).

Lemma 5.2.2. The spaces L2(R, dx) and L2(R+, dy) are unitarily equivalent via the map

W : L2(R)→ L2(R+) given by

[Wf ](y) = y−
1
2f(ln(y)) (5.7)

with adjoint W ∗ : L2(R+, dy)→ L2(R, dx) given by [W ∗g](x) = e
x
2 g(ex).

Proof. This is a simple check.

Lemma 5.2.3. The two spectral triples(
C∞c (R), L2(R, dx),

1

i

d

dx

)
and

(
C∞c (R+), L2(R+, dy),

y

i

d

dy
+

1

2i

)
are unitarily equivalent.
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Proof. Conjugating y
i

d
d

+ 1
2i

by W : L2(R)→ L2(R+) gives 1
i

d
dx

.

Since −i d
dx

defines a non-trivial (indeed generating) K-homology class for C0(R), we

see that the generator of dilations on the half-line defines a non-trivial K-homology class

for C0(R+).

Using this identification we immediately get the following in our context.

Corollary 5.2.4. The data (C∞c (R+)⊗K(L2(Sn−1)), L2(R+)⊗L2(Sn−1), D+⊗ Id) defines

an odd spectral triple, and so a class [D+] in odd K-homology.

5.2.2 Generalised wave operators

Motivated by the form of the wave operator demonstrated in Chapter 4 we define a class

of Fredholm operators, parametrised by particular unitaries, which allow us to reinterpret

Levinson’s theorem as an index pairing, as well as accounting for the contribution of

resonances in dimension 1 and 3. As usual, we let Dn be the generator of the dilation

group on H = L2(Rn). Let A ∈ B(H) be a self-adjoint involution which commutes with

Dn and define the operator

ϕ(Dn) = Id +
1

2

(
Id + tanh (πDn)− i cosh (πDn)−1A

)
. (5.8)

If T ∈ B(H) commutes with H0, there exists a family {T (λ)}λ∈R+ of bounded operators

on L2(Sn−1) such that [F0TF
∗
0 f ](λ, ω) = T (λ)f(λ, ω) for all f ∈ L2(R+) ⊗ L2(Sn−1) and

(λ, ω) ∈ R+ ⊗ Sn−1. We call T (·) the matrix of T .

Definition 5.2.5. We say that a unitary U ∈ B(H) is admissable if [U,H0] = 0, the

matrix of U is norm continuous in λ ∈ R+ and U(λ)− Id ∈ K(P) for all λ ∈ R+. We say

that U is properly admissable if in addition we have U(0) = limλ→∞ U(λ) = Id (where the

limit is taken in B(P)).

Lemma 5.2.6. Let U ∈ B(H) be a properly admissable unitary. Then U defines a class

[U ] ∈ K1 ((C0(R+)⊗K(P))∼).

Proof. By definition U ∈ ((C0(R+) ⊗ K(P))∼ and thus defines a K-theory class [U ] ∈
K1 ((C0(R+)⊗K(P))∼).

Lemma 5.2.7. Let U ∈ B(H) be a properly admissable unitary and K ∈ K(H). Then

the operator WU ∈ B(H) defined by

WU = Id + ϕ(Dn)(U − Id) +K, (5.9)

is a Fredholm operator. Furthermore, F0WUF
∗
0 ∈ EL,D+.
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Proof. We show that W ∗
U is an inverse for WU up to compacts. We compute

WUW
∗
U = (Id + ϕ(Dn))(U − Id) +K) (Id + (U∗ − Id)ϕ(Dn)∗ +K∗)

= Id + (U∗ − Id)ϕ(Dn)∗ + ϕ(Dn)(U − Id) + ϕ(Dn)(U − Id)(U∗ − Id)ϕ(Dn)∗

+K (Id + (U∗ − Id)ϕ(Dn)∗ +K∗) + (ϕ(Dn)(U − Id) +K)K∗.

The term K1 = K (Id + (U∗ − Id)ϕ(Dn)∗ +K∗) + (ϕ(Dn)(U − Id) +K)K∗ is compact,

since the compact operators form an ideal, so

WUW
∗
U = Id + (U∗ − Id)ϕ(Dn)∗ + ϕ(Dn)(U − Id) + ϕ(Dn)(U − Id)(U∗ − Id)ϕ(Dn)∗+K1.

Note that A is a self-adjoint involution which commutes with all functions of Dn. Then

ϕ(Dn)ϕ(Dn)∗ =
1

4

(
Id + 2 tanh (πDn) + i cosh (πDn)−1A+ i tanh (πDn)A∗ cosh (πDn)−1

+ tanh (πDn)2 − i cosh (πDn)−1A+ cosh (πDn)−1A cosh (πDn)−1A∗

− i cosh (πDn)−1A tanh (πDn)

)
=

1

4

(
Id + 2 tanh (πDn) + tanh (πDn)2 + cosh (πDn)−2

)
=

1

2
(Id + tanh (πDn)) ,

where in the last line we have used the equality cosh(y)−2 + tanh(y)2 = 1. Since

cosh (·)−2 ∈ L2(R) and U(0) = limλ→∞ U(λ) = Id (where the limit is taken in B(P)),

Lemma 4.2.6 shows that cosh (Dn)−1(U − Id) ∈ K(L2(Rn)). Thus, up to compacts, we

have

ϕ(Dn)(U − Id) = ϕ(Dn)∗(U − Id) = ϕ(Dn)ϕ(Dn)∗(U − Id) (5.10)

and an analogous statement for U∗. We can then use commutators to compute that

WUW
∗
U = Id + (U∗ − Id)ϕ(Dn)∗ + ϕ(Dn)(U − Id) + ϕ(Dn)(U − Id)(U∗ − Id)ϕ(Dn)∗+K1

= Id + ϕ(Dn)∗(U∗ − Id) + [U∗, ϕ(Dn)∗] + ϕ(Dn)(U − Id)

+ ϕ(Dn)ϕ(Dn)∗(U − Id)(U∗ − Id) + ϕ(Dn)(U − Id)[U∗, ϕ(Dn)∗]

+ ϕ(Dn)[U,ϕ(Dn)∗](U∗ − Id) +K1

= Id + ϕ(Dn)∗(U∗ − Id + ϕ(Dn)(U − Id) + ϕ(Dn)ϕ(Dn)∗(U − Id)(U∗ − Id)+K2.

The term K2 = K1+[U∗, ϕ(Dn)∗]+ϕ(Dn)(U−Id)[U∗, ϕ(Dn)∗]+ϕ(Dn)[U,ϕ(Dn)∗](U∗−Id)

is compact by the arguments of [8, Theorem 4.1.10]. Noting the multiplicative identity
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(U − Id)(U∗ − Id) = 2Id− U − U∗ we have

WUW
∗
U = Id + ϕ(Dn)∗(U∗ − Id) + ϕ(Dn)(U − Id) + ϕ(Dn)ϕ(Dn)∗(U − Id)(U∗ − Id)+K2

= Id + ϕ(Dn)(U∗ − Id− U − Id + (U − Id)(U∗ − Id)) +K2 +K3

= Id +K2 +K3,

where the term K3 = 2iA cosh (πDn)−1(U∗ − Id) + iA cosh (πDn)−1(U − Id)(U∗ − Id) is

compact by Equation (5.10). Thus, W ∗
U is a right inverse for WU up to compacts. A

similar calculation shows that W ∗
U is a left inverse, so WU is Fredholm.

Since the composition of Fredholm operators is Fredholm, and the composition of two

properly admissable unitaries is itself a properly admissable unitary, it is natural to ask

whether there is a product rule for operators of the form WU . The following result shows

that this is the case.

Lemma 5.2.8. Let U1, U2 ∈ B(H) be properly admissable unitaries. Defining, for j = 1, 2,

operators WUj by Equation (5.9), we have WU1WU2 = WU1U2, modulo compacts.

Proof. We compute

WU1WU2 = (Id + ϕ(Dn)(U1 − Id) +K1) (Id + ϕ(Dn)(U2 − Id) +K2)

= Id + ϕ(Dn)(U1 − Id) +K1 + ϕ(Dn)(U2 − Id)+ϕ(Dn)(U1 − Id)ϕ(Dn)(U2 − Id)

+K1ϕ(Dn)(U2 − Id) + (Id + ϕ(Dn)(U1 − Id) +K1)K2.

Define K3 = K1 +K1ϕ(Dn)(U2− Id)+(Id + ϕ(Dn)(U1 − Id) +K1)K2, which is compact.

Then,

WU1WU2 = Id + ϕ(Dn)(U1 − Id) + ϕ(Dn)(U2 − Id) + ϕ(Dn)(U1 − Id)ϕ(Dn)(U2 − Id)+K3

= Id + ϕ(Dn)(U1 − Id) + ϕ(Dn)(U2 − Id) + ϕ(Dn)2(U1 − Id)(U2 − Id) +K3

+ ϕ(Dn)[U1, ϕ(Dn)](U2 − Id)

= Id + ϕ(Dn)(U1 − Id) + ϕ(Dn)(U2 − Id) + ϕ(Dn)(U1 − Id)(U2 − Id) +K3

+ ϕ(Dn)[U1, ϕ(Dn)](U2 − Id) + (ϕ(Dn)2 − ϕ(Dn))(U1 − Id)(U2 − Id).

Note that by [8, Theorem 4.1.10] the commutator [U1, ϕ(Dn)] is compact. Noting that

ϕ(Dn)2 − ϕ(Dn) = −1
2
(i cosh (πDn)−1 tanh (πDn)A+ 2 cosh (πDn)−2) we find, by similar

arguments to the proof of Lemma 5.2.7, that (ϕ(Dn)2 − ϕ(Dn))(U1 − Id)(U2 − Id) is

compact also. Hence,

WU1WU2 = Id + ϕ(Dn)(U1 − Id) + ϕ(Dn)(U2 − Id) + ϕ(Dn)(U1 − Id)(U2 − Id) +K4

= Id + ϕ(Dn)(U1U2 − Id) +K4,
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where K4 is compact. Thus, WU1WU2 = WU1U2 modulo compacts as claimed.

Lemma 5.2.8 can be extended to show that we have a partially defined product rule

also.

Lemma 5.2.9. Let U1, U2 ∈ B(H) be admissable unitaries with U1(0) = U2(0) and

limλ→∞ U1(λ) = limλ→∞ U2(λ) (with the limits taken in B(P)). Defining, for j = 1, 2,

operators WUj by Equation (5.9), we have WU1 = WU1U∗2
WU2, modulo compacts.

Proof. Our assumptions show that the composition U1U
∗
2 is a properly admissable unitary.

Let

WU1U∗2
= Id + ϕ(Dn)(U1U

∗
2 − Id) +K12, and WU2 = Id + ϕ(Dn)(U2 − Id) +K2.

Define K3 = K2 + ϕ(Dn)(U1U
∗
2 − Id)K2 + K12(Id + ϕ(Dn)(U2 − Id) + K2), a compact

operator. Then,

WU1U∗2
WU2 = Id + ϕ(Dn)(U2 − Id) + ϕ(Dn)(U1U

∗
2 − Id)

+ ϕ(Dn)(U1U
∗
2 − Id)ϕ(Dn)(U2 − Id) +K3

= Id + ϕ(Dn)(U2 − Id) + ϕ(Dn)(U1U
∗
2 − Id) + ϕ(Dn)2(U1U

∗
2 − Id)(U2 − Id)

+ ϕ(Dn)[U1U
∗
2 , ϕ(Dn)](U2 − Id) +K3

= Id + ϕ(Dn)(U2 − Id) + ϕ(Dn)(U1U
∗
2 − Id) + ϕ(Dn)(U1U

∗
2 − Id)(U2 − Id)

+(ϕ(Dn)2−ϕ(Dn))(U1U
∗
2−Id)(U2−Id) + ϕ(Dn)[U1U

∗
2 , ϕ(Dn)](U2−Id)+K3.

Since U1U
∗
2 is properly admissable, the proof of Lemma 5.2.8 shows that (ϕ(Dn)2 −

ϕ(Dn))(U1U
∗
2 − Id)(U2− Id) and ϕ(Dn)[U1U

∗
2 , ϕ(Dn)](U2− Id) define compact operators.

Thus,

WU1U∗2
WU2 = Id + ϕ(Dn)(U2 − Id) + ϕ(Dn)(U1U

∗
2 − Id)+ϕ(Dn)(U1U

∗
2 − Id)(U2 − Id)+K4

= Id + ϕ(Dn)(U1 − Id) +K4

= WU1 ,

as claimed.

The following useful property shows that even if neither of the unitaries U1 and U2

are properly admissable, we may still be able to deduce the Fredholm property of WU2

given that of WU1 and that both are close enough in some sense.

Corollary 5.2.10. Let U1, U2 ∈ B(H) be admissable unitaries with U1(0) = U2(0) and

limλ→∞ U1(λ) = limλ→∞ U2(λ) (with the limits taken in B(P)). Define, for j = 1, 2,

operators WUj by Equation (5.9). Then if one of the WUj is Fredholm, so is the other.
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Proof. Suppose, without loss of generality, that WU2 is Fredholm. Then since the unitary

U1U
∗
2 is properly admissable, we have WU1U∗2

is Fredholm by Lemma 5.2.7. Since the

composition of Fredholm operators is also Fredholm, we deduce from Lemma 5.2.9 that

WU1 is Fredholm also.

There is far more underlying algebraic structure to be analysed here. Let

G = {U ∈ B(H) : U is properly admissable}.

Define the Calkin algebra of H by Q(H) = B(H)/K(H). Define the map η : G → Q(H)

by η(U) = [WU ]. We have the following algebraic relationship.

Lemma 5.2.11. The set G is a subgroup of U(H), the set η(G) is a group under compo-

sition and η : G→ η(G) is a group homomorphism.

Proof. The group operation and identity of G are inherited from U(H), so we only need

to check that G is closed under composition and inverses. Compute for U1, U2 ∈ G that

U1U2 − Id = (U1U2 − U1 − U2 + Id) + U1 + U2 − 2Id

= (U1 − Id)(U2 − Id) + (U1 − Id) + (U2 − Id),

which is compact since U1, U2 ∈ G and so U1U2 ∈ G. The statement for inverses follows

from the fact that U−1 = U∗. That the set η(G) is a group follows from Lemma 5.2.8. To

see that η is a group homomorphism, we again use Lemma 5.2.8 to see that

η(U1U2) = [WU1U2 ] = [WU1WU2 ] = [WU1 ][WU2 ] = η(U1)η(U2).

That η preserves inverses follows in a similar manner.

The index map Index : Fred(Q(H))→ Z defines a map from Fredholm lifts of unitaries

in Q(H) to Z. When considered on equivalence classes, we obtain a group homomorphism

Index : η(G)→ Z and thus can form the quotient group G′ = η(G)/Ker(Index).

Lemma 5.2.12. We have isomorphisms G′ ∼= π1(U(P)) ∼= K0(K), where π1(U(P)) de-

notes the connected components of the unitary group on P.

5.2.3 The index pairing

Corollary 5.2.4 and Lemma 5.2.6 tell us that we can pair the classes [D+] and [U ] to obtain

an integer. See [76, Section 8.7] for details. Sadly, the fact that our algebra C0(R+)⊗K
is nonunital (both C0(R+) and K!), we need to be careful about applying index pairing

formulae. See [43, Section 2.3] for a description of the problems.
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In [43, Section 2.7] it was shown that for spectral triples (A,H,D) over a nonuni-

tal algebra, the index pairing with the class of a unitary U ∈ A can be computed as

Index(PUP − (Id − P )) where P = χ[0,∞)(D) is the non-negative spectral projection of

D.

In our setting, however, we will be using an approximation of the non-positive spectral

projection of D+ ⊗ Id and we need to show that we still get a Fredholm operator.

Lemma 5.2.13. If B = GG∗ is invertible modulo compacts then G is Fredholm.

Proof. Write B = A + K where A is invertible and K is compact. Then GG∗A−1 =

BA−1 = Id +KA−1. So G is Fredholm with approximate right inverse G∗A−1.

Theorem 5.2.14. Let U ∈ B(H) be a properly admissable unitary and define WU by

Equation (5.9). Let [D+] be defined by Corollary 5.2.4. Then

〈[U ], [D+]〉 = −Index(WU). (5.11)

Proof. We know from [76, Section 8.7] that the pairing can be computed as

〈[U ], [D+]〉 = Index(PUP − (Id− P )) = Index(PUP + (Id− P )),

where P is the non-negative spectral projection for D+⊗ Id. The second equality follows

from the homotopy t 7→ eiπ(1−t)(Id− P ). We note that the pairing can also be computed

using the non-positive spectral projection P− for D+⊗ Id, at the expense of a minus sign,

since [2P+ − 1] = −[2P− − 1] ∈ K1(C0(R+,K)). The result is

〈[U ], [D+]〉 = −Index(P−UP− − (Id− P−)) = −Index(P−UP− + (Id− P−)).

We will use this second form, and for convenience drop the subscript ‘−’. To compute

the pairing, we consider the wave operator in the spectral representation. Recall that the

operator Dn satisfies F0DnF
∗
0 = −2(D+ ⊗ Id).

So we need to be able to approximate P with the operator ϕ(−2D+)⊗Id. We initially

work with Dn for convenience. Let T = ϕ(Dn) and t = tanh (πDn) for simplicity. A quick

computation shows that

TT ∗ = T ∗T =
1

2
(Id + t).

Starting from WU there is a compact operator K such that

WU = Id− 1

2
(Id + t) + TUT ∗ +K.
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We can also find a compact K1 such that

1

2
(Id− t)TU∗T ∗ =

1

2
(Id− t)TT ∗U∗ +

1

2
(Id− t)[T, U∗]T ∗

=
1

4
(Id− t2)U∗ +

1

2
(Id− t)[T, U∗]T ∗

=
1

4
(Id− t2) +

1

4
(Id− t2)(U∗ − Id) +

1

2
(Id− t)[T, U∗]T ∗

:=
1

4
(Id− t2) +K1.

Similarly we find compacts K2, K3 such that

1

2
TUT ∗(Id− t) =

1

4
(Id− t2) +K2, and TUT ∗TU∗T ∗ =

1

4
(Id + t)2 +K3.

Then (with all equalities modulo compacts)

WUW
∗
U = (Id− 1

2
(Id + t) + TUT ∗)(Id− 1

2
(Id + t) + TU∗T ∗) = Id− 1

2
(Id− t2)

which is invertible and hence Id − 1
2
(Id + t) + TUT ∗ is invertible modulo compacts by

Lemma 5.2.13. Now we compare Id− 1
2
(Id + t) + TUT ∗ and PSP + (Id− P ) to see that

they have the same Fredholm index. Taking commutators we have (modulo compacts)

Id− 1

2
(Id + t) + TUT ∗ = Id− TT ∗ + TUT ∗ = Id + T (U − Id)T ∗

and

PUP + (Id− P ) = Id + P (U − Id)P.

Define, in the spectral representations, the operators T̃ and t̃ by

T̃ = F0TF
∗
0 =

1

2
(Id− tanh (2πD+)− i cosh (2πD+)−1)⊗ Id

and

t̃ = F0tF
∗
0 = − tanh (2πD+)⊗ Id.

Taking the difference, and using P = 1
2
(Id− sign(D+)) we have

(P ⊗ Id)U(P ⊗ Id) + (Id− (P ⊗ Id))−
(
Id− T̃ T̃ ∗ + T̃UT̃ ∗

)
= P (U − Id)P − T̃ (U − Id)T̃ ∗

= (P − T̃ T̃ ∗)(U − Id) +K(H)

=
1

2
(−sign + tanh)(D+)(U − Id) +K(H). (5.12)
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We note that the second equality, where we have commuted the exact spectral projection

with U up to compacts, is justified by the arguments in [43, Section 2.7].

To complete the argument, observe that 1
2
(−sign + tanh) is an L2 function, and for

any compactly supported function χ ∈ Cc(R+), λ 7→ χ(λ)‖U(λ) − Id‖B(P) is L2 as well.

Hence for any such χ we have

1

2
(−sign + tanh)(D+)χ(U(·)− Id)

=
1

2
(−sign + tanh)(D+)χ‖(U(·)− Id)‖B(P)‖(U(·)− Id)‖−1

B(P)(U(·)− Id)

is a product of L2 functions, one of D+ and one of H0, composed with a uniformly bounded

compact operator-valued function ‖(U(·) − Id)‖−1
B(P)(U(·) − Id). Applying the standard

f(x)g(∇) result [151, Theorem 4.1] we obtain a compact operator times a uniformly

bounded operator, which is then compact. As ‖(U(·)−Id)‖B(P) is continuous and vanishes

at λ = 0,∞, we can take an approximate unit χm ∈ Cc(R+) and see that

1

2
(−sign + tanh)(D+)χm‖(U(·)− Id)‖B(P)

converges in norm. Hence, the limit 1
2
(−sign + tanh)(D+)‖(U(·)− Id)‖ is compact.

Since the difference (5.12) is compact, the two Fredholm operators WU and P (U−Id)P

have the same index.

5.3 The index pairing for scattering operators

We now apply the results of Section 5.2 to the wave operator W− and scattering operator

S in order to reinterpret Levinson’s theorem as an index pairing.

Lemma 5.3.1. When S(0) = Id the scattering operator defines an element of the odd

K-theory [S] ∈ K1(C0(R+) ⊗ K). For suitably decaying potentials, for example those

satisfying Assumption 4.3.1, S(0) = Id in all dimensions except dimension 1 (generically)

and dimension 3 (in the presence of resonances).

Proof. The claim follows from Lemma 5.2.6 and the statement that when S(0) = Id we

have that S defines a properly admissable unitary, since limλ→∞ S(λ) = Id in B(H) by

Corollary 4.3.10

Theorem 5.3.2. Let H = H0 +V be such that the wave operators exist, are complete and

are of the form of Equation (4.1) with S(0) = Id. Let S be the corresponding scattering

operator. We have the pairing

〈[S], [D+]〉 = −Index(W−) = N,
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where N is the number of bound states of H (eigenvalues counted with multiplicity).

Proof. The scattering operator is a properly admissable unitary by Lemma 5.3.1, and so

the first equality is just the statement of Theorem 5.2.14. The fact that Index(W−) = −N
is the statement of Proposition 2.3.9

Note that the case S(0) 6= Id cannot immediately be handled by the simple pairing

described in Theorem 5.3.2, requiring some subleties which we demonstrate in the next

two sections.

Corollary 5.3.3. Let V0 and V1 be such that the wave operators exist, are complete and

of the form of Equation (4.1). Suppose further that S0(0) = S1(0) = Id, where S0 and S1

denote the scattering operators for the potentials V0 and V1. If the number of eigenstates

(counted with multiplicity) for V0 differs from that of V1 then their scattering matrices are

not (stably) homotopic.

Corollary 5.3.4. Let V0 and V1 be such that the wave operators exist, are complete

and of the form of Equation (4.1). Suppose further that S0(0) = S1(0) = Id, where S0

and S1 denote the scattering operators for the potentials V0 and V1. Consider the path

Vt = (1− t)V0 + tV1 for t ∈ [0, 1] with corresponding scattering operators St. If the number

of eigenstates (counted with multiplicity) for V0 differs from that of V1, then the path St

is not norm continuous.

In fact, Corollary 5.3.4 shows that there are a discrete number of points at which

the path St fails to be norm continuous, corresponding to ‘jumps’ in the number of

eigenvalues for the potential Vt. The norm holomorphy (which implies norm continuity)

of the scattering operator as a function of t is discussed in [34, Theorem 4.2] where an

equivalent condition to holomorphy of St is given. The points of failure of norm continuity

in Corollary 5.3.4 are also points of failure of holomorphy in [34, Theorem 4.2]. In the

case of a Rollnik class potential on R3 holomorphy of the scattering matrix as a function

of t has been studied in [94, Theorem 6.1] and [34, Theorem 5.2].

Lemma 5.3.5. Suppose that V1, V2 satisfy Assumption 2.2.14 and define the operators

Hj = H0 + Vj. Suppose further that the scattering operators S1 and S2 are properly

admissable unitaries. Then the wave operator W−(H2, H1) is given by

W−(H2, H1) = Id + ϕ(Dn)(S2S
∗
1 − Id) +K

for a compact operator K.

Proof. The chain rule for wave operators (Proposition 2.1.4) gives that

W−(H2, H0) = W−(H2, H1)W−(H1, H0).
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Using that S2 and S1 are properly admissable unitaries and Lemma 5.2.8 we find that

W−(H2, H1) = W−(H2, H0)W−(H1, H0)∗

= (Id + ϕ(Dn)(S2 − Id))(Id + (S∗1 − Id)ϕ(Dn)∗)

= Id + ϕ(Dn)(S2S
∗
1 − Id),

where all equalities are modulo compacts and we have used the inclusions [S∗1 , ϕ(Dn)], (S∗−
Id)(ϕ(Dn)− ϕ(Dn)∗) ∈ K(H).

Such an equality cannot be obtained when the scattering operators are only assumed

to be admissable, since we no longer have the required compactness relations.

For t ∈ [0, 1] define the operator Ht = H0 + tV and suppose that H1 does not admit

a zero energy resonance. The analytic Fredholm alternative gives that there is a discrete

set (tj)j≤J ⊂ [0, 1] such that each Htj admits a zero energy resonance. Choose a sequence

(t̃j)j≤J+1 ⊂ [0, 1] with t̃0 = 0, t̃J+1 = 1 and tj−1 < t̃j < tj for 1 ≤ j ≤ J − 1. Then each

Ht̃j does not admit a zero energy resonance, and Lemma 5.3.5 gives

W−(Ht̃j+1
, Ht̃j) = Id + ϕ(Dn)(Sj+1S

∗
j − Id) +Kj

for some compact Kj, allowing us to prove the following.

Lemma 5.3.6. Let V satisfy Assumption 2.2.14 and suppose that the scattering operator

S is a properly admissable unitary. Then the wave operator W− satisfies

W− =
J∏
j=0

W−(Ht̃j+1
, Ht̃)

Proposition 5.3.7. Let V satisfy Assumption 4.3.1 and suppose that H1 = H0 + V

admits a resonance. Then there exists a t0 > 0 such that for all t ∈ (1, 1+ t0) the operator

Ht = H0 + tV does not admit a resonance and the number of bound states N(t) of H(t) is

constant for all t ∈ [1, 1 + t0). Furthermore, for any t ∈ (1, 1 + t0) the scattering operator

St defines a properly admissable unitary and

W−(Ht, H0) = W−(Ht, H1)W−(H1, H0)

and Index(W−(Ht, H0)) = Index(W−(H1, H0)). In particular, Index(W−(Ht, H1)) = 0.

5.3.1 Low energy corrections in dimension n = 1

Due to the generic failure of S(0) = Id in dimension n = 1, the pairing of Theorem 5.3.2

is not applicable in dimension n = 1. In each generic and resonant case, we construct

a unitary σ such that Sσ∗ is a properly admissable unitary and so defines a pairing by
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Theorem 5.2.14. As a corollary, we obtain a new proof of the well-known Levinson’s

theorem [108].

The main tool in this section is the following result which allows us to compute

the index of a generalised wave operator WU by computing the winding number of the

component functions described in Lemma 5.1.4.

Lemma 5.3.8. Let U ∈ B(L2(R)) be a properly admissable unitary such that the matrix

of U is differentiable and |Tr(U(·)∗U ′(·))| ∈ L1(R+). Let WU ∈ B(L2(R)) be defined by

WU = Id + ϕ(D1)(U − Id) +K, (5.13)

with K compact. Then WU ∈ EL,D+ and

Index(WU) =
1

2πi

∫ ∞
0

Tr(U(λ)∗U ′(λ)) dλ. (5.14)

Proof. This is a consequence of Proposition 5.1.9. Since U(0) = Id, the only non-trivial

winding number contribution around the square �′ is from the edge corresponding to ∞
in σ(D1), which gives us the winding number of Id + ϕ(∞)(U − Id) = U .

Lemma 5.3.9. Suppose that n = 1 and V satisfies Assumption 2.2.14 for some ρ > 5
2

and let S be the corresponding scattering operator. Let σ ∈ U(L2(R)) be an admissable

unitary with σ(0) = S(0) and limλ→∞ σ(λ) = Id (with the limit in B(P)). If we have

Tr(σ(·)σ′(·)∗) ∈ L1(R+) then

Index(WSσ∗) =
1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ)) dλ+
1

2πi

∫ ∞
0

Tr(σ(λ)σ′(λ)∗) dλ. (5.15)

Proof. Since B(P) = L1(P) we have σ(λ)∗σ′(λ) ∈ L1(P) for all λ ∈ R+. The function

λ 7→ Tr(S(·)∗S ′(·)) is integrable by Theorem 2.5.34. The Leibniz rule for matrix valued

functions shows that

d

dλ
(S(λ)σ(λ)∗) = S ′(λ)σ(λ)∗ + S(λ)σ′(λ)∗.

Multiplying by (S(λ)σ(λ)∗)∗ = σ(λ)S(λ)∗ and taking the trace we obtain

Tr

(
S(λ)σ(λ)∗)∗

d

dλ
S(λ)σ(λ)∗

)
= Tr (σ(λ)S(λ)∗(S ′(λ)σ(λ)∗ + S(λ)σ′(λ)∗))

= Tr (σ(λ)S(λ)∗S ′(λ)σ(λ)∗) + Tr (σ(λ)S(λ)∗S(λ)σ′(λ)∗)

= Tr (S(λ)∗S ′(λ)) + Tr (σ(λ)σ′(λ)∗) ,

where we have used unitarity and cyclicity of the trace. The result follows upon integrating

the traces and applying Lemma 5.3.8.
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Remark 5.3.10. Equation (5.15) indicates that, in one dimension, Levinson’s theorem is

related to the Witten index. In particular, the contribution from the scattering operator

is the Witten index of the pair (D+, S
∗D+S). For more details regarding this observation,

we direct the reader to [37, 38, 39, 40, 42] and the short note [41].

Definition 5.3.11. A map σ : R+ → M2(C) is a generic correction if there exist differ-

entiable functions θ : R+ → R and f, g : R+ → C such that θ is increasing, θ(∞) ∈ 2πZ,

θ(0) ∈ (2Z + 1)π, θ(∞) − θ(0) = π, g(0) = f(∞) = 1 and f(0) = g(∞) = 0 such that

|f(λ)|2 + |g(λ)|2 = 1 for all λ and

σ(λ) =

(
f(λ) g(λ)

−eiθ(λ)g(λ) eiθ(λ)f(λ)

)
. (5.16)

A map σ : R+ → M2(C) is a resonant correction if there exist differentiable functions

θ : R+ → R and f, g : R+ → C such that θ is increasing, θ(∞), θ(0) ∈ 2πZ and θ(∞) −
θ(0) = 0 with f(0) = 2c+c−, g(0) = c2

+ − c2
−, f(∞) = 1 and g(∞) = 0 for some

c+, c− ∈ R \ {0} with c2
+ + c2

− = 1 such that |f(λ)|2 + |g(λ)|2 = 1 for all λ and

σ(λ) =

(
f(λ) g(λ)

−eiθ(λ)g(λ) eiθ(λ)f(λ)

)
. (5.17)

For both generic and resonant corrections, σ(λ) is unitary for all λ ∈ R+, and

limλ→∞ σ(λ) = Id, with the limit taken in B(P). To explicitly evaluate the index ap-

pearing in one dimension in terms of scattering data, we need the following result [97,

Proposition 9].

Lemma 5.3.12. Let σ be a correction (generic or resonant) and define Γ1 : R→M2(C)

by

Γ1(y) = Id +
1

2
(1 + tanh (πy)− i cosh (πy)−1A)(σ(0)− Id),

where [Af ](x) = f(−x). Then

1

2πi

∫
R

Tr(Γ1(y)∗Γ′1(y)) dy =

−1
2
, if σ is a generic correction,

0, if σ is a resonant correction.

Proof. The proof consists of changing to a basis in which the operator tanh (πD1) +

iA cosh (πD1) is diagonal, from which the computation follows. We refer to [97, Proposi-

tion 9] for the details.

We use Lemma 5.3.12 to compute directly the index of Wσ.
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Lemma 5.3.13. Let σ be a generic correction. Then the operator Wσ is Fredholm and

Index(Wσ) = 0.

Proof. Example 2.5.35 shows that there exists a scattering matrix with S(0) =

(
0 −1

−1 0

)
and limλ→∞ S(λ) = Id, with the limit taken in B(P). By Proposition 2.3.9, W− = WS

is Fredholm. That Wσ is Fredholm then follows from Corollary 5.2.10. To compute the

index we use Lemma 5.1.9. The image q(Wσ) ∈ EL,D+/JL,D+ is given by (Γ1,Γ2,Γ3,Γ4)

with

Γ1(y) = Id +
1

2
(1 + tanh (πy)− i cosh (πy)−1A)(σ(0)− Id),

Γ2(λ) = σ(λ) and Γ3(y) = Id = Γ4(λ). By Theorem 5.1.9 we find

Index(Wσ) =
1

2πi

∫
R

Tr(Γ1(y)∗Γ′1(y)) dy +
1

2πi

∫ ∞
0

Tr(σ(λ)∗σ′(λ)) dλ

= −1

2
+

1

2π

∫ ∞
0

θ′(λ) dλ

= 0,

where we have used Lemma 5.3.12 to calculate the first integral.

Lemma 5.3.14. Let σ be a resonant correction. Then the operator Wσ is Fredholm and

Index(Wσ) = 0.

Proof. Example 2.5.35 shows that for any c+, c− ∈ R \ {0} with c2
+ + c2

− = 1 there

exists a potential V with scattering matrix satisfying S(0) =

(
2c1c2 c2

+ − c2
−

c2
− − c2

+ 2c1c2

)
and

limλ→∞ S(λ) = Id, with the limit taken in B(P). By Proposition 2.3.9, W− = WS is

Fredholm. That Wσ is Fredholm then follows from Corollary 5.2.10. To compute the

index we use Lemma 5.1.9. The image q(Wσ) ∈ EL,D+/JL,D+ is given by (Γ1,Γ2,Γ3,Γ4)

with

Γ1(y) = Id +
1

2
(1 + tanh (πy)− i cosh (πy)−1A)(σ(0)− Id),

Γ2(λ) = σ(λ) and Γ3(y) = Id = Γ4(λ). Thus,

Index(Wσ) =
1

2πi

∫
R

Tr(Γ1(y)∗Γ′1(y) dy +
1

2πi

∫ ∞
0

Tr(σ(λ)∗σ′(λ)) dλ

= −1

2
+

1

2πi

∫ ∞
0

θ′(λ) dλ

= 0,

where again we have used Lemma 5.3.12 to calculate the first integral.
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We can now use a generic or resonant correction to prove a modified index pairing in

one dimension.

Theorem 5.3.15. Let n = 1 and suppose V satisfies Assumption 2.2.14 for some ρ > 5
2
.

If H = H0 + V has no resonances, then for any generic correction σ we have the pairing

〈[Sσ∗], [D+]〉 = −Index(W−) = N, (5.18)

where N is the number of bound states of H (eigenvalues counted with multiplicity). If

H = H0 + V has resonances, then for any resonant correction σ the pairing of Equation

(5.18) holds.

Proof. Since in both cases (generic and resonant) S(0) = σ(0) and limλ→∞ S(λ) =

limλ→∞ σ(λ) = Id (with the limits taken in B(P)) we find that S and σ are admiss-

able unitaries with Sσ∗ a properly admissable unitary. Theorem 5.3.2 then gives us the

equality

〈[Sσ∗], [D+]〉 = −Index(WSσ∗). (5.19)

Since both = WS and Wσ∗ are Fredholm we find that

Index(WSσ∗) = Index(WS) + Index(Wσ) = −N + 0,

where we have used Proposition 2.3.9 and Lemma 5.3.13 (generic) or Lemma 5.3.14 (res-

onant) to evaluate the indices. The statement follows by noting that W− = WS (modulo

compacts) by Theorem 4.0.1.

We also obtain an alternative proof of the integral form of Levinson’s theorem in one

dimension.

Theorem 5.3.16. Let n = 1 and suppose that V satisfies Assumption 2.2.14 for some

ρ > 5
2
. Then the number of bound states of H = H0 + V is given by

N =

− 1
2πi

∫∞
0

Tr(S(λ)∗S ′(λ)) dλ, if there exists a resonance,

− 1
2πi

∫∞
0

Tr(S(λ)∗S ′(λ)) dλ+ 1
2

otherwise.
(5.20)

Proof. Theorem 5.3.15 tells us that for any generic (or resonant if necessary) correction

σ we have N = −Index(WSσ∗). Combining with Lemma 5.3.9 we find that

N = −Index(WSσ∗) = − 1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ)) dλ+
1

2πi

∫ ∞
0

Tr(σ(λ)∗σ′(λ)) dλ

=

− 1
2πi

∫∞
0

Tr(S(λ)∗S ′(λ)) dλ, if there exists a resonance,

− 1
2πi

∫∞
0

Tr(S(λ)∗S ′(λ)) dλ+ 1
2

otherwise.
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Here, the σ integral has been evaluated explicitly to 1
2

in the generic case and 0 in the

resonant case.

Remark 5.3.17. Theorem 5.3.16 allows us to completely characterise the spectral shift

function in dimension n = 1. The result is

ξ(λ) = −
K∑
k=1

M(λk)χ[λk,∞)(λ)− 1

2
(1−MR(0))χ[0,∞)(λ)

− 1

2πi
χ[0,∞)(λ)

∫ λ

0

Tr(S(µ)∗S ′(µ)) dµ,

where MR(0) = 1 if there exists a zero-energy resonance and zero otherwise.

Corollary 5.3.18. Suppose that n = 1 and V satisfies Assumption 2.2.14 for some ρ > 5
2
.

Then we have

ξ(0+) = −N − 1

2
(1−MR(0)).

5.3.2 Low and high energy corrections in dimension n = 3

In dimension n = 3 the pairing of Theorem 5.3.2 fails in the presence of resonances. In

this section we emulate the ideas of the previous section to construct a resonant correction

from which an index pairing can be proved. Due to the failure of S(λ) to converge as

λ → ∞ in the trace norm, additional corrections are required to pass from the index

pairing to an integral formula for the number of bound states. We construct an explicit

high energy correction to S obtain a more useful representative of [W−] and as a corollary

we obtain a new proof of the well known Levinson’s theorem in dimension n = 3 [31].

Define the function

ϕ(D3) =
1

2

(
Id + tanh (πD3)− i cosh (πD3)−1) . (5.21)

We are interested in the resonant case, and so we are interested in finding a simple

operator σ ∈ U(L2(R3)) such that in the spectral representation we have σ(0) = S(0) and

limλ→∞ σ(λ) = Id, with the limit taken in B(P).

Definition 5.3.19. Let n = 3 . Then for any increasing differentiable θ : R+ → R with

θ(∞) = π and θ(0) = 0 define

σ(λ) = Id− (1− eiθ(λ))Ps, (5.22)

where Ps denotes the projection onto the spherical harmonic subspace of order zero. We

call σ a resonant correction. A particular choice of θ is given by θ = 2 tan−1(·).
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Computation shows that for all λ ∈ R+ we have σ(λ) is unitary and σ(λ)∗σ′(λ) ∈
L1(P), and that

1

2πi

∫ ∞
0

Tr(σ(λ)∗σ′(λ)) dλ =
1

2
.

With such a σ we obtain the following pairing result.

Theorem 5.3.20. Suppose that n = 3 and V satisfies Assumption 2.2.14 for some ρ > 5.

Suppose further that the operator H = H0 + V admits a zero energy resonance. For any

resonant correction σ we have

〈[Sσ∗], [D+]〉 = −Index(W−) = N,

where N is the number of bound states of H (eigenvalues counted with multiplicity).

Proof. The operator Sσ∗ is a properly admissable unitary by construction, and so the

first equality is just the statement of Theorem 5.2.14. That Index(W−) = −N follows

from Proposition 2.3.9. That Index(Wσ) = 0 is a consequence of Theorem 5.1.9.

While Theorem 5.3.20 demonstrates that the index of W− can be obtained as an

index pairing, it does not supply a method for obtaining computational formulae. To do

so requires more subleties of the scattering operator. It was noted in Remark 4.3.11 that

while S(λ) → Id as λ → ∞ in B(P), this convergence does not happen in L1(P). To

remedy this we must find a representative of the class [WSσ∗ ] which has better trace class

properties at infinity. This motivates the following definition.

Definition 5.3.21. Suppose that V satisfies Assumption 2.2.14 for some ρ > 6 and let S

be the scattering operator for H = H0 + V . Let β : R+ → B(P) be a once continuously

differentiable unitary valued function such that β(λ) − Id ∈ L1(P) for all λ ∈ R+ and

β(0) = Id and limλ→∞ β(λ) = Id in B(P). Then Det(β(λ)) ∈ T exists for all λ ∈ R+ and

we say that β is a high energy correction for S if

lim
λ→∞

Det(S(λ)β(λ)) = 1, (5.23)

and Index(Wβ) = 0.

Note that the assumption limλ→∞ (S(λ)β(λ)− Id) = 0 in L1(H) implies Equation

(5.23).

The following result is applicable to all dimensions n ≥ 2. As usual we decompose

the potential into V = vUv with v = |v| 12 and U = sign(V ).

Lemma 5.3.22. Suppose that n ≥ 2 and q1, q2 ∈ C∞c (Rn) with q1q2 = V and correspond-

ing scattering operator S and fix 0 6= χ̃ ∈ C∞c (R+) with χ̃(λ) = 0 for λ ≤ 1. Define
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χ : R+ → R for λ ∈ R+ by

χ(λ) =

∫ λ
0
χ̃(u) du∫∞

0
χ̃(u) du

.

If n = 2, 3 let p = 2 and if n ≥ 4 let p ≥ n. For λ > 0 define the self-adjoint operator

Ã(λ) ∈ B(P) by

Ã(λ) = −2πΓ0(λ)q2

(
p−1∑
`=1

`−1∑
j=0

(−1)`

`
(q1R0(λ+ i0)q2)j (q1R0(λ− i0)q2)`−j−1

)
q1Γ0(λ)∗,

For λ ∈ R+ let A(λ) = χ(λ
1
2 )Ã(λ). Then the unitary operator β(λ) = eiA(λ) satisfies

Index(Wβ) = 0 and

lim
λ→∞

Det(S(λ)β(λ)) = 1. (5.24)

Proof. By construction we have that A(λ) is self-adjoint for all λ ∈ R+. We have A(0) = 0

and the norm limit

lim
λ→∞

A(λ) = 0

by an application of the estimate (4.20) and [120, Theorem 1]. By Lemma 2.4.20 we have

that A(λ) is a trace-class operator and by cyclicity of the trace we have

Tr(A(λ)) = iχ(λ
1
2 )

p−1∑
`=1

(−1)`

`
Tr
(

(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`
)
.

As a consequence of Hölder’s inequality for Schatten ideals, β(λ) − Id ∈ L1(P) and so

β defines a properly admissable unitary. Thus Det(β(λ)) = eiTr(A(λ)) and so by Lemma

2.5.14 we find that

Det(S(λ))Det(β(λ))
Detp(Id + q1R0(λ+ i0)q2)

Detp(Id + q1R0(λ− i0)q2)

= exp

(
p−1∑
`=1

(−1)`

`
Tr
(
(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`

)
+ iTr(A(λ))

)

= exp

(
(1− χ(λ

1
2 ))

p−1∑
`=1

(−1)`

`
Tr
(
(q1R0(λ+ i0)q2)` − (q1R0(λ− i0)q2)`

))
.

An application of Theorem 2.5.29 and Lemma 2.5.16 gives that

lim
λ→∞

Det(S(λ)β(λ)) = 1.
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To see that Index(Wβ) = 0, we consider for t ∈ [0, 1] the homotopy

At(λ) = 2πχ((1− t)λ
1
2 )Ã(λ).

The path At(λ) defines a norm-continuous path in B(P) from A0(λ) = A(λ) to A1(λ) = 0.

Defining the path At = At(L) ∈ B(H) we obtain a norm continuous path in B(H) from

A to 0. To see this, fix t1, t2 ∈ [0, 1) and define d = (min{(1 − t1)−1, (1 − t2)−1})2 ≥ 1.

Then for g ∈ Hspec we find

||(At2(·)− At1(·))g||
2
Hspec

=

∫ ∞
0

∫
Sn−1

|[(At2(λ)− At1(λ))g(λ, ·)](ω)|2 dω dλ

=

∫ ∞
d

∫
Sn−1

|[(At2(λ)− At1(λ))g(λ, ·)](ω)|2 dω dλ

≤
∫ ∞
d

|χ(λ
1
2 (1− t2))− χ(λ

1
2 (1− t1))|2

∫
Sn−1

|[Ã(λ)g(λ, ·)](ω)|2 dω dλ

≤ C|t2 − t1|2
∫ ∞
d

λ

∫
Sn−1

|[Ã(λ)g(λ, ·)](ω)|2 dω dλ.

It remains to estimate |[Ã(λ)g(λ, ·)](ω)|. We recall from [120, Theorem 1] that for suffi-

ciently large λ we have

∣∣∣∣q1R0(λ± i0)jq2

∣∣∣∣ = O(λ−
j
2 )

and so we may define

K = sup

{
2π

p−1∑
`=1

`−1∑
j=0

1

`

∣∣∣∣(q1R0(λ+ i0)q2)j(q1R0(λ− i0)q2)`−j−1
∣∣∣∣ : λ ∈ [d,∞)

}
.

Using twice the estimate (4.20) we obtain∫
Sn−1

|[Ã(λ)g(λ, ·)](ω)|2 dω = ||A(λ)g(λ, ·)||2L2(Sn−1)

≤ 2πλ−
1
2

p−1∑
`=1

`−1∑
j=0

1

`

∣∣∣∣(q1R0(λ+ i0)q2)j(q1R0(λ− i0)q2)`−j−1q1Γ0(λ)∗g(λ, ·)
∣∣∣∣2

≤ Kλ−
1
2 ||q1Γ0(λ)∗g(λ, ·)||2 ≤ Kλ−1 ||g(λ, ·)||2L2(Sn−1) .
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Combining these we find

||(At2(·)− At1(·))g||
2
Hspec ≤ C|t2 − t1|2

∫ ∞
d

λ

∫
Sn−1

|[Ã(λ)g(λ, ·)](ω)|2 dω dλ

≤ CK|t2 − t1|2
∫ ∞
d

||g(λ, ·)||2L2(Sn−1) dλ

≤ CK|t2 − t1|2 ||g||2Hspec .

The case when either or both of t1, t2 is one follows from a similar calculation.

As a result, the path βt = eiAt defines a norm continuous path of unitary operators

in B(H) from β to Id. Hence the path Wβt defines a norm continuous path in B(H) from

Wβ to Id, along which the Fredholm index is constant and equal to zero.

Remark 5.3.23. In dimension n = 2, 3 it is sufficient to take χ = 2
π

tan−1(·) due to the

milder growth of A(λ) as λ→ 0.

Theorem 5.3.24. Suppose that V satisfies Assumption 2.2.14 for some ρ > 6 and let S

be the scattering operator for H = H0 + V . Let β be a high energy correction for S and

let σ be a resonant correction if H admits a zero energy resonance. Otherwise, let σ = Id.

Then

−N = Index(W−) = Index(WSβσ∗) (5.25)

=
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S ′(λ)) +

i

4π
λ−

1
2

∫
R3

V (x) dx

)
dλ+

1

2
MR(0), (5.26)

where we have defined

1

2
MR(0) = − 1

2πi

∫ ∞
0

Tr(σ(λ)∗σ′(λ)) dλ.

Proof. Since β defines a properly admissable unitary with Index(Wβ) = 0 we obtain

the equality −N = Index(W−) = Index(WSβσ∗). By construction we have that the map

λ 7→ Det(S(λ)β(λ)σ(λ)∗) defines a loop, so has a well-defined winding number. The index

of WSβσ∗ can be computed via this winding number as

Index(WSβσ∗) =
1

2πi

∫ ∞
0

d
dλ

(Det(S(λ)β(λ)σ(λ)∗))

Det(S(λ)β(λ)σ(λ)∗)
dλ

=
1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ)) + Tr(β(λ)∗β′(λ))− Tr(σ(λ)∗σ′(λ))) dλ

=
1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ)) + Tr(β(λ)∗β′(λ))) dλ+
1

2
MR(0).

Then Lemma 2.5.27 shows that Tr(S(·)∗S ′(·))− d
dλ

Tr(A(·)) ∈ L1(R+). Noting the equality
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Tr(β(λ)∗β′(λ)) = d
dλ

Tr(A(λ)), we obtain

Index(WSβσ∗) =
1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ)) + Tr(β(λ)∗β′(λ))) dλ+
1

2
MR(0)

=
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S ′(λ)) +

i

4π
λ−

1
2

∫
R3

V (x) dx

)
dλ+

1

2
MR(0).

Remark 5.3.25. With a statement of Levinson’s theorem in hand, one can define the

spectral shift function directly. Define the function P3 : R+ → C by

P3(λ) = − i

2π
λ

1
2

∫
R3

V (x) dx.

Then the spectral shift function is given by the relation

ξ(λ) = −
K∑
k=0

M(λk)χ[λk,∞)(λ)− 1

2
MR(0)χ[0,∞)

+ χ[0,∞)
1

2πi

(∫ λ

0

(Tr(S(µ)∗S ′(µ))− P ′3(µ)) dµ+ p(λ)

)
.

This agrees with the normalisation convention of Theorem 2.5.13.

Corollary 5.3.26. Suppose that n = 3 and V satisfies Assumption 2.2.14 for some ρ > 5.

Then

ξ(0+) = −N − 1

2
MR(0).

5.3.3 High energy corrections in dimension n = 2

As we have seen in Theorem 4.1.5 we have, in dimension n = 2, the relation S(0) = Id

always and so no low energy corrections are required to make the index pairing work.

We do not however have limλ→∞ S(λ) = Id in trace norm, so a high energy correction is

required to obtain a different representative of the class [WS] and use the index pairing to

obtain a formula for the number of bound states. We demonstrate in this section how to

obtain the 2-dimensional statement of Levinson’s theorem in Theorem 2.5.32 in the case

of no p-resonances, providing a new proof of [26, Theorem 6.3] and [50, Theorem 3.2].

Definition 5.3.27. Suppose that V satisfies Assumption 2.2.14 for some ρ > 11 and let

S be the scattering operator for H = H0 +V . Let β : R+ → B(P) be a once continuously

differentiable unitary valued function such that β(λ) − Id ∈ L1(P) for all λ ∈ R+ and

β(0) = Id and limλ→∞ β(λ) = Id in B(P). Then Det(β(λ)) ∈ T exists for all λ ∈ R+ and

we say that β is a high energy correction for S if

lim
λ→∞

Det(S(λ)β(λ)) = 1, (5.27)
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and Index(Wβ) = 0.

For a given potential V we construct a high energy correction for the corresponding

scattering operator.

Lemma 5.3.28. Suppose that n = 2 and V satisfies Assumption 2.2.14 for some ρ > 11

and let S be the corresponding scattering operator. For λ > 0 define the self-adjoint

operator A(λ) = −4i tan−1(λ)iΓ0(λ)V Γ0(λ)∗. Then the unitary operator β(λ) = eiA(λ) is

a high energy correction for S.

Proof. This follows directly from Lemma 5.3.22 and Remark 5.3.23.

We note that the choice of the factor 2
π

tan−1(·) is simply for convenience, any in-

creasing differentiable function vanishing at 0 and having limit 1 at infinity suffices.

Using the high energy correction of Lemma 5.3.28 we provide a new proof of Levinson’s

theorem in dimension n = 2 in the absence of p-resonances.

Theorem 5.3.29. Suppose that n = 2 and V satisfies Assumption 2.2.14 for some ρ > 11

and let S be the corresponding scattering operator. Suppose further that there are no p-

resonances and let β be a high energy correction for S. Then

−N = Index(W−) = Index(WSβ) =
1

2πi

∫
R+

Tr(S(λ)∗S ′(λ)) dλ+
1

4π

∫
R2

V (x) dx.

Proof. We only need to show the equality

Index(WSβ) =
1

2πi

∫
R+

Tr(S(λ)∗S ′(λ)) dλ+
1

4π

∫
R2

V (x) dx

since the others have been established in Theorem 5.3.2. Compute

Index(WSβ) =
1

2πi

∫
R+

d
dλ

(Det(S(λ)β(λ)))

Det(S(λ)β(λ))
dλ

=
1

2πi

∫
R+

(TrS(λ)∗S ′(λ)) + Tr(β(λ)∗β′(λ)) dλ

=
1

2πi

∫
R+

Tr(S(λ)∗S ′(λ)) dλ+
1

2πi

∫
R+

d

dλ
Tr(A(λ)) dλ

=
1

2πi

∫
R+

Tr(S(λ)∗S ′(λ)) dλ+
1

4π

∫
R2

V (x) dx,

where we have used Lemma 2.4.20 to compute the final integral.

Thus, we have provided a new proof of Theorem 2.5.32 in the case of no p-resonances.
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Remark 5.3.30. The result of Theorem 5.3.29 is enough to completely determine the

spectral shift function for the pair (H,H0) in the case of no p-resonances. We obtain

ξ(λ) = −
K∑
k=1

M(λk)χ[λk,∞)(λ) +
1

2πi
χ[0,∞)(λ)

∫ λ

0

Tr(S(µ)∗S ′(µ)) dµ.

Corollary 5.3.31. Suppose that n = 2 and V satisfies Assumption 2.2.14 for some

ρ > 11. Suppose further that there are no p-resonances. Then

ξ(0+) = −N.

5.3.4 High energy corrections in dimension n ≥ 4

In dimension n ≥ 4 the failure of the convergence of the scattering matrix at infinity in

trace norm persists as an obstruction to obtaining an explicit formula. In this section we

demonstrate how to construct a high energy correction to the scattering operator which

will allow us to obtain a statement of Levinson’s theorem in higher dimensions.

Definition 5.3.32. Suppose that V satisfies Assumption 4.3.1 and let S be the scattering

operator for H = H0 + V . Let β : R+ → B(P) be a once continuously differentiable

unitary-valued function such that β(λ) − Id ∈ L1(P) for all λ ∈ R+ and β(0) = Id and

limλ→∞ β(λ) = Id in B(P). Then Det(β(λ)) ∈ T exists for all λ ∈ R+ and we say that β

is a high energy correction for S if

lim
λ→∞

Det(S(λ)β(λ)) = 1, (5.28)

and Index(Wβ) = 0.

For a given potential V we construct a high energy correction for the corresponding

scattering operator. As usual we decompose the potential into V = vUv with v = |V | 12
and U = sign(V ).

Lemma 5.3.33. Suppose that V ∈ C∞c (Rn) and let S be the corresponding scattering

operator. For λ > 0 define for p ≥ n the self-adjoint operator Ã(λ) ∈ B(P) by

Ã(λ) = 2πΓ0(λ)V

(
p−1∑
`=1

`−1∑
j=0

(−1)`

`
(vR0(λ+ i0)vU)j(vR0(λ− i0)vU)`−j−1

)
Γ0(λ)∗

Further define the self-adjoint operator A(λ) ∈ B(P) by

A(λ) = χ(λ
1
2 )Ã(λ),

where χ is as in Lemma 5.3.22. Then the unitary β(λ) = eiA(λ) is a high energy correction

for S.
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Proof. This follows directly from Lemma 5.3.22.

We now use the high energy correction of Lemma 5.3.28 to provide an alternate proof

of Levinson’s theorem in dimension n ≥ 4 in the absence of resonances. Define the

function Qn : R+ → C by

Qn(λ) = −Tr(Ã(λ))

and recall the high-energy polynomials Pn, pn from Definitions 2.5.28 and 2.5.26.

Theorem 5.3.34. Suppose that n ≥ 4, V ∈ C∞c (Rn) and there are no resonances. Then

the number of bound states of H is given by

−N = Index(W−) = Index(WSβ) =
1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− pn(λ)) dλ− 1

2πi
Pn(0).

Proof. The first two equalities have been established in Theorem 5.3.2. Since the operator

Det(S(λ)β(λ)) → 1 as both λ → 0 and λ → ∞, the map λ 7→ Det(S(λ)β(λ)) defines a

loop and we find

Index(WSβ)

= Wind(Det(S(·)β(·)) =
1

2πi

∫ ∞
0

d
dλ

Det(S(λ)β(λ))

Det(S(λ)β(λ))
dλ

=
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S ′(λ)) +

d

dλ
Tr(A(λ))

)
dλ

=
1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− pn(λ)) dλ+
1

2πi

∫ ∞
0

d

dλ

(
χ(λ)

1
2Qn(λ) + Pn(λ)

)
dλ

=
1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− pn(λ)) dλ− 1

2πi
Pn(0),

where in the last line we have used the properties of χ and the fundamental theorem of

calculus.

Remark 5.3.35. We note that the statement of Levinson’s theorem given in Theorem

5.3.34 completely determines the spectral shift function for the pair (H,H0) as

ξ(λ) = −
K∑
k=1

M(λk)χ[λk,∞)(λ)

+
1

2πi
χ[0,∞)

(∫ λ

0

(Tr(S(µ)∗S ′(µ))− pn(µ)) dµ+ Pn(λ)

)
.

Corollary 5.3.36. Suppose that n ≥ 4, V satisfies Assumption 4.3.1 and there are no

resonances. Then ξ(0+) = −N .
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In higher dimensions we can determine the coefficients by performing more com-

mutators, however these become difficult very quickly in a similar manner to the heat

coefficients of Theorem 2.5.34. We describe in Proposition 5.3.37 the coefficients arising

in dimensions n ≤ 7. In Chapter 6 we provide an alternative method for determining

some of these coefficients.

Proposition 5.3.37. Let n ∈ {4, 5, 6, 7} and suppose that V satisfies Assumption 2.2.14

for some ρ > n + 1 and V ∈ C∞(Rn). Then the function Qn of Lemma 5.3.33 satisfies

Qn(λ) = Pn(λ) + q(λ), for some q : R+ → C. Explicitly we obtain

Qn(λ) = −(2πi)λ
n−2
2 Vol(Sn−1)

2(2π)n

∫
Rn
V (x) dx+

(2πi)Vol(Sn−1)(n− 2)λ
n−4
2

8(2π)n

∫
Rn
V (x)2 dx

− (2πi)Vol(Sn−1)(n− 2)(n− 4)λ
n−6
2

48(2π)n

∫
Rn

(
V (x)3+

1

2
|[∇V ](x)|2

)
dx+q(λ).

If n is even, then q = 0. In addition we have q(0) = 0 for n even.

Proposition 5.3.37 follows immediately from the computations in Theorem 2.5.29.

Remark 5.3.38. For explicitness and a later comparison, we record the statements of

Levinson’s theorem in dimensions n = 4, 5, 6, 7. We use the notation of Theorem 2.5.34.

In dimension n = 4 with no resonances we find

−N =
1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− c1(4, V )) dλ− β4(V ),

where

c1(4, V )− (2πi)Vol(S3)

2(2π)4

∫
R4

V (x) dx and

β4(V ) =
1

2πi
P4(0) =

Vol(S3)

4(2π)2

∫
R4

V (x)2 dx.

In dimension n = 5 we find

−N =
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S ′(λ))− λ

1
2 c1(5, V )− λ−

1
2 c2(5, V )

)
dλ,

where the coefficients are

c1(5, V ) = −3

2

(2πi)Vol(S4)

2(2π)5

∫
R5

V (x) dx and

c2(5, V ) =
1

2

3(2πi)Vol(S4)

8(2π)5

∫
R5

V (x)2 dx.
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In dimension n = 6 we have

−N =
1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− c1(6, V )λ− c2(6, V )) dλ− β6(V ),

where

c1 = −(2πi)Vol(S5)

(2π)6

∫
R6

V (x) dx,

c2 =
(2πi)Vol(S5)

2(2π)6

∫
R6

V (x)2 dx and

b6 =
1

2πi
P6(0) = −Vol(S5)

6(2π)6

∫
R6

(
V (x)3 +

1

2
|[∇V ](x)|2

)
dx.

In dimension n = 7 we obtain

−N =
1

2πi

∫ ∞
0

(
Tr(S(λ)∗S ′(λ))− λ

3
2 c1(7, V )− λ

1
2 c2(7, V )− λ−

1
2 c3(7, V )

)
dλ,

where

c1(7, V ) = −5

2

(2πi)Vol(S6)

2(2π)7

∫
R7

V (x) dx,

c2(7, V ) =
3

2

5(2πi)Vol(S6)

8(2π)7

∫
R7

V (x)2 dx and

c3(7, V ) =
1

2

15(2πi)

48(2π)7

∫
R7

(
V (x)3 +

1

2
|[∇V ](x)|2

)
dx.



Chapter 6

Spectral flow for Schrödinger

operators

In this chapter we consider the spectral flow along the path H = H0 + tV and show how

Levinson’s theorem can be obtained from the spectral flow along this path. To use the

spectral flow formula of [47, Theorem 9] we require some simple adjustments to make our

path of operators Fredholm. To analyse the terms appearing in [47, Theorem 9] requires an

analogue of the Birman-Krĕın trace formula of Theorem 2.5.19 and the pseudodifferential

operator calculus of [43], modified appropriately to our second order operators.

In Section 6.1 we briefly recall the definition of spectral flow of [129, 130] for paths

of unbounded self-adjoint Fredholm operators and in particular Equation 6.1 of [47, The-

orem 9]. Since the operators H0 and H are never Fredholm, we consider a family of

modified operators (H0(α), H(α)) which are Fredholm and describe their stationary scat-

tering theory in Section 6.2. In Section 6.3 we briefly recall a number of results from the

pseudodifferential operator calculus of [43, 46] modified to our operators (H0(α), H(α)).

In Section 6.4 we apply [47, Theorem 9] to the path Ht(α) = H0 + α + tV to prove,

using the Birman-Krĕın trace formula and the pseudodifferential operator calculus of

Section 6.3 to provide in Theorems 6.4.22 (odd dimensions) and 6.4.23 (even dimensions)

an expression for the spectral flow along the path Ht(α). Finally, in Section 6.5 we use the

high-energy behaviour of the time delay operator discussed in Section 2.5.1 and Chapter

5 to show that Levinson’s theorem is a result of spectral flow. In particular, Section 6.4

onwards contains original results.

6.1 Spectral flow

The concept of spectral flow was used by Atiyah, Patodi and Singer in [10, 11] as a tool

to develop APS index theory. Spectral flow is intuitively defined as the net number of

eigenvalues which change sign along a path of self-adjoint operators, with the convention

211
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that an eigenvalue changing from negative to positive will contribute a 1 to the spectral

flow. We use the definition due to Phillips [129, 130]. Phillips’ definition of spectral flow

is valid in the much broader setting of semifinite von Neumann algebras with faithful

normal semifinite traces, although we do not need the full power of such a definition.

Consider B(H) with trace Tr, let π : B(H) → B(H)/K(H) denote the projection

onto the Calkin algebra. Let χ = χ[0,∞) be the characteristic function of the interval

[0,∞). Let (Tt) be any norm continuous path of bounded self-adjoint Fredholm operators

in B(H). Then π(χ(Tt)) = χ(π(Tt)). Since the spectrum of the π(Tt) are bounded away

from zero, the path χ(π(Tt)) is continuous. By compactness (and [20, Lemma 4.1]), we

can choose a partition 0 = t0 < t1 < · · · < tk = 1 such that

||π(χ(Tt))− π(χ(Ts))|| <
1

2

for all t, s ∈ [ti−1, ti] and 1 ≤ i ≤ k. Defining the projection Pi = χ(Tti) we find that

Pi−1Pi : PiH → Pi−1H is Fredholm. We recall the following definition, due to Phillips

[129, 130].

Definition 6.1.1. LetH be a Hilbert space. For t ∈ [0, 1] let (Tt) be any norm continuous

path of bounded self-adjoint Fredholm operators in B(H). For a partition 0 = t0 < t1 <

· · · < tk = 1 of the interval [0, 1] define the operators Pi = χ(Tti). Then we define the

spectral flow of the path (Tt) by

sf(Tt) :=
k∑
i=1

Ind(Pi−1Pi).

We note that the above definition of spectral flow is independent of the choice of

partition [107, 129, 130] and agrees with the topological definition used in [10, 11], when

both make sense. For unbounded operators, we make the following definition of spectral

flow [47].

Definition 6.1.2. Let H be a Hilbert space with trace Tr. Let (Dt) be a graph norm

continuous path of unbounded self-adjoint Fredholm operators on H. Denote the function

F : R→ [−1, 1] by F (x) = x(1 + x2)−
1
2 . The spectral flow along the path (Dt) is defined

by

sf(Dt) = sf(F (Dt)).

Throughout the rest of this section [0, 1] 3 t 7→ Dt stands for a path of unbounded

self-adjoint linear operators on H = L2(Rn). We denote by (Ft) = (F (Dt)) the bounded

transform of the path (Dt). We must also impose a smoothness assumption on Dt to use

analytic formulae for the spectral flow.
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Definition 6.1.3. 1. A path [0, 1] 3 t 7→ Dt is called Γ-differentiable at the point

t = t0 if and only if there exists a bounded linear operator T such that

lim
t→t0

∣∣∣∣∣∣t−1(Dt −Dt0)(Id +D2
t0

)−
1
2 − T

∣∣∣∣∣∣ = 0.

In this case we set Ḋt0 = T (Id + D2
t0

)−
1
2 . The operator Ḋt is a symmetric linear

operator with domain Dom(Dt) [47, Lemma 25].

2. If the mapping t 7→ Ḋt(Id + D2
t )
− 1

2 is defined and continuous with respect to the

operator norm, then we call the path t 7→ Dt a continuously Γ-differentiable or a

C1
Γ path.

The most general analytic spectral flow formula for the case of unbounded operators

on a Hilbert space is given by the following theorem [47, Theorem 9].

Theorem 6.1.4. Let [0, 1] 3 t 7→ Dt be a piecewise C1
Γ path of linear operators and

Ft ∈ F∗ = {F ∈ B(H) : F = F ∗ is Fredholm and ||F || ≤ 1} . Let g : R→ R be a positive

C2 function such that

1.
∫
R g(x) dx = 1;

2.
∫ 1

0

∣∣∣∣∣∣Ḋtg(Dt)
∣∣∣∣∣∣

1
dt <∞; and

3. G(D1)− 1
2
B1−G(D0) + 1

2
B0 ∈ L1(H) (the trace class), where Bj = 2χ[0,∞)(Dj)−1,

and G is the antiderivative of g such that G(±∞) = ±1
2
.

Then

sf(Dt) =

∫ 1

0

Tr(Ḋtg(Dt)) dt− Tr

(
G(D1)− 1

2
B1 −G(D0) +

1

2
B0

)
. (6.1)

Remark 6.1.5. There is a sign difference on the second term on the right-hand side of

Equation (6.1) when compared to the statement of [47, Theorem 9]. This is due to a

sign error in the proof of [47, Theorem 9]. In particular, on p. 1823 there is a diagram

illustrating the path of integration for the succeeding argument. The diagram is correct,

however in the following formula the signs on the terms γ1, γ2 are incorrect due to the

wrong choice of orientation of the path in their definition.

Fix s > n+2
2

and make the explicit choice gs(x) = 1
Cs

(1 + x2)−s with Cs chosen such

that ||gs||1 = 1. In this case we can determine the antiderivative Gs of gs which satisfies

the hypotheses of Theorem 6.1.4 as

Gs(x) = −1

2
+

∫ x

−∞
gs(u) du.



CHAPTER 6. SPECTRAL FLOW FOR SCHRÖDINGER OPERATORS 214

Since we are using the functional calculus on Gs, we require a simpler expression which

does not have the variable as an integration limit. Since Gs is an odd function, for x > 0

we find

Gs(x) =
1

Cs

∫ x

0

(1 + u2)−s du =
1

Cs

(∫ ∞
0

(1 + u2)−s du−
∫ ∞
x

(1 + u2)−s du

)
=

1

2
− 1

Cs

∫ ∞
x

(1 + u2)−s du =
1

2
− 1

2Cs

∫ ∞
1

x(1 + wx2)−sw−
1
2 dw

=:
1

2
− 1

2
ηs(x).

If x < 0 we use the fact Gs is odd, so Gs(−x) = −1
2

+ ηs(−x). The requirement s > n+2
2

is to ensure ηs satisfies Equation (2.84) so that we are able to use Theorem 2.5.13 and

in particular (an analogue of) the Birman-Krĕın trace formula which we state in Lemma

6.2.8. We remark that the function ηs is defined for Re(s) > 1
2
, holomorphic in s with a

simple pole at s = 1
2
, a fact to be exploited repeatedly at a later point.

6.2 Making the operators Fredholm

As usual we let H = H0 + V where we make for the rest of this chapter the following

assumption on V .

Assumption 6.2.1. We assume that V satisfies Assumption 4.3.1 so that we may use

the results of Chapter 5 regarding the behaviour of the spectral shift function. We impose

the additional assumption that V is smooth.

The assumption on the differentiability of the potential becomes necessary when we

employ the pseudodifferential operator calculus, where we must take derivatives of the

potential.

To use the spectral flow formulae of the previous section, we consider pairs of Fredholm

operators, which H0 and H are not since 0 is contained in the essential spectrum of both.

We construct a pair of Fredholm operators as follows. Enumerate the distinct eigenvalues

of H in increasing order as λ1 < λ2 < · · · < λK ≤ 0. Let µ ∈ {λK−1, λK} be the closest

non-zero eigenvalue of H to zero. Then for any α ∈ (0,−µ) the operators H0(α) = H0 +α

and H(α) = H0 + V + α are invertible and hence are Fredholm operators.

The operators H0(α) and H(α) depend norm-resolvent continuously on α ∈ (0,−µ).

The operator H0(α) has purely absolutely continuous spectrum σ(H0(α)) = σac(H0(α)) =

[α,∞). The operator H(α) has finitely many eigenvalues in (−∞, α] and has absolutely

continuous spectrum σac(H(α)) = σac(H0(α)) = [α,∞). We enumerate the distinct

eigenvalues of H(α) in ascending order as λ1(α) < λ2(α) < · · · < λK(α) and note that for

each j we have λj(α) = λj + α, where the λj denote the distinct eigenvalues of H. We
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also note that the number of eigenvalues of H is equal to the number of eigenvalues of

H(α), independent of α.

For each α ∈ (0,−µ), z ∈ C \ R and any p ≥ n we have by (an analogue of) Lemma

2.5.11 that the difference (H(α)− z)−p − (H0(α)− z)−p ∈ L1(H) and the wave operators

W±(α) = s-lim
t→±∞

eitH(α)e−itH0(α)Pac(H0(α)) = s-lim
t→±∞

eitHe−itH0 = W±

exist and are asymptotically complete by the invariance principle [137, Theorem XI.11]

(or an adaptation of the results of Chapter 2). We also note that the wave operators are

independent of α. The α dependence is seen in the spectral representation for H0(α),

which we now describe.

Definition 6.2.2. For λ ∈ (α,∞), s ∈ R and t > 1
2

we define the operator Γα(λ) : Hs,t →
P by

[Γα(λ)f ](ω) = 2−
1
2 (λ− α)

n−2
4 [Ff ]((λ− α)

1
2ω) = [Γ0(λ− α)f ](ω).

The operator Fα : H → L2([α,∞)) ⊗ P , which diagonalises the Hamiltonian H0(α), is

given by

[Fαf ](λ, ω) = [Γα(λ)f ](ω) = [F0f ](λ− α, ω).

Since the operators Fα and Γα are simply translations of F0 and Γ0 one can easily

check the following.

Lemma 6.2.3. The operator Fα is unitary. Moreover for λ ∈ (α,∞), ω ∈ Sn−1 and

f ∈ L2([α,∞))⊗ P we have

[FαH0(α)F ∗αf ](λ, ω) = λf(λ, ω).

The scattering operator Sα = W+(α)∗W−(α) is unitary and commutes with H0(α) and

so there exists a family {Sα(λ)}λ∈[α,∞) of unitary operators on P such that the relation

[FαSαf ](λ, ω) = Sα(λ)[Fαf ](λ, ω) holds. We call Sα(λ) the (translated) scattering matrix

at energy λ.

The next result is proved in an identical fashion to Theorem 2.4.32.

Theorem 6.2.4. Suppose that V satisfies Assumption (6.2.1). The scattering matrix is

given for all λ ∈ [α,∞) by the equation

Sα(λ) = Id− 2πiΓα(λ)(V − V R(λ− α + i0)V )Γα(λ)∗ = S(λ− α).

For each λ ∈ [α,∞), the operator Sα(λ) is unitary in P = L2(Sn−1) and depends norm

continuously on λ ∈ [α,∞).
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Since the scattering matrix Sα(λ) is simply a translation of the scattering matrix S(λ),

the properties of the time-delay and spectral shift function for the pair (H0(α), H(α)) also

follow immediately.

The time delay satisfies Tα(λ) = −iS∗α(λ)S ′α(λ) = T (λ−α), its existence is guaranteed

by the following result, whose proof is identical to that of Theorem 2.5.3.

Lemma 6.2.5. Suppose that V satisfies Assumption 6.2.1 and let P0(α) denote the spec-

tral family for H0(α). Then the scattering matrix is differentiable. Define Tα by

Dom(Tα) = {f ∈ Hac : P0(α)([a, b])f = f for some [a, b] ⊂ (0,∞)},

[FαTαf ](λ, ω) = −iSα(λ)∗S ′α(λ)[Fαf ](λ, ω).

Then Tα is essentially self-adjoint on Dom(Tα), Dom(Tα) ⊂ Dom(H0(α)), and Tα com-

mutes with H0(α). Furthermore, the operator Tα(λ) is trace class for all λ ∈ [α,∞).

Theorem 6.2.6. Suppose that V satisfies Assumption 2.2.14 for some ρ > n. Then there

exists a real-valued function ξα such that the trace formula

Tr (f(H(α))− f(H0(α))) =

∫
R
ξα(λ)f ′(λ) dλ (6.2)

holds at least for all f ∈ C∞c (R). The function ξα satisfies ξα(λ) = ξ(λ − α), where ξ is

the spectral shift function for the pair (H,H0).

The function ξα = ξ(H0(α), H(α)) is known as the spectral shift function for the pair

(H0(α), H(α)). As before the trace formula of Equation (6.2) fixes ξα up to an additive

constant. This constant is fixed by the condition that ξα(λ) = 0 for λ < | inf(σp(H(α)))|.

Lemma 6.2.7. Suppose that V satisfies Assumption 6.2.1. Then for λ ∈ [α,∞) the

spectral shift function and the scattering matrix are related by the formula

Det(Sα(λ)) = e−2πiξα(λ).

For λ ∈ [α,∞) the spectral shift function and time-delay operator are related by the

formula

−2πiξ′α(λ) = Tr(Sα(λ)∗S ′α(λ)).

Our main use of the spectral shift function is the Birman-Krĕın formula for the pair

(H(α), H0(α)), which follows immediately from Theorem 2.5.19 by an identical proof.
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Lemma 6.2.8. Suppose that V satisfies Assumption 6.2.1 and f ∈ C∞c (R). Then

Tr(f(H(α))− f(H0(α))) =
1

2πi

∫ ∞
α

f(λ)Tr(Sα(λ)∗S ′α(λ))dλ+
K∑
k=1

M(λk(α))f(λk(α))

+ f(α)(ξα(α−)− ξ(α+)−M(α)).

6.3 Pseudodifferential operator calculus

In this section we use the pseudodifferential theory of [43, 46] to obtain a number of

trace class and resolvent estimates which will be used to eliminate remainder terms in

our use of Theorem 6.1.4 in Section 6.1. We are not able to directly use the results of

[46] and [43], since they are formulated for first order pseudodifferential operators and our

Hamiltonians are second order. We thus provide analogous results to keep track of the

resulting numerology, although we omit the proofs since they are essentially identical.

The following definition captures the notion of a pseudodifferential operator associated

to the operator H0(α).

Definition 6.3.1. Define the space H∞ = ∩k≥0Dom(Hk
0 ). For T ∈ B(H) with T :

H∞ → H∞ we let δ(T ) = [H0(α)
1
2 , T ]. We define for p ∈ R the set of regular order p

pseudodifferential operators associated with H0(α) by

OP p := (1 +H0(α)2)
p
4

(⋂
n∈N

Dom(δn)

)
.

The topology of OP p is associated with the family of norms

∑̀
k=0

∣∣∣∣∣∣δk((1 +H0(α)2)−
p
4T )
∣∣∣∣∣∣

for ` ∈ N ∪ {0}.

For the remainder of this chapter we let r = 1
2

min{α2, (µ+α)2}, so that the inequality

0 < r < inf{σ(Ht(α)2)} holds.

We first give basic estimates for the operator norm of resolvents of certain operators.

Lemma 6.3.2. Let α ∈ (0,−µ) and λ = a + iv with a ∈ (0, r) Then for all t ∈ [0, 1] we

have

∣∣∣∣(λ− (Id +Ht(α)2))−1
∣∣∣∣ ≤ (v2 + (r − a)2)−

1
2 ≤ (r − a)−1.

We will use the notation Q = Id + (H0 + α)2 and for A ∈ OP ` we use the notation

A(k) = [H0(α)2, · · · [H0(α)2, A] · · · ], where the expression has k commutators. It is useful
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to note that the operator A(k) has order ` + 3k (each commutator raises the order by 3,

one less than the order of H0(α)2). For Re(s) > n we can use Cauchy’s integral formula

to write

Q−s =
1

2πi

∫
γα

λ−s(λ−Q)−1 dλ

where γα is a vertical line with real part fixed in (0, r). It can be checked using the

spectral theorem that this integral converges in operator norm to Q−s. We can thus reduce

computing commutators of T ∈ OP p with Q−s to iterated calculations of commutators of

T with (λ−Q)−1. This leads to the following, an analogue of [46, Lemma 6.9].

Lemma 6.3.3. Let p, j, k be non-negative integers and A ∈ OP `. Then

(λ−Q)−pA =
k∑
j=0

(
p+ j − 1

j

)
A(j)(λ−Q)−p+j + P (λ)

where the remainder term P (λ) has order −(4p+ k − `+ 1) and is given explicitly by

P (λ) =

p∑
j=1

(
j + k + 1

k

)
(λ−Q)j−p−1A(k+1)(λ−Q)−j−k.

Corollary 6.3.4. Let p,M be positive integers and A ∈ OP k. Let R = (λ−Q)−1. Then

RpAR−p =
M∑
j=0

(
p+ j − 1

j

)
A(j)Rj + P,

where P is of order k −M − 1 and given explicitly by

P =

p∑
j=1

(
j +M − 1

M

)
Rp+1−jA(M+1)RM+j−p.

The following is an analogue of [46, Lemma 6.10], allowing us to uniformly bound

pseudodifferential operators when weighted by enough resolvents.

Lemma 6.3.5. Let k, p be non-negative integers and suppose λ ∈ C with a = Re(λ) ∈
(0, r). Then for A ∈ OP k and with Rα(λ) = (λ− (Id + (H0 + α)2))−1 we have∣∣∣∣∣∣Rα(λ)

p
4

+ k
4ARα(λ)−

p
4

∣∣∣∣∣∣ ≤ Cp,k, and
∣∣∣∣∣∣Rα(λ)−

p
4ARα(λ)

p
4

+ k
4

∣∣∣∣∣∣ ≤ Cp,k

where Cp,k is a constant independent of λ.

Remark 6.3.6. We think of the operator X in the following lemmas as t{H0, V }+ 2tαV +

t2V 2, and thus H0(α)2 + X = (Ht(α))2 ≥ 0. With a = Re(λ) ∈ (0, r) (and r fixed as
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before) we see that the spectrum of (Id + H0(α)2 + X) is bounded away from the line

Re(λ) = a by at least 1−a independent of λ and t. This fact is crucial in our next results.

Lemma 6.3.7. Let Ai ∈ OP pi for i = 1, . . . , ` and let 0 < a = Re(λ) < r as above. We

consider the operator

Rα(λ)A1Rα(λ)A2Rα(λ) · · ·Rα(λ)A`R̃α(λ),

where Rα(λ) = (λ− (Id +H0(α)2))−1 and R̃α(λ) = (λ− (Id +H0(α)2 +X))−1, where X

is self-adjoint and H0(α)2 +X ≥ 0. Then for all M ≥ 0

Rα(λ)A1Rα(λ)A2 · · ·A`R̃α(λ) =
M∑
|k|=0

C`(k)A
(k1)
1 · · ·A(k`)

` Rα(λ)`+|k|R̃α(λ) + PM,`

where PM,` is of order at most |p| − M − 4` − 5, and k and p are multi-indices. The

constant C`(k) is given by

C`(k) =
(|k|+ `)!

k1!k2! · · · k`!(k1 + 1)(k1 + k2 + 2) · · · (|k|+ `)
.

We now show that when weighted by sufficiently many resolvents, the remainder term

PM,` can be uniformly bounded.

Lemma 6.3.8. With the assumptions and notation of the previous lemma including the

assumption that Ai ∈ OP pi for each i, there is a positive constant C such that∣∣∣∣∣∣(λ− (Id +H0(α)2))`+
M
4

+1− |p|
4 PM,`

∣∣∣∣∣∣ ≤ C

independent of λ and t (although depending on M and ` and the Ai). If the final R̃α(λ)

is replaced by Rα(λ) then the factor 1 in the exponent can be replaced by 5
4
.

We require two more estimates to guarantee that the operators which arise from the

resolvent expansion and the Cauchy integral formula are trace class.

Lemma 6.3.9. Let ` be a non-negative integer, and for j = 0, . . . , ` let Aj ∈ OP pj .

Fix a ∈ (0, r) and define the vertical line γα = {a + iv : v ∈ R}. For λ ∈ γα let

Rα(λ) = (λ − (Id + H0(α)2))−1 and R̃α(λ) = (λ − (Id + H0(α)2 + X))−1. Then for all

ε > 0 and for s ∈ C with Re(s) > 1
2

the operator

Bα(t) =
1

2πi

∫
γα

λ−sA0Rα(λ)A1Rα(λ) · · ·Rα(λ)A`R̃α(λ) dλ

is trace class for Re(s) + ` > p0+|p|+n+ε
4

, and the function t 7→ ||Bα(t)||1 is integrable on

[0, 1].
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In the case where the final resolvent is actually an Rα(λ), we can use Cauchy’s integral

formula to explicitly evaluate the expression obtained after performing the expansion and

get sharper trace class estimates.

Lemma 6.3.10. Let ` be a non-negative integer, and for j = 0, . . . , ` let Aj ∈ OP pj ,

pj ≥ 0. Fix a ∈ (0, r) and define the vertical line γα = {a + iv : v ∈ R}. For λ ∈ γα

let Rα(λ) = (λ − (Id + H0(α)2))−1 and R̃α(λ) = (λ − (Id + H0(α)2 + X))−1. Then the

operator

Bα(t) =
1

2πi

∫
γα

λ−sA0Rα(λ)A1Rα(λ)A2 · · ·Rα(λ)A`Rα(λ) dλ

is trace class for Re(s) + ` > n+p0+|p|
4

, and t 7→ ||Bα(t)||1 is integrable on [0, 1].

Our application of this result will have p0 = 0 and each pi = 2 (since Ai = X for all

i), giving |p| = 2` and so, if we enforce Re(s) > 1
2
, then a sufficient condition for ` is to

take ` > n
2
− 1. If n is even we take L = n

2
and if n is odd we take L = n−1

2
.

6.4 Spectral flow for Schrödinger operators

The resolvent expansions of the previous section and the Birman-Krĕın trace formula

of Lemma 6.2.8 will be the crucial elements in computing our spectral flow. Define for

Re(s) > 1
2

the constants

Cs =

∫
R

(1 + x2)−s dx.

The Cs have a pole at s = 1
2

with residue equal to one, a fact to be exploited later. Recall

that for Re(s) > 1
2

we have defined the η function by

ηs(x) =
1

Cs

∫ ∞
1

x(1 + wx2)−sw−
1
2 dw =

2

Cs

∫ ∞
x

(1 + v2)−s dv,

with the second formula only valid for x > 0. Note that ηs is odd and vanishes at 0 and

±∞. The result of Theorem 6.1.4 with s > n+2
2

now reads

sf(Dt) =
1

Cs

∫ 1

0

Tr(Ḋt(Id +D2
t )
−s) dt+

1

2
Tr(ηs(D1)− ηs(D0) + (PKer(D1) − PKer(D0))).

(6.3)
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Multiplying both sides of Equation (6.3) by Cs we obtain

Cssf(Dt) =

∫ 1

0

Tr(Ḋt(Id +D2
t )
−s) dt+

1

2
CsTr(ηs(D1)− ηs(D0) + (PKer(D1) − PKer(D0))).

(6.4)

The term Cs can be analytically continued for Re(s) > 1
2

to a meromorphic function

with simple pole of residue 1 at s = 1
2
. Thus the left-hand side of Equation (6.4) is a

meromorphic function and so the right hand side has a meromorphic continuation. We

take the residue at s = 1
2

of both sides to obtain

sf(Dt)

= Res
s= 1

2

(∫ 1

0

Tr(Ḋt(Id +D2
t )
−s) dt+

1

2
CsTr(ηs(D1)− ηs(D0) + (PKer(D1) − PKer(D0))

)
.

(6.5)

We apply Equation (6.5) to the path Ht(α) = H0 + α + tV , so that Ḣt(α) = V . The

Birman-Krĕın formula of Lemma 6.2.8 will be fundamental to our evaluation of this spec-

tral flow formula. We denote the total number of bound states (eigenvalues counted with

multiplicity) by

N(α) =
K∑
k=1

M(λk(α)).

Recall that by construction, N(α) = N (the number of bound states for H) independent

of α. We refer to the term

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)
as the ‘integral of one form’ contribution to the spectral flow, with this labelling justified

by [47]. We refer to the term

Res
s= 1

2

(
1

2
CsTr(ηs(H(α))− ηs(H0(α)) + (PKer(H(α)) − PKer(H0(α)))

)
as the Birman-Krĕın contribution to the spectral flow and the term

Res
s= 1

2

(
1

2
CsTr(ηs(D1)− ηs(D0))

)
as the η contribution to the spectral flow.
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6.4.1 The Birman-Krĕın term

In this subsection we use the Birman-Krĕın trace formula to determine the kernel and η

contributions to the spectral flow in Equation (6.5).

Lemma 6.4.1. By construction, the operators PKer(H(α)) and PKer(H0(α)) are both zero.

Since the kernel terms both vanish we are now able to evaluate the η contributions.

Lemma 6.4.2. The η contribution to the Hamiltonian spectral flow is given by

Res
s= 1

2

(CsTr(ηs(H1(α))− ηs(H0(α))))

= −(N(α)− 2Mα(α)) + Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(S∗α(λ)S ′α(λ)) dλ

)
+ (ξα(α−)− ξα(α+)−Mα(α)) ,

with Mα(α) the multiplicity of the eigenvalue at energy α.

Proof. Suppose that λK(α) = α, that is H has zero as an eigenvalue. Apply the Birman-

Krĕın formula to obtain

Tr(ηs(H(α))− ηs(H0(α))) =
1

2πi

∫ ∞
α

ηs(λ)Tr(S∗α(λ)S ′α(λ)) dλ+
K−1∑
k=1

M(λk(α))ηs(λk(α))

+ ηs(α) (ξα(α−)− ξα(α+)−M(α)) .

To simplify this expression, for k < K we make the computation

ηs(λk(α)) = −ηs(|λk(α)|) = − 2

Cs

∫ ∞
|λk(α)|

(1 + v2)−s dv = −1 +
2

Cs

∫ |λk(α)|

0

(1 + v2)−s dv.

We further compute that

ηs(α) = 1− 2

Cs

∫ α

0

(1 + v2)−s dv.



CHAPTER 6. SPECTRAL FLOW FOR SCHRÖDINGER OPERATORS 223

Multiplying the trace by Cs and taking the residue we obtain

Res
s= 1

2

(CsTr(ηs(H1)− ηs(H0)))

= Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(S∗α(λ)S ′α(λ)) dλ+
K−1∑
k=1

M(λk(α))Csηs(λk(α))+

+ Csηs(α) (ξα(α−)− ξα(α+))

)
= Res

s= 1
2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(S∗α(λ)S ′α(λ)) dλ

)
−

K−1∑
k=1

M(λk(α))

+M(α) + (ξα(α−)− ξα(α+)−M(α))

= Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(S∗α(λ)S ′α(λ)) dλ

)
− (N(α)− 2M(α))

+ (ξα(α−)− ξα(α+)−M(α)) .

The case when λK(α) 6= α follows by considering M(α) = 0 in the above arguments.

It is not surprising that the spectral flow is linked to the behaviour of the spectral

shift function, such a relationship has been demonstrated in a number of contexts see, for

example [12, 13, 14, 37, 38, 39, 40, 42].

We now show how the Birman-Krĕın formula of Lemma 6.4.2 can be used in conjunc-

tion with the high energy behaviour of the function Tr(S(·)∗S ′(·)) to relate to Levinson’s

theorem.

The key observation for n odd is the following.

Lemma 6.4.3. Fix f ∈ C(R+) and suppose there exists a polynomial p such that g(λ) =

λ−
1
2p(λ) satisfies |f − g| ∈ L1(R+). Then

Res
s= 1

2

(∫
R+

Csηs(λ)f(λ) dλ

)
=

∫
R+

(f(λ)− g(λ)) dλ.

Proof. We compute that

Res
s= 1

2

(∫
R+

Csηs(λ)f(λ) dλ

)
= Res

s= 1
2

(∫
R+

Csηs(λ)(f(λ)− g(λ) + g(λ)) dλ

)
= Res

s= 1
2

(∫
R+

Csηs(λ)(f(λ)− g(λ)) dλ

)
+ Res

s= 1
2

(∫
R+

Csηs(λ)g(λ) dλ

)
.

Note that (s − 1
2
)Csηs(λ) is uniformly bounded and thus the fact that |f − g| ∈ L1(R+)
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allows us to use the dominated convergence theorem to obtain

Res
s= 1

2

(∫
R+

Csηs(λ)(f(λ)− g(λ)) dλ

)
=

∫
R+

Res
s= 1

2

(Csηs(λ))(f(λ)− g(λ)) dλ

=

∫
R+

(f(λ)− g(λ)) dλ.

It remains to show that

Res
s= 1

2

(∫
R+

Csηs(λ)g(λ) dλ

)
= 0.

For r 6= −1 we use integration by parts to calculate∫
R+

λrCsηs(λ) dλ =

∫
R+

d

dλ

(
λr+1

r + 1

)
Csηs(λ) dλ

=

[
λr+1

r + 1
Csηs(λ)

]∞
0

− 1

r + 1

∫
R+

λr+1Csη
′
s(λ) dλ

=
2

r + 1

∫
R+

λr+1(1 + λ2)−s dλ.

The final integral can be reduced to a form of the Beta function with the substitution

λ = u
1
2 , which yields∫

R+

λr+1(1 + λ2)−s dλ =
1

2

∫
R+

u
r
2 (1 + u)−s du =

Γ
(
r
2

+ 1
)

Γ
(
s− r

2
− 1
)

Γ(s)
.

Thus,

Res
s= 1

2

(∫
R+

λrCsηs(λ) dλ

)
= Res

s= 1
2

(
Γ
(
r
2

+ 1
)

Γ
(
s− r

2
− 1
)

(r + 1)Γ(s)

)
= 0,

provided r 6= −2 + k for any k ∈ N. We are interested in the case r = −1
2

+ k for k ∈ N,

since g is a linear combination of such powers. Hence,

Res
s= 1

2

(∫
R+

Csηs(λ)g(λ) dλ

)
= 0,

which completes the proof.

We now compute the residue of the η contribution in odd dimensions.

Proposition 6.4.4. Suppose that V satisfies Assumption 6.2.1 and n is odd. Then we
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have

Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)

=
1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ))−
bn−1

2
c∑

j=1

cj(n, V )λ
n−2
2
−j

 dλ,

where the cj are as defined in Theorem 2.5.34. Note that this statement is independent of

the choice of α ∈ (0,−µ).

Proof. By Theorem 2.5.34 the map

[α,∞) 3 λ 7→ Tr(Sα(λ)∗S ′α(λ))−
bn−1

2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

is integrable. Thus we compute

Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)

= Res
s= 1

2

 1

2πi

∫ ∞
α

Csηs(λ)

Tr(Sα(λ)∗S ′α(λ))−
bn−1

2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ


+ Res

s= 1
2

 1

2πi

∫ ∞
α

Csηs(λ)−

bn−1
2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ


=

1

2πi

∫ ∞
α

Tr(Sα(λ)∗S ′α(λ))−
bn−1

2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ

+ Res
s= 1

2

 1

2πi

∫ ∞
0

Csηs(u+ α)−

bn−1
2
c∑

j=1

cj(n, V )u
n−2
2
−j

 du

 ,

where we have used the observation (s − 1
2
)Csηs(λ) is uniformly bounded to apply the

dominated convergence theorem. For k ∈ N the estimate∣∣∣∣∫ ∞
0

∫ u

u+α

uk−
1
2 (1 + v2)−s dv du

∣∣∣∣ ≤ ∫ ∞
0

∫ u+α

u

uk−
1
2 (1 + v2)−Re(s) dv du

≤ α

∫ ∞
0

uk−
1
2 (1 + u2)−Re(s) du

= α
Γ
(
k
2
− 1

4

)
Γ
(
Re(s)− k

2
+ 1

4

)
2Γ(Re(s))
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shows that the map

s 7→

 1

2πi

∫ ∞
0

Cs(ηs(u+ α)− ηs(u))

bn−1
2
c∑

j=1

cj(n, V )u
n−2
2
−j

 du


is holomorphic at s = 1

2
. So we find

Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)

=
1

2πi

∫ ∞
α

Tr(Sα(λ)∗S ′α(λ))−
bn−1

2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ

+ Res
s= 1

2

 1

2πi

∫ ∞
0

Csηs(u)

bn−1
2
c∑

j=1

cj(n, V )u
n−2
2
−j

 du

 .

Let f(λ) = (Tr(S(λ)∗S ′(λ)) and g(λ) = pn(λ) with pn as in Definition 2.5.26. An applica-

tion of Lemma 6.4.3 to the functions f, g then gives that the second residue in the above

vanishes and thus

Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)

=
1

2πi

∫ ∞
α

Tr(Sα(λ)∗S ′α(λ))−
bn−1

2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ.

The statement of the proposition follows from the substitution λ = u+ α.

For n even the residue of the η term is non-zero and can be computed using Theorem

2.5.34 as follows.

Proposition 6.4.5. Suppose that n is even and V satisfies Assumption 6.2.1. Then

Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)

=
1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ))−
bn−1

2
c∑

j=1

cj(n, V )λ
n−2
2
−j

 dλ

+
1

2πi

bn−1
2
c∑

j=1

∑
0≤`≤n−2

2
−j odd

(
n−2

2
− j
`

)
cj(n, V )(−1)j−`αj−`

Γ
(
`
2

+ 1
)

(−1)
`+1
2

(`+ 1)
(
`+1

2

)
!Γ
(

1
2

)
− 1

2πi

bn−1
2
c∑

j=1

n−2
2
−j∑

`=0

cj(n, V )

(
n−2

2
− j
`

)
(−1)

n−2
2
−j−`α

n−2
2
−j−` α`+1

2(`+ 1)
,
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where the cj(n, V ) are defined in Definition 2.5.26.

Proof. By Theorem 2.5.34 the map

[α,∞) 3 λ 7→ Tr(Sα(λ)∗S ′α(λ))−
bn−1

2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

is integrable. Thus we compute

Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)

= Res
s= 1

2

 1

2πi

∫ ∞
α

Csηs(λ)

Tr(Sα(λ)∗S ′α(λ))−
bn−1

2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ


+ Res

s= 1
2

 1

2πi

∫ ∞
α

Csηs(λ)

bn−1
2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ


=

1

2πi

∫ ∞
α

Tr(Sα(λ)∗S ′α(λ))−
bn−1

2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ

+ Res
s= 1

2

 1

2πi

∫ ∞
α

Csηs(λ)

bn−1
2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ

 ,

where we have used the observation (s − 1
2
)Csηs(λ) is uniformly bounded to apply the

dominated convergence theorem. For k ∈ N we use the binomial theorem to obtain

∫ ∞
α

Csηs(λ)(λ− α)k dλ =
k∑
`=0

(−1)k−`
(
k

`

)
αk−`

∫ ∞
α

Csηs(λ)λ` dλ. (6.6)

We integrate by parts to obtain∫ ∞
α

Csηs(λ)λ` dλ

=
1

`+ 1

∫ ∞
α

λ`+1(1 + λ2)−s dλ− 1

`+ 1
α`+1

∫ ∞
α

(1 + v2)−s dv

=
1

`+ 1

∫ ∞
0

λ`+1(1 + λ2)−s dλ− 1

`+ 1
α`+1

∫ ∞
0

(1 + v2)−s dv

− 1

`+ 1

∫ α

0

λ`+1(1 + λ2)−s dλ+
1

`+ 1
α`+1

∫ α

0

(1 + v2)−s dv

=
1

2(`+ 1)

Γ
(
`
2

+ 1
)

Γ
(
s− `

2
− 1
)

Γ(s)
− Cs

2(`+ 1)
α`+1

− 1

`+ 1

∫ α

0

λ`+1(1 + λ2)−s dλ+
1

`+ 1
α`+1

∫ α

0

(1 + v2)−s dv
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Noting that the integrals from 0 to α are over a finite region and thus define a holomorphic

function of s, we can take the residue at s = 1
2

to obtain

Res
s= 1

2

(∫ ∞
α

Csηs(α)λ` dλ

)

= − α`+1

2(`+ 1)
+


0, if ` is even,

Γ( `2+1)(−1)
`+1
2

(`+1)( `+1
2 )!Γ( 1

2)
, if ` is odd.

Returning to Equation (6.6) we have

Res
s= 1

2

(∫ ∞
α

Csηs(λ)(λ− α)k dλ

)
=

∑
0≤`≤k odd

(
k

`

)
(−1)k−`αk−`

Γ
(
`
2

+ 1
)

(−1)
`+1
2

(`+ 1)
(
`+1

2

)
!Γ
(

1
2

)
−

k∑
`=0

(
k

`

)
(−1)k−`αk−`

α`+1

2(`+ 1)

So we find

Res
s= 1

2

 1

2πi

∫ ∞
α

Csηs(λ)

bn−1
2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ


=

1

2πi

bn−1
2
c∑

j=1

∑
0≤`≤n−2

2
−j odd

(
n−2

2
− j
`

)
cj(n, V )(−1)j−`αj−`

Γ
(
`
2

+ 1
)

(−1)
`+1
2

(`+ 1)
(
`+1

2

)
!Γ
(

1
2

)
− 1

2πi

bn−1
2
c∑

j=1

n−2
2
−j∑

`=0

cj(n, V )

(
n−2

2
− j
`

)
(−1)

n−2
2
−j−`α

n−2
2
−j−` α`+1

2(`+ 1)
.

Hence we have

Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)

=
1

2πi

∫ ∞
α

Tr(Sα(λ)∗S ′α(λ))−
bn−1

2
c∑

j=1

cj(n, V )(λ− α)
n−2
2
−j

 dλ

+
1

2πi

bn−1
2
c∑

j=1

∑
0≤`≤n−2

2
−j odd

(
n−2

2
− j
`

)
cj(n, V )(−1)j−`αj−`

Γ
(
`
2

+ 1
)

(−1)
`+1
2

(`+ 1)
(
`+1

2

)
!Γ
(

1
2

)
− 1

2πi

bn−1
2
c∑

j=1

n−2
2
−j∑

`=0

cj(n, V )

(
n−2

2
− j
`

)
(−1)

n−2
2
−j−`α

n−2
2
−j−` α`+1

2(`+ 1)
.
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The statement of the proposition follows from the substitution λ = u+ α.

In practice it is easier to take the limit as α → 0+ before taking the residue. To do

so requires the following technical result.

Lemma 6.4.6. Fix f ∈ C(R+) and suppose there exists a polynomial p(λ) =
∑k

j=0 ajλ
j

such that |f − p| ∈ L1(R+). Then

Res
s= 1

2

(∫
R+

Csηs(λ)f(λ) dλ

)
=

∫
R+

(f(λ)− p(λ)) dλ+

b k
2
c∑

m=1

Γ
(
m+ 1

2

)
(−1)m

2m(m!)Γ
(

1
2

) a2m−1.

Proof. The same computations as Lemma 6.4.3 apply until the evaluation of the residue.

Recall that for r 6= −1 we have∫
R+

λrCsηs(λ) dλ =
Γ
(
r
2

+ 1
)

Γ
(
s− r

2
− 1
)

(r + 1)Γ(s)
.

We use the fact that the Gamma function has a pole of order 1 at each non-positive

integer −k with residue (−1)k

Γ(k+1)
to find for a positive integer j that

Res
s= 1

2

(∫
R+

λjCsηs(λ) dλ

)
= Res

s= 1
2

(
Γ
(
j
2

+ 1
)

Γ
(
s− j

2
− 1
)

(j + 1)Γ(s)

)
.

If j is even, the residue vanishes. If j = 2m− 1 for some m ∈ N then we find

Res
s= 1

2

(∫
R+

λjCsηs(λ) dλ

)
= Res

s= 1
2

(
Γ
(
m+ 1

2

)
Γ
(
s−m− 1

2

)
2mΓ(s)

)
=

Γ
(
m+ 1

2

)
(−1)m

2m(m!)Γ
(

1
2

) ,

which completes the proof.

Corollary 6.4.7. Suppose that n is even and V satisfies Assumption 6.2.1. Then

lim
α→0+

Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)

=
1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ))−
bn−1

2
c∑

j=1

cj(n, V )λ
n−2
2
−j

 dλ

+
1

2πi

∑
1≤j≤bn−1

2
c odd

(
n−2

2
− j
j

)
cj(n, V )

Γ
(
j
2

+ 1
)

(−1)
j+1
2

(j + 1)
(
j+1

2

)
!Γ
(

1
2

)
= Res

s= 1
2

(
1

2πi

∫ ∞
0

Csηs(λ)Tr(S(λ)∗S ′(λ)) dλ

)
,

where the cj(n, V ) are defined in Theorem 2.5.34.
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Proof. By Theorem 2.5.34 we have that there exists cj(n, V ) ∈ C with

(
R+ 3 λ 7→ Tr(S(λ)∗S ′(λ))−

bn−1
2
c∑

j=1

cj(n, V )λ
n−2
2
−j
)
∈ L1(R+).

An application of Lemma 6.4.6 then gives

Res
s= 1

2

(
1

2πi

∫ ∞
0

Csηs(λ)Tr(S(λ)∗S ′(λ)) dλ

)

=
1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ))−
bn−1

2
c∑

j=1

cj(n, V )λ
n−2
2
−j

 dλ

+
1

2πi

∑
1≤j≤bn−1

2
c odd

(
n−2

2
− j
j

)
cj(n, V )

Γ
(
j
2

+ 1
)

(−1)
j+1
2

(j + 1)
(
j+1

2

)
!Γ
(

1
2

) .
Taking the limit as α→ 0+ in Proposition 6.4.5 completes the proof.

Since there are far less terms to consider, in practice it is more convenient to use

Corollary 6.4.7 than Proposition 6.4.5. We demonstrate the use of Proposition 6.4.5 in

dimension n = 4, the lowest dimension in which non-trivial α dependence is found.

Corollary 6.4.8. Suppose that n = 4 and V satisfies Assumption 6.2.1. Let c1(4, V ) be

as in Theorem 2.5.34. Then

Res
s= 1

2

(
1

2πi

∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
=

1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− c1(4, V )) dλ

− c1(4, V )

2(2πi)
α.

These computations will be used to relate spectral flow to Levinson’s theorem in

Section 6.5.

6.4.2 The “integral of one form” term

Finally we determine the contribution of the “integral of one form” term to the spectral

flow formula with the aid of some technical results. As before we fix r = 1
2

min{α2, (µ +

α)2}.

Lemma 6.4.9. For α ∈ (0,−µ), Re(s) > 1
2

and a ∈ (0, r) define the vertical line γα =

{a+ iv : v ∈ R}. Define the perturbation X = X(t, α) = t{H0, V }+ 2tαV + t2V 2. Then
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for each L ∈ N, we have

(Id +Ht(α)2)−s =
L∑
`=0

1

2πi

∫
γα

λ−s(X(λ− (Id +H0(α)2))−1)`(λ− (Id +H0(α)2))−1 dλ

+
1

2πi

∫
γα

λ−s(X(λ− (Id +H0(α)2))−1)L+1(λ− (Id +Ht(α)2))−1 dλ.

(6.7)

Proof. An application of Cauchy’s integral formula gives

(Id +Ht(α)2)−s =
1

2πi

∫
γα

λ−s(λ− (Id +Ht(α)2))−1 dλ.

For self-adjoint X, Y the resolvent identity

(λ− (X + Y ))−1 =
L∑
`=0

(X(λ− Y )−1)`(λ− Y )−1 + (X(λ− Y )−1)L(λ− (X + Y ))−1

completes the proof.

Lemma 6.4.10. If n is even, let L = n
2

and if n is odd, let L = n−1
2

. Let X = X(t, α) by

given by X = t{H0, V }+2tαV + t2V 2 and Re(s) > 1
2
. For a multi-index k and 0 ≤ ` ≤ L,

define the constant Y`(k, s) by

Y`(k, s) = (−1)`+|k|C`(k)
Γ(`+ |k|+ s)

Γ(s)(`+ |k|)!
.

For 4Re(s) + L > n we have

Tr(V (Id + (Ht(α))2)−s) =
L∑
`=0

M∑̀
|k|=0

Y`(k, s)Tr
(
V X(k1) · · ·X(k`)(Id +H0(α)2)−s−`−|k|

)
+ P,

(6.8)

where M` = n
2

+ 2 + ` and P is holomorphic at s = 1
2
.

Proof. Apply Lemma 6.4.9 to obtain

(Id +Ht(α)2)−s =
L∑
`=0

1

2πi

∫
γα

λ−s(X(λ− (Id +H0(α)2))−1)`(λ− (Id +H0(α)2))−1 dλ

+
1

2πi

∫
γα

λ−s(X(λ− (Id +H0(α)2))−1)L+1(λ− (Id +Ht(α)2))−1 dλ.
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An application of Lemma 6.3.10 shows that the term

1

2πi

∫
γα

λ−s(X(λ− (Id +H0(α)2))−1)L+1(λ− (Id +Ht(α)2))−1 dλ

is trace class for L + 1 > n
2
. An argument similar to the proof of [46, Lemma 7.4] shows

that this term is holomorphic in s also. An application of Lemma 6.3.9 shows that the

term

1

2πi

∫
γα

λ−s(X(λ− (Id +H0(α)2))−1)`(λ− (Id +H0(α)2))−1 dλ

is trace class for Re(s) > n
4
− ` + |p|+p0

4
. We have 0 ≤ |p| + p0 ≤ 2` and so we require

Re(s) > n
4
− `

2
. Thus for ` ≥ n

2
− 1 we find that each term in the sum will have a non-zero

residue and all terms with L > n
2

will have vanishing residue. We now apply Lemma 6.3.7

to obtain for any M ≥ 0 the expansion

1

2πi

∫
γα

λ−s(X(λ− (Id +H0(α)2))−1)`(λ− (Id +H0(α)2))−1 dλ

=
M∑
|k|=0

1

2πi

∫
γα

λ−sC`(k)X(k1) · · ·X(k`)(λ− (Id +H0(α)2))−`−|k|−1 dλ

+
1

2πi

∫
γα

PM,`(λ)(λ− (Id +H0(α)2))−1 dλ.

An application of Cauchy’s integral formula shows that the first term can be evaluated

explicitly to obtain

1

2πi

∫
γα

λ−s(X(λ− (Id +H0(α)2))−1)`(λ− (Id +H0(α)2))−1 dλ

=
M∑
|k|=0

Y`(k, s)X
(k1) · · ·X(k`)(Id +H0(α)2))−`−|k|−s

+
1

2πi

∫
γα

PM,`(λ)(λ− (Id +H0(α)2))−1 dλ.

The above expressions are trace class and for M ≥ n
2

+1+ ` the remainder is holomorphic

at s = 1
2
.

6.4.3 The spectral flow formulae

In this subsection we combine the results of Sections 6.4.1 and 6.4.2 to determine an

expression for the spectral flow along the path Ht(α). Such a formula is dependent on the

parity of the dimension and the expressions we obtain are rather complicated, with many

terms obtained by combinatorial arguments which are difficult to evaluate explicitly. To
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do so requires the following integral computations.

Lemma 6.4.11. For a, b > 0 with b > a
4

we have

∫ ∞
0

ra−1(1 + r4)−b dr =
Γ
(
a
4

)
Γ
(
b− a

4

)
4Γ (b)

. (6.9)

For b > n+2
4

and 1 ≤ m ≤ n we have

∫
Rn
ξ2
m(1 + |ξ|4)−b dξ =

Vol(Sn−1)

n

Γ
(
n+2

4

)
Γ
(
b− n+2

4

)
4Γ (b)

, (6.10)

independent of the direction ξm.

Proof. Making the substitution u = r4 we find∫ ∞
0

ra−1(1 + r4)−b dr =
1

4

∫ ∞
0

u
a
4
−1(1 + u)−b du =

Γ
(
a
4

)
Γ
(
b− a

4

)
4Γ (b)

,

where the integral was evaluated as a known form of the Beta function. For the second

integral, we note that by symmetry we have∫
Rn
ξ2
m(1 + |ξ|4)−β dξ =

1

n

∫
Rn
|ξ|2(1 + |ξ|4)−b dξ.

Changing to polar coordinates and using Equation (6.9) gives Equation (6.10).

Lemma 6.4.12. For m = 2k a positive even integer and q ∈ N0 we have

Res
s= 1

2

(∫ ∞
0

rm−1(1 + (r2 + α)2)−s dr

)

= Res
s= 1

2

(
k−1∑
`=0

(
k − 1

`

)
(−1)k−`−1αk−`−1 Γ

(
`+1

2

)
Γ
(
s+ q − `+1

2

)
4Γ(s+ q)

)
.

Proof. Let m = 2k and compute that∫ ∞
0

r2k−1(1 + (r2 + α)2)−s−q dr =
1

2

∫ ∞
0

uk−1(1 + (u+ α)2)−s−q du

=
1

2

∫ ∞
α

(v − α)k−1(1 + v2)−s−q dv.

Applying the binomial expansion we have∫ ∞
0

r2k−1(1 + (r2 + α)2)−s dr =
1

2

∫ ∞
α

(v − α)k−1(1 + v2)−s−q dv

=
1

2

k−1∑
`=0

(
k

`

)
(−1)k−`−1αk−`−1

∫ ∞
α

v`(1 + v2)−s−q dv.
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Note that

Res
s= 1

2

(∫ α

0

vj(1 + v2)−s−q dv

)
= 0.

Thus we obtain

Res
s= 1

2

(∫ ∞
0

r2k−1(1 + (r2 + α)2)−s dr

)

=
1

2
Res
s= 1

2

(
k−1∑
`=0

(
k − 1

`

)
(−1)k−`−1αk−`−1

∫ ∞
α

v`(1 + v2)−s−q dv

)

=
1

2
Res
s= 1

2

(
k−1∑
`=0

(
k − 1

`

)
(−1)k−`−1αk−`−1

∫ ∞
0

v`(1 + v2)−s−q dv

)

=
1

4
Res
s= 1

2

(
k−1∑
`=0

(
k − 1

`

)
(−1)k−`−1αk−`−1

∫ ∞
0

w
`+1
2
−1(1 + w)−s−q dv

)

= Res
s= 1

2

(
k−1∑
`=0

(
k − 1

`

)
(−1)k−`−1αk−`−1 Γ

(
`+1

2

)
Γ
(
s+ q − `+1

2

)
4Γ(s+ q)

)
,

which is the statement of the lemma.

To avoid confusion, we introduce the notation (∆V ) for the action of the Laplacian

H0 on the potential V .

Lemma 6.4.13. For n even we define

X0 = 2tαV + t2V 2 + t(∆V ), X1 = −2t
n∑
j=1

∂V

∂xj

∂

∂xj
and X2 = 2tV H0.

For 0 ≤ ` ≤ n
2

define the set

J`(n) =
{

(k, p) ∈ N`
0 × {0, 1, 2}` : |p|+ n ≥ 2 + 4`+ |k|

}
.

Then we have

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)

= Res
s= 1

2

( n
2∑
`=0

∑
(k,p)∈J`(n)

Y`(k, s)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H0(α)2)−s−`−|k|

)
dt

)
. (6.11)
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Proof. By Lemma 6.4.10 we can write the expression (modulo holomorphic terms)

Tr(V (Id + (H(α))2)−s) =
L∑
`=0

M∑
|k|=0

Y`(k, s)Tr
(
V X(k1) · · ·X(k`)(Id +H0(α)2)−s−`−|k|

)
.

We have written

X =
(
2tαV + t2V 2 + t(∆V )

)
− 2t

n∑
j=1

∂V

∂xj

∂

∂xj
+ 2tV H0 = X0 +X1 +X2

as the sum of an order zero, an order one and an order two component. The terms in

the summand which are not trace class satisfy |p| + 3|k| − 4Re(s) − 4` − 4|k| ≥ −n and

with our decomposition of X we have pi ∈ {0, 1, 2}. Thus for fixed n, ` the terms which

are not trace class are precisely those with (k, p) ∈ J`(n). Summing over these terms and

taking the residue at s = 1
2

gives the result.

Lemma 6.4.14. For n odd we have

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)
= 0.

Proof. For n odd, the same argument as n even in Lemma 6.4.13 shows that Equation

(6.11) holds with X1, X2, X3 defined as in Lemma 6.4.13. We show that all residues vanish

for one of two reasons. Write X
(k1)
p1 · · ·X

(k`)
p` =

∑|p|+3|k|
j=0 Gj, where Gj is an operator of

order j. By performing commutators, we can assume without loss of generality that Gj

is of the form

Gj = g
∑
|β|=j

gβ∂
β

for some multi-index β of length n and gβ ∈ C∞c (Rn). Then we find

Tr
(
V Gj(Id +H0(α)2)−s−`−|k|

)
= (2π)−n

∑
|β|=j

(∫
Rn
V (x)gβ(x) dx

)(∫
Rn
ξβ(1 + (|ξ|2 + α)2)−s−`−|k| dξ

)
.

If any of the elements of the multi-index β are odd, the trace vanishes for the same reason.

Thus we may assume that j is even and each component βi of α is even. Write βi = 2bi

for a multi-index b of length n. Then we can write

Gj =
∑

2|b|=j

g2b∂
2b1
1 · · · ∂2bn

n .
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We find that

Tr
(
V Gj(Id +H0(α)2)−s−`−|k|

)
= i|β|(2π)−n

∑
2|b|=j

(∫
Rn
V (x)g2b(x) dx

)(∫
Rn
ξ2b1

1 · · · ξ2bn
n (1 + (|ξ|2 + α)2)−s−`−|k| dξ

)

= i|β|(2π)−n
∑

2|b|=j

(∫
Rn
V (x)g2b(x) dx

)(∫
Sn−1

ω2b1
1 · · ·ω2bn

n dω

)
×(∫ ∞

0

rj(1 + (r2 + α)2)−s−`−|k| dr

)
= i|β|

2Γ
(

1
2

+ b1

)
· · ·Γ

(
1
2

+ bn
)

Γ
(
n
2

+ |b|
)

(2π)n

∑
2|b|=j

(∫
Rn
V (x)g2b(x) dx

)(∫
Sn−1

ω2b1
1 · · ·ω2bn

n dω

)
×(∫ ∞

0

rn+j−1(1 + (r2 + α)2)−s−`−|k| dr

)
,

where we have used Lemma 2.5.20 to evaluate the integral over Sn−1. We make the

estimate∣∣∣∣∫ ∞
0

|rn+j−1(1 + (r2 + α)2)−s−`−|k| dr

∣∣∣∣ ≤ ∫ ∞
0

rn+j−1(1 + r4)−Re(s)−`−|k| dr

=
Γ
(
n+j

4

)
Γ
(
Re(s) + `+ |k| − n+j

4

)
4Γ (Re(s) + `+ |k|)

.

Since n is odd and j is even, we find that 1
2

+ `+ |k| − n+j
4

is never an integer and so

s 7→
∫ ∞

0

rn+j−1(1 + (r2 + α)2)−s−`−|k| dr

is holomorphic at s = 1
2
. Thus Tr

(
V Gj(Id +H0(α)2)−s−`−|k|

)
is holomorphic at s = 1

2

and we have shown that for n odd all residues at s = 1
2

vanish, independent of α > 0.

In higher even dimensions the terms appearing in Lemma 6.4.13 become cumbersome

to compute rather quickly, however in dimension n = 2, 4, 6 they can be computed directly,

with the aid of Lemmas 6.4.11 and 6.4.12.

Lemma 6.4.15. Let n = 2 and suppose V satisfies Assumption 6.2.1. Then

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)
=

1

8π

∫
R2

V (x) dx,

independent of α > 0.

Proof. Since n = 2 we find that J0(2) = {(0, 0)} and J1(2) = ∅. Noting that for ` = 0 we
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have Y0(0, 1
2
) = 1 we thus have

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)
= Res

s= 1
2

(
Tr(V (Id +H0(α)2)−s)

)
.

So we compute that

Tr(V (Id +H0(α)2)−s) = (2π)−2

(∫
R2

V (x) dx

)(∫
R2

(1 + (|y|2 + α)2)−s dy

)
= (2π)−2Vol(S1)

(∫
R2

V (x) dx

)(∫ ∞
0

r(1 + (r2 + α)2)−s dr

)
,

where we have used polar coordinates and Lemma 6.4.11 to evaluate the y integral. Taking

the residue at s = 1
2

using Lemma 6.4.12 we find

Res
s= 1

2

(
Tr(V (Id +H0(α)2)−s)

)
= (2π)−2Res

s= 1
2

(∫
R2

V (x) dx

)(
Vol(S1)

Γ
(

1
2

)
Γ
(
s− 1

2

)
4Γ(s)

)

=
Vol(S1)

4(2π)2

(∫
R2

V (x) dx

)
,

independent of α.

Remark 6.4.16. In the notation of Theorems 2.5.34 and 5.3.29, the statement of Lemma

6.4.15 is

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)
=

1

2
b2,

independent of α > 0.

Lemma 6.4.17. Let n = 4 and suppose V satisfies Assumption 6.2.1. Then

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)
= −αVol(S3)

8(2π)4

∫
R4

V (x) dx− Vol(S3)

8(2π)6

∫
R4

V (x)2 dx.

Proof. Since n = 4 we have J1(4) = {(0, 2)}, J0(4) = {(0, 0)} and J`(4) = ∅ for ` ≥ 2.

Thus only two terms corresponding to ` = 1, k = 0, p = 2 and ` = 0, k = 0 = p will

contribute. We first consider ` = 0, k = 0, p = 0. We find

Res
s= 1

2

(
Y0(0, s)

∫ 1

0

Tr(V (Id +H0(α)2)−s) dt

)
= (2π)−4Res

s= 1
2

(
Y0(0, s)

(∫
R4

V (x) dx

)(∫
R4

(1 + (|ξ|2 + α)2)−s dξ

))
=

Vol(S3)

(2π)4
Res
s= 1

2

(
Y0(0, s)

(∫
R4

V (x) dx

)(∫ ∞
0

r4−1(1 + (r2 + α)2)−s dr

))
.
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Applying Lemma 6.4.12 we have

Res
s= 1

2

(
Y0(0, s)

∫ 1

0

Tr(V (Id +H0(α)2)−s) dt

)
=

Vol(S3)

(2π)4
Res
s= 1

2

(
Y0(0, s)

(∫
R4

V (x) dx

)(∫ ∞
0

r4−1(1 + (r2 + α)2)−s dr

))
=

Vol(S3)

(2π)4
Res
s= 1

2

(
Y0(0, s)

(∫
R4

V (x) dx

)(
−α

Γ
(

1
2

)
Γ
(
s− 1

2

)
4Γ(s)

+
Γ (1) Γ (s− 1)

4Γ(s)

))

= −αVol(S3)

8(2π)4

∫
R4

V (x) dx.

We next consider the case ` = 1, k = 0, p = 2. We observe that Y1(0, 1
2
) = −1

2
and find

Res
s= 1

2

(
Y1(0, s)

∫ 1

0

2tTr(V 2H0(Id +H0(α)2)−s−1) dt

)
= (2π)−4Res

s= 1
2

(
Y1(0, s)

(∫
R4

V (x)2 dx

)(∫
R4

|ξ|2(1 + (|ξ|2 + α)2)−s−1 dξ

))
=

Vol(S3)

(2π)4
Res
s= 1

2

(
Y1(0, s)

(∫
R4

V (x)2 dx

)(∫ ∞
0

r6−1(1 + (r2 + α)2)−s−1 dr

))
.

Applying Lemma 6.4.12 we have

Res
s= 1

2

(
Y1(0, s)

∫ 1

0

2tTr(V 2H0(Id +H0(α)2)−s−1) dt

)
=

Vol(S3)

(2π)4
Res
s= 1

2

(
Y1(0, s)

(∫
R4

V (x)2 dx

)(∫ ∞
0

r6−1(1 + (r2 + α)2)−s−1 dr

))
=

Vol(S3)

(2π)4
Res
s= 1

2

(
Y1(0, s)

(∫
R4

V (x)2 dx

)(
α2 Γ

(
1
2

)
Γ
(
s+ 1

2

)
4Γ(s+ 1)

− 2α
Γ (1) Γ (s)

4Γ(s+ 1)

+
Γ
(

3
2

)
Γ
(
s− 1

2

)
4Γ(s+ 1)

))

= −Vol(S3)

8(2π)4

∫
R4

V (x)2 dx.

Adding the two contributions gives the statement.

Remark 6.4.18. In the notation of Theorem 2.5.34 and Definition 2.5.26, the statement

of Lemma 6.4.17 is

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)
=

1

2
β4(V ) +

α

4(2πi)
c1(4, V ).

In fact the n = 2, 4 calculations suggest the following observation.
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Proposition 6.4.19. Suppose that n is even and V satisfies Assumption 6.2.1. Then

lim
α→0+

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)

= Res
s= 1

2

( n
2∑
`=0

∑
(k,p)∈J`(n)

Y`(k, s)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H0)−s−`−|k|

)
dt

)
.

That is, the limit as α→ 0+ commutes with the residue at s = 1
2
.

Proof. By the same arguments as the proof of Lemma 6.4.14 is suffices to prove for any

q ∈ N, g ∈ C∞c (Rn) and multi-index β = (2b1, . . . , 2bn) that

lim
α→0

Res
s= 1

2

(
Tr

(
V g

∂β

∂xβ
(Id +H0(α)2)−s−q

))
= Res

s= 1
2

(
Tr

(
V g

∂β

∂xβ
(Id +H2

0 )−s−q
))

.

(6.12)

So we compute that

Res
s= 1

2

(
Tr

(
V g

∂β

∂xβ
(Id +H0(α)2)−s−q

))
= i|β|(2π)−nRes

s= 1
2

((∫
Rn
V (x)g(x) dx

)(∫
Rn
ξβ11 · · · ξβnn (1 + (|ξ|2 + α)2)−s−q dξ

))
= i|β|

2Γ
(

1+β1
2

)
· · ·Γ

(
1+βn

2

)
Γ
(
n+|β|

2

)
(2π)n

Res
s= 1

2

((∫
Rn
V (x)g(x) dx

)
×

(∫ ∞
0

rn+|β|−1(1 + (r2 + α)2)−s−q dr

))
,

where we have changed to polar coordinates and used Lemma 2.5.20 to evaluate the

integral over Sn−1. Applying Lemma 6.4.12 we have

Res
s= 1

2

(∫
Rn
rn+|β|−1(1 + (r2 + α)2)−s−q dr

)

= Res
s= 1

2

n+|β|
2
−1∑

`=0

(−1)
n+|β|

2
−`−1α

n+|β|
2
−`−1 Γ

(
`+1

2

)
Γ
(
s+ q − `+1

2

)
4Γ(s+ q)


=

n+|β|
2
−1∑

`=0

(−1)
n+|β|

2
−`−1α

n+|β|
2
−`−1Res

s= 1
2

(
Γ
(
`+1

2

)
Γ
(
s+ q − `+1

2

)
4Γ(s+ q)

)
.
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Taking the limit as α→ 0+ we have

lim
α→0+

Res
s= 1

2

(∫
Rn
rn+|β|−1(1 + (r2 + α)2)−s−q dr

)
= Res

s= 1
2

Γ
(
n+|β|

4

)
Γ
(
s+ q − n+|β|

4

)
4Γ(s+ q)

 ,

from which we see that

lim
α→0+

Res
s= 1

2

(
Tr

(
V g

∂β

∂xβ
(Id +H0(α)2)−s−q

))

= i|β|
2Γ
(

1+β1
2

)
· · ·Γ

(
1+βn

2

)
Γ
(
n+|β|

2

)
(2π)n

(∫
Rn
V (x)g(x) dx

)
Res
s= 1

2

Γ
(
n+|β|

2

)
Γ
(
s+ q − n+|β|

2

)
4Γ(s+ q)

 .

For the right hand side of Equation (6.12) we can compute directly using Lemma 6.4.11

that

Res
s= 1

2

(
Tr

(
V g

∂β

∂xβ
(Id +H2

0 )−s−q
))

= i|β|(2π)−nRes
s= 1

2

((∫
Rn
V (x)g(x) dx

)(∫
Rn
ξβ11 · · · ξβnn (1 + |ξ|4)−s−q dξ

))
= i|β|

2Γ
(

1+β1
2

)
· · ·Γ

(
1+βn

2

)
Γ
(
n+|β|

2

)
(2π)n

Res
s= 1

2

((∫
Rn
V (x)g(x) dx

)(∫ ∞
0

rn+|β|−1(1 + r4)−s−q dr

))

= i|β|
2Γ
(

1+β1
2

)
· · ·Γ

(
1+βn

2

)
Γ
(
n+|β|

2

)
(2π)n

Res
s= 1

2

(∫
Rn
V (x)g(x) dx

)Γ
(
n+|β|

4

)
Γ
(
s+ q − n+|β|

4

)
4Γ(s+ q)

 ,

which proves the claim.

In practice, it is much easier to compute the residue in Equation (6.11) after taking the

limit as α → 0+. The number of terms required increases significantly as the dimension

increases, with 8 terms required for n = 6 (after taking the limit as α → 0 and using

Proposition 6.4.19). Only some of these terms are non-zero, the result is the following.

Lemma 6.4.20. Let n = 6 and suppose V satisfies Assumption 6.2.1. Then

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(0)2)−s) dt

)
=

Vol(S5)

12(2π)6

∫
R6

V (x)3 dx+
Vol(S5)

24(2π)6

∫
R6

|[∇V ](x)|2 dx− Vol(S5)

8(2π)6

∫
R6

V (x) dx.

The proof of Lemma 6.4.20 is similar to, but much more involved than, Lemma 6.4.17

and as such is provided in Appendix A.1.

Remark 6.4.21. In the notation of Theorem 2.5.34 and Definition 2.5.26, the statement
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of Lemma 6.4.20 is

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(0)2)−s) dt

)
=

1

2
β6(V ) +

c1(6, V )

4
.

We now return to more general statements. As a result of Lemma 6.4.13 we obtain

the following formula for the spectral flow along the path Ht(α).

Theorem 6.4.22. Let n be odd and V satisfy Assumption 6.2.1. The spectral flow from

H0(α) to H(α) is given by

sf(H(α), H0(α)) =
1

4πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− 1

2
(N − 2N0)

− 1

2
(ξ(0+)− ξ(0−)−N0). (6.13)

The number of bound states N of H can be computed via the formula

−N =
1

2πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− (ξ(0+)− ξ(0−)−N0). (6.14)

Proof. A combination of Lemmas 6.4.2, 6.4.1 and 6.4.13 applied to Equation (6.3) gives

sf(Ht(α)) =
1

4πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− 1

2
(N − 2N0)

− 1

2
(ξ(0+)− ξ(0−)−N0),

where we have made the identifications ξα(λ+α) = ξ(λ), N(α) = N and Mα(α) = N0, the

multiplicity of the zero eigenvalue for H. For the final statement note that the spectral

flow is given by N0 −N , independent of α, and solve for N to obtain the result.

Theorem 6.4.23. Let n be even and V satisfy Assumption 6.2.1. The spectral flow from

H0(α) to H(α) is given by

sf(H(α), H0(α)) (6.15)

=
1

4πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− 1

2
(N − 2N0)− 1

2
(ξ(0+)− ξ(0−)−N0)

+ Res
s= 1

2

 n
2∑
`=0

∑
(k,p)∈J`(n)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H0(α)2)−s−`−|k|

)
dt

 .
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The number of bound states N of H can be computed via the formula

−N =
1

2πi
Res
s= 1

2

(∫ ∞
α

ηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− (ξ(0+)− ξ(0−)−N0) (6.16)

+ 2Res
s= 1

2

 n
2∑
`=0

∑
(k,p)∈J`(n)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H0(α)2)−s−`−|k|

)
dt

 .

Proof. A combination of Lemmas 6.4.2, 6.4.1 and 6.4.13 applied to Equation (6.3) gives

sf(Ht(α)) =
1

4πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− 1

2
(N− 2N0)− 1

2
(ξ(0+)− ξ(0−))

+ Res
s= 1

2

 n
2∑
`=0

∑
(k,p)∈J`(n)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H0(α)2)−s−`−|k|

)
dt

 .

We know that sf(Ht(α)) = N0 − N , independent of α. Equating the left hand side to

N0 −N and solving for N gives the second statement.

We remark that there are far more terms than necessary, although carefully indexing

the terms with non-zero residue is a tedious task which we do not complete here.

6.5 Levinson’s theorem

In this section we show how Theorems 6.4.22 and 6.4.23 imply that Levinson’s theorem

is a result of the spectral flow along the path Ht(α).

Lemma 6.5.1 (Levinson’s Theorem in dimension n = 1). Let n = 1 and suppose that V

satisfies Assumption 2.2.14 for some ρ > 5
2
. Then

−N =
1

2πi

∫
R+

Tr(S(λ)∗S ′(λ)) dλ+
1

2
(1−MR(0)),

where MR(0) = 1 if there exists a resonance and MR(0) = 0 otherwise.

Proof. By Theorem 6.4.22 we have

−N =
1

2πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− (ξ(0+)− ξ(0−)−N0).

By Proposition 6.4.5 we have

1

2πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
=

1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ)) dλ.
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Corollary 5.3.18 then gives ξ(0+) − ξ(0−) − N0 = −1
2
(1 −MR(0)), which completes the

proof.

Lemma 6.5.2 (Levinson’s Theorem in dimension n = 2). Let n = 2 and suppose that

V satisfies Assumption 2.2.14 for some ρ > 11. Then the number of bound states for

H = H0 + V is given by

−N =
1

2πi

∫
R+

Tr(S(λ)∗S ′(λ)) dλ+Mp(0) +
1

4π

∫
R2

V (x) dx,

where Mp(0) = −(ξ(0+)−ξ(0−)−N0), ξ is the spectral shift function for the pair (H,H0)

and N0 is the number of zero eigenvalues for H.

Proof. By Theorem 6.4.23 we have

−N =
1

2πi
Res
s= 1

2

(∫ ∞
α

ηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− (ξ(0+)− ξ(0−)−N0)

+ 2Res
s= 1

2

 1∑
`=0

∑
(k,p)∈J`(n)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H0(α)2)−s−`−|k|

)
dt

 .

Lemma 6.4.15 shows that

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)
=

1

8π

∫
R2

V (x) dx.

By Proposition 6.4.5 we have

1

2πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
=

1

2πi

∫ ∞
0

Tr(S(λ)∗S ′(λ)) dλ.

Corollary 5.3.31 gives ξ(0+)− ξ(0−)−N0 = 0, which completes the proof.

We note that in the case of no p-resonances, we haveMp(0) = (ξ(0+)−ξ(0−)−N0) = 0

by Corollary 5.3.31. Lemma 6.5.2 demonstrates that the value ξ(0+) of the spectral shift

function at zero is an integer determined by the number of p resonances.

Lemma 6.5.3 (Levinson’s Theorem in higher odd dimensions). Let n ≥ 3 be odd and

suppose that V satisfies Assumption 6.2.1 and define for 1 ≤ j ≤ bn−1
2
c constants cj(n, V )

as in Theorem 2.5.34. Let pn(λ) =
∑bn−1

2
c

j=1 cj(n, V )λ
n−2
2
−j be the high-energy polynomial

of Definition 2.5.26. Then

−N =
1

2πi

∫
R+

(Tr(S(λ)∗S ′(λ))− pn(λ)) dλ+
1

2
MR(0),

where MR(0) = 1 if there is a resonance in dimension n = 3 and MR(0) = 0 otherwise.
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Proof. By Theorem 6.4.22 we have

−N =
1

2πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− (ξ(0+)− ξ(0−)−N0).

By Proposition 6.4.5 we have

1

2πi
Res
s= 1

2

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
=

1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− pn(λ)) dλ.

Noting that −(ξ(0+)−ξ(0−)−N0) = 1
2
MR(0) by Corollaries 5.3.26 (for n = 3) and 5.3.36

(for n ≥ 5) completes the proof.

The polynomial pn is determined by Theorem 2.5.34. In dimension n = 3 we have

p3(λ) = −iλ
− 1

2

4π

∫
R3

V (x) dx.

In dimension n = 5 we have

p5(λ) = −(2πi)Vol(S4)λ
1
2

(2π)5

∫
R5

V (x) dx+
(2πi)Vol(S4)λ−

1
2

2(2π)5

∫
R5

V (x)2 dx.

In dimension n = 7 we have

p7(λ) = −(2πi)Vol(S6)λ
3
2

(2π)7

∫
R7

V (x) dx+
(2πi)Vol(S6)λ

1
2

2(2π)7

∫
R7

V (x)2 dx

− 15(2πi)Vol(S6)λ−
1
2

48(2π)7

∫
R7

(
V (x)3 +

1

2
|[∇V ](x)|2

)
dx.

We do not compute pn for higher n, since the computations become tedious quickly.

Lemma 6.5.4 (Levinson’s Theorem in dimension n = 4). Let n = 4 and suppose that V

satisfies Assumption 6.2.1 and define

c1(4, V ) = −(2πi)Vol(S3)

2(2π)4

∫
R4

V (x) dx.

as in Theorem 2.5.34. Then

−N =
1

2πi

∫
R+

(Tr(S(λ)∗S ′(λ))− c1(4, V )) dλ+MR(0) +
Vol(S3)

4(2π)4

∫
R4

V (x)2 dx,

where MR(0) = −(ξ(0+)− ξ(0−)−N0).
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Proof. By Theorem 6.4.23 we have

−N =
1

2πi
Res
s= 1

2

(∫ ∞
α

ηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− (ξ(0+)− ξ(0−)−N0)

+ 2Res
s= 1

2

 2∑
`=0

∑
(k,p)∈J`(n)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H0(α)2)−s−`−|k|

)
dt

 .

Corollary 6.4.8 shows that

Res
s= 1

2

1

2πi

(∫ ∞
α

Csηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
=

1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− c1(4, V )) dλ

− c1(4, V )

2(2πi)
α.

Lemma 6.4.17 gives

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(α)2)−s) dt

)
= −Vol(S3)

8(2π)4

∫
R4

V (x)2 dx+
c1(4, V )

4(2πi)
α,

which completes the proof.

We note that by Corollary 5.3.36, if there are no resonances then MR(0) = 0. Thus

the value ξ(0+) of the spectral shift function at zero is an integer determined by the

number of resonances.

Lemma 6.5.5 (Levinson’s theorem in dimension n = 6). Suppose that n = 6 and V

satisfies Assumption 6.2.1. Then the number of bound states of H = H0 + V is given by

−N =
1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− c1(6, V )λ− c2(6, V )) dλ− β6(V ),

where the constants c1(n, V ), c2(n, V ), β6(V ) are defined by Theorem 2.5.34.

Proof. By Theorem 6.4.23 we have

−N =
1

2πi
Res
s= 1

2

(∫ ∞
α

ηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− (ξ(0+)− ξ(0−)−N0)

+ 2Res
s= 1

2

 3∑
`=0

∑
(k,p)∈J`(n)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H0(α)2)−s−`−|k|

)
dt

 .

Since the left hand side is independent of α, we use Corollary 6.4.7 and Proposition 6.4.19
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to take the limit as α→ 0+ and find

−N =
1

2πi
Res
s= 1

2

(∫ ∞
0

ηs(λ)Tr(Sα(λ)∗S ′α(λ)) dλ

)
− (ξ(0+)− ξ(0−)−N0)

+ 2Res
s= 1

2

 3∑
`=0

∑
(k,p)∈J`(n)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H2

0 )−s−`−|k|
)

dt

 .

Proposition 6.4.5 then shows

Res
s= 1

2

(
1

2πi

∫ ∞
0

Csηs(λ)Tr(S(λ)∗S ′(λ)) dλ

)
=

1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− c1(6, V )λ− c2(6, V )) dλ+
c1(6, V )

4(2πi)
.

We have the explicit expression c1(6,V )
4(2πi)

= −Vol(S5)
8(2π)6

∫
R6 V (x) dx. Recall the constant β6(V )

from Theorem 2.5.34. From Lemma 6.4.20 we find

Res
s= 1

2

(
3∑
`=0

∑
(k,p)∈J`(6)

Y`(k)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H2

0 )−s−`−|k|
)

dt

)

= −Vol(S5)

8(2π)6

∫
R4

V (x) dx− Vol(S5)

12(2π)6

∫
R6

(
V (x)3 +

1

2
|[∇V ](x)|2

)
dx

=
c1(6, V )

8(2πi)
+

1

2
β6(V ).

Note that by Corollary 5.3.36 we have (ξ(0+) − ξ(0−) − N0) = 0. An application of

Theorem 6.4.23 then gives

−N =
1

2πi
Res
s= 1

2

(∫ ∞
0

ηs(λ)Tr(S(λ)∗S ′(λ)) dλ

)
− (ξ(0+)− ξ(0−))

+ 2Res
s= 1

2

 n
2∑
`=0

∑
(k,p)∈J`(6)

∫ 1

0

Tr
(
V X(k1)

p1
· · ·X(k`)

p`
(Id +H2

0 )−s−`−|k|
)

dt


=

1

2πi

∫ ∞
0

(Tr(S(λ)∗S ′(λ))− c3(6, V )λ− c2(6, V )) dλ+
c1(6, V )

4(2πi)

− 2

(
c1(6, V )

8(2πi)
+

1

2
β6(V )

)
,

which completes the proof.

Unfortunately due to the large number of terms involved, a general argument show-

ing that in higher even dimensions the “integral of one form” contributions and the η

contributions combine to give the correct statement of Levinson’s theorem is not given.



Appendix A

Computations of coefficients

In this appendix we provide some detailed computations of the coefficients appearing in

Levinson’s theorem. In particular in Section A.1 we provide the proof of Lemma 6.4.20

for the terms appearing in the integral of a one form contribution to the spectral flow in

dimension n = 6.

A.1 Proof of Lemma 6.4.20

In this section we provide a proof of Lemma 6.4.20 for the contributions to the integral

of a one form term to spectral flow in dimension n = 6.

Lemma A.1.1. Let n = 6 and suppose V satisfies Assumption 6.2.1. Then

Res
s= 1

2

(∫ 1

0

Tr(V (Id +Ht(0)2)−s) dt

)
=

Vol(S5)

12(2π)6

∫
R6

V (x)3 dx+
Vol(S5)

24(2π)6

∫
R6

|[∇V ](x)|2 dx− Vol(S5)

8(2π)6

∫
R6

V (x) dx.

Proof. We have J0(6) = {(0, 0)}, J1(6) = {(0, 0), (0, 1), (1, 1), (0, 2), (1, 2), (2, 2)} and

J2(6) = {((0, 0), (2, 2))}. For ` ≥ 3 we have J`(6) = ∅. So there are eight terms to

consider.

We write X = X0 +X1 +X2, where

X0 = t2V 2 + t(∆V ), X1 = −2t
6∑
j=1

∂V

∂xj

∂

∂xj
and X2 = 2tV H0.

We begin with the case ` = 0, k = 0, p = 0. Observe that
∫ 1

0
dt = 1, Y0(0, 1

2
) = 1,

247
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Res
s= 1

2

(
Γ
(
s− 3

2

))
= −1 and Γ

(
3
2

)
= 1

2
Γ
(

1
2

)
. So we find So we compute

Res
s= 1

2

(
Y0(0, s)

∫ 1

0

Tr(V (Id +H2
0 )−s) dt

)
= Res

s= 1
2

(
Y0(0, s)(2π)−6

(∫
R6

V (x) dx

)(∫
R6

(1 + |ξ|4)−s dξ

))
=

Vol(S5)

(2π)6
Res
s= 1

2

(
Y0(0, s)

(∫
R6

V (x) dx

)(∫ ∞
0

r6−1(1 + r4)−s dr

))
=

Vol(S5)

(2π)6
Res
s= 1

2

(
Y0(0, s)

(∫
R6

V (x) dx

)(
Γ
(

6
4

)
Γ
(
s− 6

4

)
4Γ(s)

))

= −Vol(S5)

8(2π)6

∫
R6

V (x) dx.

The next case is ` = 1, k = 0, p = 0. Observe that
∫ 1

0
t2 dt = 1

3
,
∫ 1

0
t dt = 1

2
, Y1(0, 1

2
) = −1

2

and Res
s= 1

2

(
Γ
(
s− 1

2

))
= 1. For clarity, we introduce the notation (∆V ) for the action of

H0 on V . We compute

Res
s= 1

2

(
Y1(0, s)

∫ 1

0

Tr(V X0(Id +H2
0 )−s−1) dt

)
= Res

s= 1
2

(
Y1(0, s)

∫ 1

0

(
t2Tr(V 3(Id +H2

0 )−s−1) + tTr(V (∆V )(Id +H2
0 )−s−1)

)
dt

)
= Res

s= 1
2

(
Y1(0, s)

(
1

3
Tr(V 3(Id +H2

0 )−s−1) +
1

2
Tr(V (∆V )(Id +H2

0 )−s−1)

))
= (2π)−6Res

s= 1
2

(
Y1(0, s)

(∫
R6

(
1

3
V (x)3 +

1

2
V (x)[∆V ](x)

)
dx

)(∫
R6

(1 + |ξ|4)−s−1 dξ

))
=

Vol(S5)

(2π)6
Res
s= 1

2

(
Y1(0, s)

(∫
R6

(
1

3
V (x)3 +

1

2
V (x)[∆V ](x)

)
dx

)(
Γ
(

6
4

)
Γ
(
s+ 1− 6

4

)
4Γ(s+ 1)

))

= −Vol(S5)

8(2π)6

∫
R6

(
1

3
V (x)3 +

1

2
|[∇V ](x)|2

)
dx.

We move on to the case ` = 1, k = 0, p = 1. Observe that
∫ 1

0
(−2t) dt = −1. Then we
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find

Res
s= 1

2

(
Y1(0, s)

∫ 1

0

Tr(V X1(Id +H2
0 )−s−1) dt

)
= Res

s= 1
2

(
Y1(0, s)

∫ 1

0

(−2t)
6∑

k=1

Tr

(
V
∂V

∂xk

∂

∂xk
(Id +H2

0 )−s−1

)
dt

)

= i(2π)−6Res
s= 1

2

(
Y1(0, s)

6∑
k=1

(∫
R6

V (x)
∂V

∂xk
dx

)(∫
R6

ξk(1 + |ξ|4)−s dξ

))
= 0,

since the ξ integral contains the integral of an odd function over a symmetric region.

The next term is ` = 1, k = 1, p = 1. Observe that Y1(1, 1
2
) = 3

8
,
∫ 1

0
(8t) dt = 4 and

Res
s= 1

2

(
Γ
(
s− 1

2

))
= 1. We write X

(1)
1 = [H2

0 , X1] = H0[H0, X1] + [H0, X1]H0. Note that

X
(1)
1 is an order 4 operator and we can write X

(1)
1 =

∑4
j=0 Gj, with each Gj an order j

operator. The operator V Gj(Id+H2
0 )−s−2 has order j−4s−8 and so gives a contribution

which is holomorphic at s = 1
2

when j < 4. Thus only the operator G4 can contribute a

non-zero residue. We compute the commutator

[H0, X1]

= −2t

(
−

6∑
k=1

∂2

∂x2
k

(
6∑
j=1

∂V

∂xj

∂

∂xj

)
−

6∑
j=1

∂V

∂xj

∂

∂xj
H0

)

= −2t

(
−

6∑
j,k=1

(
∂3V

∂x2
k∂xj

∂

∂xj
+ 2

∂2V

∂xk∂xj

∂2

∂xk∂xj
+
∂V

∂xj

∂3

∂x2
k∂xj

)
−

6∑
j=1

∂V

∂xj

∂

∂xj
H0

)

= 2t
6∑

j,k=1

(
∂3V

∂x2
k∂xj

∂

∂xj
+ 2

∂2V

∂xk∂xj

∂2

∂xk∂xj

)
.

From this we immediately obtain the highest order component G4 of X
(1)
1 as

G4 = 8t
6∑

j,k=1

∂2V

∂xk∂xj

∂2

∂xk∂xj
H0.
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So we compute

Res
s= 1

2

(
Y1(1, s)

∫ 1

0

Tr(V X
(1)
1 (Id +H2

0 )−s−2) dt

)
= Res

s= 1
2

(
Y1(1, s)

∫ 1

0

Tr(V G4(Id +H2
0 )−s−2) dt

)
= 4Res

s= 1
2

(
Y1(1, s)

6∑
j,k=1

Tr

(
∂2V

∂xk∂xj

∂2

∂xk∂xj
H0(Id +H2

0 )−s−2

))

= i2
4

(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
j,k=1

(∫
R6

V (x)
∂2V

∂xk∂xj
dx

)(∫
R6

ξkξj|ξ|2(1 + |ξ|4)−s−2 dξ

))
.

The terms in the sum with j 6= k vanish, since the ξ integral contains the integral of an

odd function over a symmetric interval. So we obtain

Res
s= 1

2

(
Y1(1, s)

∫ 1

0

Tr(V X
(1)
1 (Id +H2

0 )−s−2) dt

)
= i2

4

(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
k=1

(∫
R6

V (x)
∂2V

∂x2
k

dx

)(∫
R6

ξ2
k|ξ|2(1 + |ξ|4)−s−2 dξ

))

= − 4

6(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
k=1

(∫
R6

V (x)
∂2V

∂x2
k

dx

)(∫
R6

|ξ|4(1 + |ξ|4)−s−2 dξ

))

= −4Vol(S5)

6(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
k=1

(∫
R6

V (x)
∂2V

∂x2
k

dx

)(∫ ∞
0

r10−1(1 + r4)−s−2 dr

))

= −4Vol(S5)

6(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
k=1

(∫
R6

V (x)
∂2V

∂x2
k

dx

)(
Γ
(

10
4

)
Γ
(
s+ 2− 10

4

)
4Γ(s+ 2)

))

= −4Vol(S5)

6(2π)6

(
3

8

)(
1

4

) 6∑
k=1

(∫
R6

V (x)
∂2V

∂x2
k

dx

)
=

Vol(S5)

16(2π)6

∫
R6

V (x)[∆V ](x) dx

=
Vol(S5)

16(2π)6

∫
R6

|[∇V ](x)|2 dx.

Next we consider the term ` = 1, k = 0, p = 2. Observe that Y1(0, 1
2
) = −1

2
and



APPENDIX A. COMPUTATIONS OF COEFFICIENTS 251∫ 1

0
(2t) dt = 1. Then we find

Res
s= 1

2

(
Y1(0, s)

∫ 1

0

Tr(V X2(Id +H2
0 )−s−1) dt

)
= Res

s= 1
2

(
Y1(0, s)

∫ 1

0

2tTr(V 2H0(Id +H2
0 )−s−1) dt

)
= (2π)−6Res

s= 1
2

(
Y1(0, s)

(∫
R6

V (x)2 dx

)(∫
R6

|ξ|2(1 + |ξ|4)−s−1 dξ

))
=

Vol(S5)

(2π)6
Res
s= 1

2

(
Y1(0, s)

(∫
R6

V (x)2 dx

)(∫ ∞
0

r8−1(1 + r4)−s−1 dr

))
=

Vol(S5)

(2π)6
Res
s= 1

2

(
Y1(0, s)

(∫
R6

V (x)2 dx

)(
Γ
(

8
4

)
Γ
(
s+ 1− 8

4

)
4Γ(s+ 1)

))
= 0,

since the final expression is holomorphic at s = 1
2
.

We next move to the ` = 1, k = 1, p = 2 term. Observe that Y1(1, 1
2
) = 3

8
,∫ 1

0
(−8t) dt = −4,

∫ 1

0
(4t) dt = 2,

∫ 1

0
(8t) dt = 4 and Res

s= 1
2

(
Γ
(
s− 1

2

))
= 1. Note that

the operator X
(1)
2 is an order 5 operator and thus we can write X

(1)
2 =

∑5
j=0Gj, where

the operator Gj has order j. We determine that the operator V Gj(Id+H2
0 )−s−2 has order

j − 4s− 8 and sogives a contribution which is holomorphic at s = 1
2

if j < 4. So only the

operators G4 and G5 can give a non-zero residue. We compute that

[H2
0 , X2] = 2t[H2

0 , V H0] = 2t[H2
0 , V ]H0 = 2tH0[H0, V ]H0 + 2t[H0, V ]H2

0 .

We have also the relation

[H0, V ] = (∆V )− 2
6∑

k=1

∂V

∂xk

∂

∂xk
.

The highest order term of X
(1)
2 can be read off directly as

G5 = −8t
6∑

k=1

∂V

∂xk

∂

∂xk
H2

0 .

A more involved calculation shows that

G4 = 4t(∆V )H2
0 + 8t

6∑
j,k=1

∂2V

∂xj∂xk

∂2

∂xj∂xk
H0.
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For ease of exposition we write G4 = G4,1 +G4,2 where where

G4,1 = 4t(∆V )H2
0 , and G4,2 = 8t

6∑
j,k=1

∂2V

∂xj∂xk

∂2

∂xj∂xk
.

So we compute that

Res
s= 1

2

(
Y1(1, s)

∫ 1

0

Tr(V G5(Id +H2
0 )−s−2) dt

)
= Res

s= 1
2

(
Y1(1, s)

∫ 1

0

(−8t)
6∑

k=1

Tr

(
V

(
∂V

∂xk

∂

∂xk

)
H2

0 (Id +H2
0 )−s−2

)
dt

)

= i
4

(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
k=1

(∫
R6

V (x)
∂V

∂xk
dx

)(∫
R6

ξk|ξ|4(1 + |ξ|4)−s−2 dξ

))
= 0,

since the ξ integral contains the integral of an odd function over a symmetric region. The

G4,1 contribution can be determined as

Res
s= 1

2

(
Y1(1, s)

∫ 1

0

Tr(V G4,1(Id +H2
0 )−s−2) dt

)
= Res

s= 1
2

(
Y1(1, s)

∫ 1

0

4tTr
(
V (∆V )H2

0 (Id +H2
0 )−s−2

)
dt

)
=

2

(2π)6
Res
s= 1

2

(
Y1(1, s)

(∫
R6

V (x)[∆V ](x) dx

)(∫
R6

|ξ|4(1 + |ξ|4)−s−2 dξ

))
=

2Vol(S5)

(2π)6
Res
s= 1

2

(
Y1(1, s)

(∫
R6

V (x)[∆V ](x) dx

)(∫ ∞
0

r10−1(1 + r4)−s−2 dr

))
=

2Vol(S5)

(2π)6
Res
s= 1

2

(
Y1(1, s)

(∫
R6

|[∇V ](x)|2 dx

)(
Γ
(

10
4

)
Γ
(
s+ 2− 10

4

)
4Γ(s+ 2)

))

=
2Vol(S5)

(2π)6

(
3

8

)(
1

4

)∫
R6

|[∇V ](x)|2 dx

=
3Vol(S5)

16(2π)6

∫
R6

|[∇V ](x)|2 dx.
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Next we determine the G4,2 contribution as

Res
s= 1

2

(
Y1(1, s)

∫ 1

0

Tr(V G4,2(Id +H2
0 )−s−2) dt

)
= Res

s= 1
2

(
Y1(1, s)

∫ 1

0

8t
6∑

j,k=1

Tr

(
V

∂2V

∂xj∂xk

∂2

∂xj∂xk
H0(Id +H2

0 )−s−2

)
dt

)

= i2
4

(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
j,k=1

(∫
R6

V (x)
∂2V

∂xj∂xk
dx

)(∫
R6

ξjξk|ξ|2(1 + |ξ|4)−s−2 dξ

))
.

For j 6= k the ξ integrals vanish since they are of an odd function. So we obtain

Res
s= 1

2

(
Y1(1, s)

∫ 1

0

Tr(V G4,2(Id +H2
0 )−s−2) dt

)
= i2

4

(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
k=1

(∫
R6

V (x)
∂2V

∂x2
k

dx

)(∫
R6

ξ2
k|ξ|2(1 + |ξ|4)−s−2 dξ

))

= − 4

6(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
k=1

(∫
R6

V (x)
∂2V

∂x2
k

dx

)(∫
R6

|ξ|4(1 + |ξ|4)−s−2 dξ

))

= −4Vol(S5)

6(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
k=1

(∫
R6

V (x)
∂2V

∂x2
k

dx

)(∫ ∞
0

r10−1(1 + r4)−s−2 dr

))

= −4Vol(S5)

6(2π)6
Res
s= 1

2

(
Y1(1, s)

6∑
k=1

(∫
R6

V (x)
∂2V

∂x2
k

dx

)(
Γ
(

10
4

)
Γ
(
s+ 2− 10

4

)
4Γ(s+ 2)

))

=
4Vol(S5)

6(2π)6

(
3

8

)(
1

4

)(∫
R6

V (x)[∆V ](x) dx

)
=

Vol(S5)

16(2π)6

∫
R6

|[∇V ](x)|2 dx.

Combining the G4,1 and G4,2 contributions we find

Res
s= 1

2

(∫ 1

0

Tr(V X
(1)
2 (Id +H2

0 )−s−2) dt

)
=

3Vol(S5)

16(2π)6

∫
R6

|[∇V ](x)|2 dx+
Vol(S5)

16(2π)6

∫
R6

|[∇V ](x)|2 dx

=
Vol(S5)

4(2π)6

∫
R6

|[∇V ](x)|2 dx.

We now move to the ` = 1, k = 2, p = 2 term. Observe that Y1(s, 1
2
) = − 5

16
and∫ 1

0
(32t) dt = 16. The operator X

(2)
2 is an order 8 operator and thus can be written as

X
(2)
2 =

∑8
j=0Gj where each operator Gj has order j. The operator V Gj(Id + H2

0 )−s−3

has order j − 4s− 12 and so gives a contribution which is holomorphic at s = 1
2

if j < 8.
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Thus only the operator G8 will contribute a non-zero residue. By writing

X
(2)
2 = 2t[H2

0 , [H
2
0 , V H0]]

= 2tH2
0 [H0, [H0, V ]]H0 + 4tH0[H0, [H0, V ]]H2

0 + 2t[H0, [H0, V ]]H3
0 ,

we can compute directly the highest order component of X
(2)
2 as

G8 = 32t
6∑

j,k=1

∂2V

∂xj∂xk

∂2

∂xj∂xk
H3

0 .

So we find

Res
s= 1

2

(
Y1(2, s)

∫ 1

0

Tr(V X
(2)
2 (Id +H2

0 )−s−3) dt

)
= Res

s= 1
2

(
Y1(2, s)

∫ 1

0

32t
6∑
j=1

Tr

(
V
∂2V

∂x2
j

∂2

∂xj
H3

0 (Id +H2
0 )−s−3

)
dt

)

= i2
16

(2π)6
Res
s= 1

2

(
Y1(2, s)

6∑
j,k=1

(∫
R6

V (x)
∂2V

∂xj∂xk
dx

)(∫
R6

ξjξk|ξ|6(1 + |ξ|4)−s−3 dξ

))
.

For j 6= k the ξ integral vanishes since it contains the integral of an odd function over a

symmetric region. We thus compute

Res
s= 1

2

(
Y1(2, s)

∫ 1

0

Tr(V X
(2)
2 (Id +H2

0 )−s−3) dt

)
= i2

16

(2π)6
Res
s= 1

2

(
Y1(2, s)

6∑
j=1

(∫
R6

V (x)
∂2V

∂x2
j

dx

)(∫
R6

ξ2
j |ξ|6(1 + |ξ|4)−s−3 dξ

))

= − 16

6(2π)6
Res
s= 1

2

(
Y1(2, s)

6∑
j=1

(∫
R6

V (x)
∂2V

∂x2
j

dx

)(∫
R6

|ξ|8(1 + |ξ|4)−s−3 dξ

))

= −16Vol(S5)

6(2π)6
Res
s= 1

2

(
Y1(2, s)

6∑
j=1

(∫
R6

V (x)
∂2V

∂x2
j

dx

)(∫ ∞
0

r14−1(1 + r4)−s−3 dr

))

= −16Vol(S5)

6(2π)6
Res
s= 1

2

(
Y1(2, s)

6∑
j=1

(∫
R6

V (x)
∂2V

∂x2
j

dx

)(
Γ
(

14
4

)
Γ
(
s+ 3− 14

4

)
4Γ(s+ 3)

))

= −16Vol(S5)

6(2π)6

(
− 5

16

)(
1

4

) 6∑
j=1

∫
R6

V (x)
∂2V

∂x2
j

dx

= −5Vol(S5)

24(2π)6

∫
R6

V (x)[∆V ](x) dx

= −5Vol(S5)

24(2π)6

∫
R6

|[∇V ](x)|2 dx.
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Finally, we consider the ` = 2, k = (0, 0), p = (2, 2) term. Observe that Y2(0, 1
2
) = 3

8

and
∫ 1

0
4t2 dt = 4

3
. The operator X2

2 is an order 4 operator and thus can be written as

X2
2 =

∑4
j=0Gj with each operator Gj of order j. The operator V Gj(Id + H2

0 )−s−2 has

order j − 4s− 8 and so gives a contribution which is holomorphic at s = 1
2

if j < 4. Thus

the only term which contributes a non-zero residue is G4, which can be computed easily

as

G4 = 4t2V 2H2
0 .

So we compute

Res
s= 1

2

(
Y2(0, s)

∫ 1

0

Tr(V X2
2 (Id +H2

0 )−s−2) dt

)
= Res

s= 1
2

(
Y2(0, s)

∫ 1

0

4t2Tr(V 3H2
0 (Id +H2

0 )−s−2) dt

)
=

4

3(2π)6
Res
s= 1

2

(
Y2(0, s)

(∫
R6

V (x)3 dx

)(∫
R6

|ξ|4(1 + |ξ|4)−s−2 dξ

))
=

4Vol(S5)

3(2π)6
Res
s= 1

2

(
Y2(0, s)

(∫
R6

V (x)3 dx

)(∫ ∞
0

r10−1(1 + r4)−s−2 dr

))
=

4Vol(S5)

3(2π)6
Res
s= 1

2

(
Y2(0, s)

(∫
R6

V (x)3 dx

)(
Γ
(

10
4

)
Γ
(
s+ 2− 10

4

)
4Γ(s+ 2)

))

=
4Vol(S5)

3(2π)6

(
3

8

)(
1

4

)∫
R6

V (x)3 dx

=
Vol(S5)

8(2π)6

∫
R6

V (x)3 dx.
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axial anomaly, and Krĕın’s spectral shift function in supersymmetric quantum

mechanics,” J. Math. Phys., vol. 28, no. 7, pp. 1512–1525, 1987.
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[49] D. Çevik, M. Gadella, c. Kuru, and J. Negro, “Resonances and antibound states

for the Pöschl-Teller potential: Ladder operators and SUSY partners,” Phys. Lett.

A, vol. 380, no. 18-19, pp. 1600–1609, 2016.

[50] M. Cheney, “Two-dimensional scattering: The number of bound states from scat-

tering data,” J. Math. Phys., vol. 25, no. 5, pp. 1449–1455, 1984.

[51] B. Cheng and M. Melgaard, “Poisson wave trace formula for Dirac resonances at

spectrum edges and applications,” Asian J. Math., vol. 25, no. 2, pp. 243–276,

2021.

[52] T. J. Christiansen, “Resonant rigidity for Schrödinger operators in even dimen-
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[156] A. G. Svešnikov, “The principle of radiation.,” Doklady Akad. Nauk SSSR (N.S.),

pp. 917–920, 1950.



BIBLIOGRAPHY 267
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